Numerical and physical instability of subglacial water flow

K. L. P. Warburton, C. R. Meyer, A. N. Sommers

@kasiawarburton, @colinrmeyer,

Thayer School of Engineering, Dartmouth College, Hanover, NH 03755, USA

@thayerschool

This paper is a non-peer reviewed preprint submitted to EarthArXiv, that has undergone one round of
review at JGR: Earth Surface



Numerical and physical instability of subglacial water
flow

K. L. P. Warburton!, C. R. Meyer!, A. N. Sommers'

IThayer School of Engineering, Dartmouth College, Hanover, NH 03755, USA

Key Points:

* We perform a linear stability analysis of subglacial water flow across different scales
of perturbation to explain the onset of channels

« Channels develop under glaciers when the meltwater input exceeds a threshold de-
pendent on ice thickness and geothermal flux

¢ By including lateral heat transport, continuum models become able to reproduce
Rothlisberger channel behavior
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Abstract

The sliding speed of glaciers depends strongly on the water pressure at the ice-sediment
interface, which is controlled by the efficiency of water transport through a subglacial
hydrological system. The least efficient component of the system consists of ‘distributed’
flow everywhere beneath the ice, whereas the ‘channelised’ drainage through large, ther-
mally eroded conduits is more efficient. To understand the conditions under which the
subglacial network channelises, we perform a linear stability analysis of distributed flow,
considering competition between thermal erosion and viscous ice collapse. The calculated
growth rate gives a stability criterion, describing the minimum subglacial meltwater flux
needed for channels to form, but also indicates the tendency to generate infinitely nar-
row channels in existing models. We demonstrate the need to include lateral heat dif-
fusion when modeling melt incision to resolve channel widths. We also show that low nu-
merical resolution can suppress channel formation and lead to overestimates of water pres-
sure. The linear stability results are used to predict the character of subglacial hydro-
logical networks without recourse to numerical modeling.

Plain Language Summary

Glacier sliding speed depends on the degree of lubrication by water at the bed. Dur-
ing summer months, when there is a lot of water present, heat produced by the water
flow can melt large channels into the base of the ice. These channels efficiently drain wa-
ter out from the bed of the glacier, slowing down the ice flow. We study when and where
channels are likely to form by considering whether local increases in water depth grow
larger via positive feedback loops, or shrink away. We also look at ways to make sim-
ulations less prone to numerical artefacts. We develop a criterion for when channels form
and show that our criterion matches the results of full numerical simulations, but is much
faster to calculate. This can be used to rapidly predict meltwater drainage beneath glaciers,
seasonal patterns of ice velocity, and how these will evolve under warming conditions.

1 Introduction

The Greenland Ice Sheet is a major contributor to sea-level rise due to widespread
thinning and melting of the ice (Mouginot et al., 2019; Otosaka et al., 2023). Greenland’s
glaciers transport ice from the interior of the ice sheet to the ablation zone around the
margin. The speed of ice flow is in large part due to sliding at the bed (Rignot & Moug-
inot, 2012; MacGregor et al., 2016; Maier et al., 2019), the rate of which depends strongly
on the effective pressure, defined as the difference between the pressure exerted by the
overlying ice and the water pressure, N = p; — p,, (e.g. Schoof, 2005; Helanow et al.,
2021; Schoof, 2023; Warburton et al., 2023). Thus, understanding the future of the Green-
land Ice Sheet requires an understanding of the way subglacial water pressure evolves
in time, over a melt-season and over several decades (Nienow et al., 2017; Aschwanden
et al., 2019).

Subglacial hydrological networks span a continuum from inefficient, distributed flow
through connected cavities and sediment layers, to channelised, efficient drainage path-
ways (Schoof, 2010). The transition between distributed and channelised drainage is thought

to play a large role in the seasonal patterns of ice sheet velocity across Greenland (Bartholomew

et al., 2011; I. J. Hewitt, 2013) and during glacier surges (Benn et al., 2019). For a given
volume of surface meltwater passing through the subglacial environment, distributed sys-
tems will show higher inland water pressure p,,, lower effective pressure, lower basal fric-
tion, and faster flow speeds as compared to the channelised network. Throughout a melt
season, basal water pressure generally increases, leading to faster glacier flow (Zwally et
al., 2002), until in some cases channelization initiates, the bed drains, and the ice slows
(I. J. Hewitt, 2013).
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Depending on whether the summertime velocities are above or below the winter
average, Greenland outlet glaciers can be categorised by type (Moon et al., 2014; Vijay
et al., 2021; Poinar, 2023). This categorisation shows some spatial clustering of seasonal
patterns, but also reveals that the response of a single glacier can change year-on-year
based on the climatic conditions, and neighbouring glaciers can respond quite differently
(Tedstone et al., 2015). Models of summertime hydrology often assume that no chan-
nels persist through the winter, but some studies show persistent winter channels (Hager
et al., 2022; Sommers et al., 2023). Thus a small velocity response could be attributable
either to no channelization during the summer or persistent channelization during the
winter. Understanding the drivers of current seasonal velocity trends, by predicting when
glaciers have channelised subglacial networks, would give better constraints on their fu-
ture evolution in a changing climate. Models of future ice sheet evolution generally rely
on current estimates of basal slipperiness, which is strongly affected by basal effective
pressure and therefore by subglacial channelization (e.g. Morlighem et al., 2010; Seroussi
et al., 2013; Shapero et al., 2016).

Direct observations of subglacial channels, particularly of their spatial patterning
and evolution over a melt-season, are limited (e.g. Andrews et al., 2014; Rada & Schoof,
2018). The question of which glaciers have subglacial channels is therefore often left purely
to numerical models of the hydrology. However, given the number of such models (c.f.
Flowers, 2015), and the differing choices in their modelled processes and parametriza-
tions (e.g. Brinkerhoff et al., 2021), the question persists: what balances govern the in-
stability of distributed water flow and its tendency to channelise, to what extent are these
model-dependent (c.f. de Fleurian et al., 2018), resolution dependent, versus robust phys-
ical properties expected of the flow.

Walder (1982), in an early study of subglacial water flow, noted the tendency of
sheet (distributed) flow to go unstable in ways that rapidly become unphysical, with thicker
regions of the sheet able to generate more dissipative heating and melt into the ice above.
Beyond this linear instability, nonlinear features such as channels must form (Schoof, 2010).
To study this in numerical simulations, many models (c.f. Flowers, 2015; Werder et al.,
2013) employ separate equations for the distributed and channelised flow, turning off dis-
sipative heating in the distributed regions to prevent this instability from occurring in
domains that are designated as sheet flow.

In SHAKTT (Sommers et al., 2018), a single laminar-to-turbulent transitional water-
flow model is imposed throughout the domain, and all components of the melt rate are
included everywhere. This allows channel-like features to appear at self-determined lo-
cations anywhere in the domain. However, despite the ability of the model to produce
channel-like features, these features are always one grid point wide, indicating a collapse
to the smallest scales, limited only by resolution of the simulation. Further, the spac-
ing, inland extent, and in some cases the appearance of channels itself all depend on the
grid size chosen, similar to features noted in models of marine ice sheets (Cornford et
al., 2016).

This tendency towards an infinite narrowing of unstable features, referred to in the
context of classical stability analysis as an ‘ultraviolet catastrophe’, is, as described by
I. J. Hewitt (2011), indicative of an ill-posed mathematical model for the system, in which
the shortest wavelengths are the most unstable, a sign that a process neglected in the
model should become important. In his thesis, I. J. Hewitt (2009) derived a maximum
growth rate for distributed flow and provided a physical argument that such a break-
down ought to occur given the model components. The particular case with no down-
stream variation was shown mathematically to break down by Schoof et al. (2012). We
also see the ultraviolet catastrophe in the non-convergence of the SHAKTI equations when
implemented in adaptive mesh schemes (Felden et al., 2023), in which the channels con-
tinue to narrow towards infinitely small scales. In contrast, a well-posed model should
display wavelength selection, where a perturbation with intermediate wavelength pro-
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duces the highest growth rate. Felden et al. (2023) regularised their model by introduc-
ing a numerically-motivated diffusion-like term and found this produced convergent chan-
nel widths.

In this paper, we begin by completing the linear stability analysis of distributed
flow, reviewing the stability criterion of I. J. Hewitt (2009), and confirming the existence
of the short-wavelength blow-up. We also use this to explore the stability of long-wavelength
features, and show how this could lead low-resolution simulations to numerically sup-
press channel formation. We then revisit the origin of the melt-rate equation and locate
a missing diffusion-like term, which is similar though not identical to the form posited
in Felden et al. (2023). We find that this term, which we show comes from lateral dif-
fusion of heat, regularises the stability analysis and allows for wavelength selection, in-
dicating that we have found a well-posed model of the system. In the final section of the
paper, we implement our new set of equations in an adaptive mesh scheme, and demon-
strate that our linear stability analysis predicts the model results without need for sim-
ulation. We show that channel onset is predicted by our stability criterion, and end by
discussing the applicability of this work to predicting seasonal trends in subglacial hy-
drology.

2 Linear stability of distributed flow
2.1 Full model equations

In this work, we take as our governing equations those of SHAKTI (Sommers et
al., 2018), but, by design, our results are largely independent of the exact formulation.
The main difference between SHAKTI and other models of subglacial flow is the form
of the power-law relating the flux, water depth, and pressure gradients (see 3.2). That
choice can be changed in the following analysis with only a quantitative, not qualitative
difference to the results.

We consider a water-filled space between the ice and bed with effective gap-height
b (figure 1), through which flows a flux of meltwater q. If the rate at which melt erodes
the water-ice interface over a given area is 7, then conservation of mass in the fluid layer,
balancing changes in gap height with lateral flow of meltwater and local water sources,
is given by

ob m
., + C : — ‘e ) 1
ot q Pw teb (1)

where p,, is the density of water (so 1m/p,, is the volume of water produced by basal melt,
per unit area and time) and i, is the rate at which surface meltwater is delivered to the
bed.

Tracking the vertical motion of the ice-water interface due to melting upwards, the
downwards viscous collapse of the overlying ice, and opening by sliding over bumps, we
have o m (b, — b)u

o n r b

o o AN"b + I , (2)
where p; is the density of ice (so m/p; is the volume of ice removed by melt, per unit area
and time), u; is the sliding speed, b, is the characteristic height of bumps, and [, the bump
spacing. The collapse term is controlled by A, the viscosity parameter for the ice, with
a power-law exponent n, and N is the effective pressure, the difference between the ice
overburden and the water pressure, N = p; —p,,. In equation (2), we take the closure
lengthscale (average cavity width) as equal to b (Schoof, 2010; Werder et al., 2013; Som-
mers et al., 2018), but other functions of b have also been proposed, such as I,./(1-b/b,)
by Kyrke-Smith et al. (2014). Because opening by sliding over bedrock bumps may be
less prominent beneath soft-bedded glaciers without large protrusions (Zoet & Iverson,
2020; Sommers et al., 2023), we remove it from our example calculations, but include
it in our formal analysis for comparison with I. J. Hewitt (2011).
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Figure 1. Left, the geometry used in this paper, showing the ice divide at x = 0, the termi-
nus as ;, and an example gap height distribution b(z,y) (color), with width-average b(z) and
variation of size l;(x) at a wavelength A. The spatial structure of pressure head and flux is simi-
larly decomposed into an average plus a periodic perturbation. Away from channels, the effective
gap height b represents a local average over flow through connected cavities (inset). Right, a
schematic showing mesh refinement in the numerical simulations, with finer meshes in areas of
higher spatial variability. Each step in refinement halves the grid size. Both the minimum and
maximum levels of refinement can be set manually and we use up to 10 levels (compared to the 3
shown here). Only perturbations where A is at least twice the minimum grid size can be resolved

numerically.

We take the flux through the water layer g, driven by gradients in the pressure head
h = pw/pwg + 2b, to be given by a modified Poiseuille flow,

b3g

~12v(1 + wRe) Vi, ®)

q =
where 2z, is the bed elevation, v is the water viscosity, Re = |g|/v = q/v is the Reynolds
number, and w is a parameter setting the transition between laminar flow and a turbu-
lent, Darcy-Weisbach flow law. There are other possible formulations of this transition
to turbulence (e.g. D. R. Hewitt et al., 2018), and we take this expression for consistency
with prior work (Sommers et al., 2018; Zimmerman et al., 2004; Hill et al., 2023) and
its simple form.

Finally, the melt rate is found by considering a vertical balance of heat fluxes, so
that

. 1
mZZ(G+|ub'Tb|—Pw9q'Vh), (4)

where L is the latent heat flux required to melt the ice, G is the geothermal flux, and
|up - 7| is the frictional heat flux produced by the sliding of the glacier over the bed,
—pw9gq-Vh is the dissipative heat flux produced by friction in the flow of water itself.
In this work, we assume all the ice is at melting point, and neglect the changes in melt-

ing temperature due to pressure variations, which would otherwise appear as a heat source/sink

in (4). We assume a Budd-style friction of the form
Ty — C2Nub, (5)

where C' is a friction coeflicient, taken as uniform in our simulations. The dependence
on the effective pressure N reflects that subglacial hydrology is a strong control on basal



Symbol Units Description

b m Effective gap-height

q m?2s~1 Meltwater flux per unit width

m kgm 257! Melt-rate

Teb ms~! Surface meltwater input rate per unit area
Pw kgm—3 Density of water

Di kgm—3 Density of ice

N Pa Effective pressure

Dw Pa Water pressure

i Pa Ice overburden pressure

A Pa—n"s~! Viscosity parameter for ice flow

n - Ice flow power-law exponent

Up ms ! Ice sliding speed

b, m Characteristic bed bump height

Iy m Characteristic bed bump spacing

g ms 2 Gravitational acceleration

v m?s—1 Kinematic viscosity of water

2p m Bed elevation

h m Pressure head

w - Transition to turbulence parameter

G Wm—2 Geothermal flux

L Jkg~! Latent heat of fusion of water

T Pa Basal shear stress

c m~1/2s1/2 Basal friction coefficient (Budd-style sliding)
K m~! Lateral wavenumber

o 51 Growth rate of the perturbation

Cp Jkg 1K1 Specific heat capacity of water

T K Water temperature

k Wm—K! Themal conductivity of water

Q Wm—3 Dissipative heating due to water flow

w m Channel width

S m? Cross-sectional channel area

Q. m3s~! Melt-water flux through total channel cross-section
M, kgm~!s~! Total melt on channel walls per unit length
Q m?s~! Meltwater input to channel per unit length
f Shape factor accounting for channel aspect ratio

Table 1. Variables and constants used in this work.
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traction, although in this paper we do not account for the feedback of N on the sliding
speed up, which we take as known (e.g. from satellite observations). One could also use
a Coulomb sliding law of the form

o = plN; (6)

as both expressions are linear in N the analysis carries through directly with p in the
place of C?uy,.

2.2 Steady background state

To begin our linear stability analysis, we calculate the laterally uniform, constant
in time solution to our governing equations, representing the distributed system before
channels form. The growth rate of the linear perturbations will be determined by this
background state.

This solution is given by the profiles of gap height, pressure head, and flux
b=b(x), h=h(z), q=q), (7)

from 2 = 0, the ice divide, to = x4, the terminus (figure 1), which solve the govern-
ing equations (1-4) with all time-derivatives and y (lateral) variation ignored,

dg m .
ax  pw =+ Zeb, (8)
LY U)LY (9)
Pi lr
b3g dh
j=—— 7 10
¢ 12v(1 + wq/v) dx’ (10)
1 dh

n= Ty = pugi— | . 11
m=1 (6w mil - pusaly 1)

The ice thickness H (and hence ice overburden pressure p; = p;gH), the bed topog-
raphy zp, and the surface meltwater input 7., that drive the subglacial hydrology need

to be imposed throughout the modelled domain. For the purposes of the stability anal-
ysis, these drivers are also assumed to be laterally uniform and only functions of distance
from the terminus.

The boundary conditions are atmospheric pressure p,,(x;) = 0 at the terminus,
and zero meltwater flux g(0) = 0 at the divide. With one boundary condition at each
end of the domain, we solve these equations using a shooting method: integrating from
the terminus towards the divide, starting with the correct imposed water pressure at the
terminus and a guess of the outflow flux g(x;), then use a root-finding algorithm to re-
fine the outflow until there is no flux at the ice divide, g(0) = 0.

An example solution is shown in figure 2 for constant ice thickness, basal slope, and
surface meltwater input (values of parameters given in caption). In this example, the sub-
glacial water flux ¢ increases nearly linearly towards the terminus, fed by the constant
input of meltwater from the surface and low dissipative heating. This leads to a high pres-
sure head h in the interior that decreases rapidly towards the terminus. The gap height
b initially increases to accommodate the additional meltwater, but drops towards the ter-
minus due to the increased rate of viscous ice collapse as the effective pressure N increases.

2.3 Cross-flow normal mode perturbations

With these background conditions established, we now introduce small periodic per-
turbations on top of the background state and calculate whether any wavelengths lead
to perturbations that are expected to grow (leading to eventual channelization) or if in-
stead disturbances decay back towards the distributed system found above.
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Figure 2. An example of the background solution for a) laterally uniform pressure head h,
b) water flux G, c) gap height b, and d) effective pressure N solving (8-11) from the ice divide
atx = 0 to the terminus at 1km, in the case of a constant ice thickness of 120m, distributed
meltwater input of 0.8m/year, and a slope of 0.02 (20m drop per km) towards the terminus. Gap

opening by sliding is ignored in all simulations.



215 Each possible cross-flow wavelength A\ = 27/k is associated with a growth rate

216 o(k) and an along-flow structure b(z), h(z) and g(z), which describe how the pertur-
217 bations evolve between the terminus and the ice divide (figure 1). The overall perturbed
218 gap height, pressure head, and flux are given by
b= b(x) + b(x)e Tt (12)
219 — ~ .
h = h(x) + h(z)e" v+t (13)
220 .
q=q(z) + g(z)e" vt (14)
221 We work in a laterally infinite and uniform domain, so all values of x are possible. Since
222 there is no y or ¢t dependence in the background state, each mode of perturbation has
23 the same values of k and o across all variables.
224 Substituting these expressions into the equation for the flux (3), and retaining only
25 the terms linear in the perturbations, we find that the perturbed flux can be expressed
226 in terms of the background state and the gap and pressure head perturbations as
R b3 1+wlgl/v (3bdh OhY . . ..
4g=— 4 — |q7\/ -+ — + ikhy (15)
12v(1 +wlg|/v) |14 2w|ql/v \ b dz Oz
227 and the perturbation to the divergence in flux is therefore
— 0 —b? 3bdh  Oh bgr?
voag=|(2 SR | — s L— A T
Or | 12v(1 + 2wlg|/v) \ b dx  Ox 12v(1 + wlq|/v)
208 For convenience in the following analysis, we give names to these functions of the base
220 state (table 2), and write
e o . oh R
V.g=—|Qw—Qn~— | + KK’h. 17
q o <Qb Qh ax> + KK ( )
230 The functions Qp(x), Qr(x), and K (x) are always positive, and describe how easily vari-
231 ations in pressure and gap height are transported in different regions of the distributed
232 system.
233 Substituting the expression for the flux into the melt rate (4), we find that melt-
234 rate perturbations can also be expressed in terms of pressure head and gap height,
- 1+4w|gl/v 3dh, 2+ 3w|ql/v _0h
= Lod (2ez, - LEwld/v Sdhy 2+ 3wlal/v ok (18)
L 14 2w|ql/v bde 14 2w|q|/v Ox
235 Again, we give names to these functions of the base state (table 2), so
5 . - oh
m = —U(I)h—FMb(Z’)b—Mhaf (19)
x
236 Here, U(x) describes the impact of pressure variations on friction at the glacier bed, My (x)
237 describes how sensitive the melt-rate is to changes in gap height, and Mj, (x) describes
238 how changes in pressure gradients impact the melt-rate through changes in flow rate. Again,
239 all these functions are defined so as to be positive quantities (the sensitivity of melt rate
240 to the different variables). Turning off dissipative heating in the distributed system cor-
2a1 responds to a case where M}y and M, are both zero, which we shall see immediately re-
212 moves the possibility of instability or channel initiation in these regions.
243 Inserting these results into the motion of the ice-water interface (2), we obtain a
20 first equation linking changes in water pressure to the growth rate of the gap height per-
25 turbation,
M _ . _ _ U\. M,oh
(U— b—i—AN"—l-%)b: (AnN"_lpwgb—>h— hZ2Z (20)
Pi Iy i Pi Ox
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Grouping Definition Interpretation

K % Hydraulic transmissivity of distributed flow
Qb Wﬁw% Speed of gap height advection

Qn Hi/(%ﬁuhﬂ/u) Transmissivity of head perturbations

U % Sensitivity of frictional melt to pressure
M, 36%52 Uk (}i‘;olj‘q/‘ 73/2 Sensitivity of melt-rate to gap height
My, L igq% Sensitivity of melt-rate to pressure gradients

Table 2. Definitions of the functions of the background state used to streamline the stability

analysis, and their physical interpretations.

Note that if there were no perturbation to the pressure head, i.e. iL(:c) = 0, the growth
rate would be given by a local, wavelength-independent competition between the ten-
dency of larger gaps promote melt via accommodating faster, more dissipative flow, and
their more rapid collapse, which we denote by

My gy (21)
pi lr

gg =

The shape of og(x) for the example of figure 2 is shown in figure 3a, and in general is
negative (suppressing channelisation) close to the ice divide, where M, is small, but in-
creases towards the terminus.

Meanwhile, the perturbation to conservation of mass (1) simplifies to

b= -0 QbB—Qh@ = g2y Moy U MO (22)
Ox Pw Pw puw Oz

This equation describes how the larger, longer wavelength perturbations tend to be sta-

bilised due to the large gradients in pressure head required to sustain flow into them (compare

to the similar stabilisation by mass conservation noted in Brinkerhoff et al., 2016)

Together, the pair of differential equations for h and b (20, 22) at a particular value
of k has the structure of an eigenfunction problem, where the growth rate o(k) is the
eigenvalue, i.e. the only value of o that allows all the boundary conditions to be simul-
taneously met. The boundary conditions are iL(O) = 0 (no pressure variations at the
terminus, as the outflow pressure is the same everywhere); the decay of h and b towards
the ice divide (inspecting the structure of the differential equations, this turns out to be
a single condition); and finally since both equations are linear and we can multiply both
l;(x) and ﬁ(m) by any constant value without affecting the structure of the solution, we
impose b(0) = 1 for convenience.

Solving for fz, b, and o as a function of x is in general only possible numerically given
the complex structure of the background state. To do so, for each value of x, we guess
a value of o, begin with very small h and b close to the ice divide, then integrate the equa-
tions forwards towards the terminus to find ﬁ(mt) We then iteratively update the value
of o until we find a value producing ﬁ(xt) = 0. These numerically calculated values of
o(k) for the example background state of figure 2 are shown in figure 3b.

We can however make analytic progress to find the growth rate in the limit of large
k (short wavelengths), which is also the relevant limit for examining the short-wavelength
blow-up. Further, figure 3b shows that the large x limit turns out to provide a good match

—10—
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Figure 3. a) The local balance of melt versus collapse, oo(z), increases towards the terminus
and is eventually is greater than the growth rate for any given wavenumber. The linearisation
close to the terminus is plotted to show the validity of the analytic approach. b) Growth rates of
perturbations to the background state shown in figure 2, dots calculated as numerical eigenvalues
to egs. (20,22) and dashed line calculated analytically per eq. (29). The agreement between the
two curves improves as kK — 00, the limit for which the analytic result is derived. Wavelengths
longer than Amax from eq. (67) are stable, and the shortest wavelengths (largest ) are the most

unstable, tending towards a growth rate of oo per eq. (21).

to the numerically derived values throughout the range of unstable wavenumbers. We
anticipate that variations in the pressure head will be small, h < 1, so that the x2h
term in (22) remains balanced. We therefore also expect c—oy < 1 as we will be close
to the b = 0 solution to (20), and so find that dh/dx < b. Finally, in order to keep

all the boundary conditions we must preserve the b-derivative in (22), which implies that
2 < 1. Under these assumptions, equation (22) becomes

; L 9(Qub)
h=— , 23
Kk? Oz (23)
which, substituted into (20), yields
0*(Qub) _ piKrK? -
o = L (0 = au), (24)
a single second order differential equation for b.
With z <« 1, our perturbations are confined to a boundary layer close to the ter-
minus, so we can approximate Qp(z), K(x), and M}, (z) as constants, and their termi-
nus values. Unless otherwise stated, going forwards we will take these variables to re-
fer to their values at the terminus. However, since o—og(x) is small and changes sign
within the boundary layer (figure 3a), we retain the next term in its expansion, which
is linear in z. Under these approximations, (24) becomes
9%b piKK? dog -
— = — — (¢ — b. 25
o = o (709 = ool + e —x) (25)

Recognising this differential equation structure as Airy’s equation, we see that in the limit
of small wavelengths, the structure of the gap height perturbation b(x) must be a rescaled
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Airy function. By scaling the growth rate ¢ — og(z;) and the inland distance = using

o (900 QM P -~ Qv My, 13
oo =o=5(52) Giw) - = Gmdtmmm) ¥ @

(25) simplifies to .
b -
X7~ (X = 5)b, (27)

exactly Airy’s equation with a shifted coordinate system, with the rescaled growth rate
S setting the shift. Since we require our perturbations decay inland, b must be an Airy
function of the first kind, i.e. b = Ai(X — 5), and substituting this into (23),

h = (&)2/3 (W} v Ai'(X - 9). (28)

Thus, to match on to atmospheric pressure, S is chosen so that h(0) = Ai'(—S) = 0,

so S =1.0187... and
900\ > [ Qv \'?

While there are infinitely many other possible values of z such that Ai'(—z) = 0, they
are increasingly large, and so associated with smaller growth rates; the associated per-
turbations are always more stable and less relevant to the dynamics of the system.

2.4 Interpretation of linear stability analysis

Beyond its agreement with the numerically determined eigenvalues, we note two
important properties of equation (29), plotted in figure 3b. Firstly, the growth rate in-
creases as k — 00, indicating an unphysical breakdown of the governing equations since
the shortest wavelengths are the most unstable. Secondly, as k — 00, 0 — gg(z¢) from
below, so og(z) is an upper bound on the growth rate of all scales of perturbations. Thus,
the sign of og(x;) determines the overall stability of the system. Substituting the form
of M, from table 2 into expression (21) for og, and using (9) and (11) to express the melt
rate in terms of the heat sources, we have instability if

brub
Ly

2+ wlql|/v ‘dh (30)

Wﬂqu dx’ > G+ |up - Ty + piL
at the terminus. We can interpret the terms on the right hand side as the types of heat-
ing that allow the distributed system to persist, while the terms on the left are the heat-
ing that occurs primarily in rapid channel flow. Thus, channels develop when the melt-
rate enhancement provided by channelised flow is enough to open up areas of significantly
higher gap heights, altering the permeability of the subglacial network and feeding back
into reduced water pressure and higher collapse rate away from the channels.

With w = 0, i.e. assuming laminar flow everywhere in the distributed system, equa-
tion (30) agrees with the critical discharge condition of 1. J. Hewitt (2011).

_ di_l brub
20097 |7~ | > G+ luy - Ty| + piL——, (31)
dzx L
which came from assuming a priori that o = 0, which we have shown is indeed con-

sistent with the short wavelength limit. Also, since the x scale over which perturbations
decay, given by (26), looks like k~2/3, and shrinks more slowly than the wavelength in
the y direction, 27x~!, this analysis is consistent with a simpler instability calculation
in Schoof (2010) that neglects gradients in z, again highlighting that the behaviour is
generic despite slightly different formulations of the system.

—12—



324

325

326

327

328

329

330

331

332

333

334

335

336

337

338

339

340

341

342

343

344

10° ¢
; 0.05 W/m?
0.5 W/m?
5 W/m?
50 W/m?

102 k turbulent J
i\ laminar
)
o>
1074 ; G + UpTh ]
107¢ 1 1
10° 10! 10? 10° 10*

H (m)

Figure 4. Minimum flux through the terminus (approximately the total volumetric meltwater
input, plus melt due to basal heat flux, over the catchment area, divided by the terminus width)
needed for channels to initiate, as a function of the ice thickness at the terminus, according to
equation (32), for a range of basal heat fluxes G 4+ wup7,. The break-in-slope corresponds to the
laminar-turbulent transition in the hydrology model. Opening by sliding is ignored in this plot,

but could be included using equation (32).

A more tractable reframing of (30) comes from using (9) and (10) to rewrite the
instability criterion in terms of N rather than dh/dz. Since the criterion is evaluated at
the terminus, where N = p; = p;gH is just the ice overburden pressure, while g can
be estimated from inputs and basal melt over the catchment area, this formulation is eas-
ier to evaluate for glaciers. We find instability if

wlal\* 20lq]
192 (1+3%7) (1+

27 1 wla\?
(1+=7) -

which can be read as a frictional-heat-flux-dependent lower bound on G2H? at the ter-
minus, above which channels start to form (figure 4). The instability initiates when ei-
ther high effective pressures close down the distributed system, or high basal fluxes pro-
mote channelised melt, compared to the terms on the right that promote opening of the
distributed system. We demonstrate the power of this stability criterion in predicting

the behaviour of full numerical simulations of subglacial hydrology in section 4.1. How-
ever, the same stability analysis also predicts a numerical breakdown at short wavelengths,
which we turn our attention to next.

3 4
b
purd {PiL (A<mgH)" + 1;”>] > (G +Jup - T+ pil ’;“b) ,

3 Regularising the short-wavelength dynamics

The unphysical breakdown of models at short wavelengths has been previously noted,
and numerically overcome in many ways, from turning off dissipative heating in the dis-
tributed system (Werder et al., 2013), imposing a minimum channel width (effectively
Sommers et al., 2018), or adding a diffusive term to the gap dynamics (Felden et al., 2023).
These approaches seek to minimise the impact of this unphysical behaviour; instead, we
consider the assumptions that introduce the unphysicality in the first place, providing
a more consistent way to regularise the model. We will show, similar to the analysis of
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Walder (1982), that by considering in more detail the structure of the thermal profile
in the water layer, a laterally diffusive term appears (this time in the melt-rate) that pro-
vides a physical mechanism for regularisation.

To revisit the derivation of the melt-rate in equation (4), we start from the heat
equation

T
PuCp (85% +u- VT) — kV2T = Q, (33)

where ¢, is the specific heat capacity, k is the thermal conductivity of water and @ is
the dissipative heating from the water flow. Since the depth of the water layer is small,
we would expect vertical diffusion of temperature to be the dominant mechanism for heat
transport. We therefore neglect the terms on the left hand side of (33) and ignore the
horizontal derivatives in V2, resulting in
d’T
—k— =Q. 34
S =Q (34)
Depth-integrating this equation, applying the geothermal flux and ice-bed frictional heat-
ing at the base of the water layer, we find that the heat flux into the ice at the top of
the water layer is
dr
k=
dz|,_,
Equating this heat flux with the latent heat flux required to melt the ice, L, gets us
back to equation (4) for the melt rate. However, note that the assumption that verti-
cal gradients in temperature dominate over lateral gradients breaks down when the hor-
izontal lengthscale becomes similar to the vertical scale, which happens as the wavelengths
become small. Reintroducing lateral heat transport is therefore a plausible way to reg-
ularise the short-wavelength case.

b
=G+ |up |+ | Qdz. (35)
0

3.1 Deriving a lateral heat transport term

To find the melt-rate at the ice-water interface, we need the heat flux into the ice,
which comes from an integral of the heat fluxes in the water layer. However, rather than
integrating the simpler (34), which ignores lateral temperature diffusion, we depth-integrate
the full steady heat equation (33) and obtain

' oT
—k VH/ VHTCZZ—VHITVH‘Z:bT =G+ k—
0

b
% Z_b+|ub~7'b|+/0 Qdz. (36)

where V i denotes horizontal gradients, and we have pulled one horizontal derivative
outside the integral and generated a boundary term from the spatially varying b.

Since we are now considering how the melting of sloping interfaces can act to widen
channels, we draw a distinction between 1, the rate at which the interface appears to
move upwards (appearing in the expression for the motion of the interface, equation (2)),
and M, the rate at which the interface moves in the direction normal to itself due to melt-
ing, where the direction of the normal is

n= - (—ab,—ab,l> . (37)
1+ (Vgb)? oz’ Oy

These two rates are geometrically linked via the slope of the interface, = /1 + (V 5b)2M.
Physically, the heat flux into the interface balances the melting into the interface, so

. k or

Since all the ice is assumed to be at the melting temperature, T'(b) = T,,,. Thus if there
are horizontal variations in T close to the ice interface, they can be directly related to
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changes in the distance to that interface, and so by applying the chain rule for differen-
tiation we find oT

dz
We can insert (39) into (38) to write the vertical and horizontal temperature fluxes in
terms of the melt rate and geometry,

oT mL mL

Vyl._,T=—-=—Vgb. (39)

— =—-——=, kV T=———-Vgyb. 40
2 1+ Vb2 Hlomp 1+ [V b2 H (40)
Inserting these expressions into (36), we obtain
b b
mL+VHo/ /CVHTdZ:G+|Ub'Tb‘+/ Qdz. (41)
0 0

The new term represents the lateral transport of heat via diffusion, so that melt-rate is
not only dependent on the local dissipation rate, but also on the heating in neighbour-
ing areas.

Now we make the approximation that horizontal temperature gradients (which in
general depend on the detailed structure of the temperature field) are well-approximated
by their value close to the ice-water interface (known), and so use (40) for the lateral heat
flux everywhere inside the integral. We thus obtain

.1 brinV gb
m*Z(G+|Ub'Tb‘ pwgq - Vh)+ V- <1—|—|VHb|2>7 (42)
. brnV b
- N i L 4
o+ Vg (1+VHb|2) ( 3)

This is the same as our original melt-rate equation (4), but with a new, non-local, melt-
diffusion term that allows areas of high local heat fluxes to also cause melting in their
surroundings. We still only need to simulate the gap height, pressure head, and melt-
rate, so (42) can be used with equations (1-3) to simulate subglacial hydrology exactly

as before, although now r appears on both sides of equation (42). This structure requires
a new solution approach, described in section 4.

The term is similar in structure to the gap-height diffusion term introduced in Felden
et al. (2023), with two key differences. Firstly, the full melt-rate is included in the dif-
fusivity here, rather than, as in SUHMO,

b
D— —pwdq - , 44
piL( pw9q - Vh) (44)

only the dissipative contribution to the melt-rate. This distinction is less important in
regions with high basal water flux, but more significant where geothermal flux dominates.
Secondly, as a structural difference, it appears directly in the expression for the melt-
rate, versus in Felden et al. (2023), where the gap-height diffusion term is only used to
regularize one of the evolution equations for b, with

ob g
ot p;
However, the precedent set by their work gives confidence that a diffusional term of this
nature is sufficient to dampen the short-wavelength blow-up, as we show in the next sec-

tion. The linearised analysis will also confirm that the melt-diffusion term in (42) reas-
suringly agrees with the form found from the full linearised analysis (58).

+ Buy — AN™b+ V - (DVb). (45)

3.2 Recovery of Rothlisberger channel behaviour

When adding lateral heat diffusion to the SHAKTI equations, the width of the chan-
nels is no longer grid-size dependent but converges to a finite width (figure A1). In this
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section we show that the evolution of these self-selecting features is comparable to the
behaviour of Rothlisberger channels in models for which separate equations are imposed
for the distributed and channelised portions of the domain. Throughout this section we
use x to denote the along-channel, and y to denote the cross-channel coordinate.

Integrating mass conservation (1) across a channel of width w, we get

9s  9Q.  dq, , M.

- =—— 4 — 46
ot Ox Ay + Puw + tept, (46)
where S is the cross-sectional area of the channel, ). is the total flux through the chan-
nel, M. is the total melt on the channel wall, Q = —dq, /0y is the input of meltwater
from the distributed system, and i.pw is the input of surface meltwater landing directly

in the channel, which we can neglect, to get

a5 0Q.

M,

== =0 , 47
ot + ox + Puw (47)
along with the integral of gap height evolution (2) which gives
0S M.
— = — AN™S. 48
o (48)

Integrating the melt equation (42) across the width of the channel, and neglect-
ing heat diffusion in the along-channel direction, we have

b ob
1+ (0b/0y)2 Oy’
where the final lateral heat flux term is evaluated at the sides of the channel. If we again
neglect the background terms (proportional to w) as small compared to the dissipative

melting, and drop the lateral heat flux since b and 7in are small at the very edges of the
channel, we arrive at
_Qc0h

M, = .
L Ox

. 1 oh
= 1 ((©+ un - mibo = pugQ 51 ) + (49

(50)

To find the flow law giving @), we need to link the width of the channel to its height.
To find such a scaling relationship, we combine equations (42) and (2), ignore opening
by sliding (anticipating that b > b,.), and take the limit of long, quasi-steady channels
by neglecting ¢- and x- derivatives,

. n 0 mb b
This is a differential equation for b(y), where g also depends on b through g. We do

not attempt to solve (51) directly for the shape b(y). Instead, we argue that for large
melt-rates, the shape of the channel is set by a balance between dissipation near the cen-
tre of the channel, and lateral diffusion of heat causing melt into the channel sidewalls.

A balance between these terms can only hold if b ~ y, and so the width of channels must
be comparable to their height. Thus, integrating (3) in the limit of high Re, we have

w/2
Qo= CITH [ gy - GIID g

(20) 72 )y Y= (12fw) 52)

where f is a shape factor relating the integral of b%/2 across the width of the channel to
S5/ since both scale like b%/2. The shape factor will depend on the exact shape of the
channel (e.g. for exactly semi-circular channels, f ~ 1.44).

Equations (47, 48, 50, 52) are exactly the conservation equations expected for Rothlisberger
channels (Werder et al., 2013), and therefore the introduction of lateral heat transport
to SHAKTTI via the new diffusion term is expected to reproduce the expected channelised
behavior.
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3.3 Regularised linear stability analysis

We now proceed with the linear stability analysis of the governing equations with
lateral heat transport included, to demonstrate that the short-wavelength blow-up has
been regularised by the introduction of the diffusive term.

We introduce perturbations in the vertical temperature profile and dissipative heat-
ing, T =T(z)+ Te" and Q = Q + Qe'*Y, associated with a gap height perturbation
betry, As before, since the gap height is small, we expect strong gradients in z, and since
we wish to capture the short-wavelength behavior, we also retain gradeints in y. In this
limit, the linearised form of the heat equation (33) reduces to diffusion of temperature

with a heat source,
a?T 5

The boundary conditions remain a geothermal flux at the base, and that the ice-water
interface is at melting temperature, which in terms of the perturbed quantities become

T

o b+T(0)=T(0b)— ——b=0. (54)

z=0

We solve the linearised diffusion equation (53) with these boundary conditions, and find
that the profile of the corresponding temperature change is

mL, Q \ cosh(kz) Q
(kb Bl lm2> cosh(kb) * W] ’ (55)

and in particular the additional heat flux into the ice is

T =

o1
022

T
—k 5

i tanh(xb)

Q + (Q — x tanh(kb)mL) b, (56)

- z=b

which, equating to the latent heat of melting m L, corresponds to a melt-rate perturba-

tion
. tanh(mb)
m =
L
To simplify this further, we consider the case where the background gap height is small,

so tanh(kb) ~ kb. Then (57) becomes

=0 + (Q — mtanh(m@)mL) 5) ) (57)

1 ~~_ A _ A — ~
=g (@B + Qb) — K2brmb = ring — K2bimb, (58)

where 1 is the perturbation in melt-rate when ignoring lateral heat transport, previ-

ously found in equation (19). We see that including lateral diffusion of heat has intro-
duced a new term proportional to —KQB, which has the structure of a diffusion of gap height
away from narrowly channelising regions. Equation (58) is structurally similar to equa-

tion (14) of Walder (1982), although the rest of that analysis proceeded to neglect the
diffusion term, arguing it was too small to impact the water layer dynamics, which is true
except when k becomes very large.

We now demonstrate that our lateral heat diffusion term regularises the linear sta-
bility analysis. With the new melt-diffusion term modifying the melt-rate perturbation
from (19) into (58), the equations (20) and (22) for the structure of the pressure head
h and gap height b perturbations are slightly modified to

M, b _ _ . M, dh b
o— =24 AN" + —|—m b= AnN”flpwgb—g h — ha——i—ﬁ m 0b
Di lr Di i p; Or  Ox \ p; Ox

(59)
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oh= -2 Qbéth@ Ciwthy Mg U MuOh mb o O (mb b . (60)
Ox Ox Pw Pw pw O puy Oz

This is once again an eigenvalue problem to find the growth rate o corresponding to h
and b which can only be solved numerically in general (figure 5).

However, if we anticipate only a small change from our previous analysis, we can
go through the same simplifications and once again look primarily at the large x (small
wavelength) case, taking the same limit of small pressure variations, h < 1, and chan-
nels confined close to the terminus, 1/k < x < 1. Under these assumptions, equa-
tions (59-60) reduce to

oo Moy g B TN Mh@, (61)
Pi [ Pi Pi Oz
and .
- ob
Kr?h = —Qp—. 2
K Qbam (62)

These are structurally identical to the previous large « limit, but with an additional mbr2/ p;
multiplying b in (61). This means op, the growth rate when h = 0, is now

M, - nb nb
op = b_Ann -t T n2:00(zt)fﬁn2 (63)
i L ps Pi
and becomes stable as k gets large. This modifies the overall growth rate found in (29)
to
mb 2 dog 2/3 Qv My, 1/3
o = O'Q(l't) — 0; Kk — 1.0187 (81‘) piK,K;2 s (64)

which, as shown in figure 5, is stable at both the largest and smallest wavenumbers.

Importantly, we now have a maximum growth rate at a finite value of , since o
decreases quadratically as x gets large, we have regularised the short wavelength singu-
larity. The most unstable wavenumber is at approximately

(L0187 \ PR (900 \ 1t ( QuMy P (65)
While this wavelength is small (comparable to the thickness of the water layer), there

is no longer an unphysical breakdown in the predicted behaviour. The maximum growth
rate is slightly reduced by the diffusive effects to

_ 7\ 1/4 3/4 1/2 1/4
- mb 1.0187 80'0 Qth
o () (7)) () (GR) o

as can be seen in figure 5, the maximum growth rate is somewhat less than og. However,
the stability criterion (32) based only on og(z;) still holds to good approximation (e.g.
figure 6a).

With our improved set of governing equations, we see that they now produce wave-
length selection, and thus should not be prone to the previous unphysical breakdown at
small scales. We next perform numerical simulations of the equations to demonstrate
both the validity of our analysis and to illustrate the power of linear stability analysis
for predicting the behaviour of subglacial hydrology without resorting to full numerical
simulation.
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Figure 5. Impact of including lateral temperature diffusion on the growth rates of pertur-
bations. In red, the original model, as in figure 3b. In blue, the modified growth rates includ-
ing melt-diffusion: dots are numerical eigenvalues of (59,60) and dashed line shows the ana-

lytic growth rate (64). The shortest wavelengths are now stabilised: there is a most unstable

wavenumber given by (65), with growth rate given by (66).

4 Simulation results and discussion

We implemented the SHAKTTI governing equations, with the additional melt-diffusion
term, in the adaptive-mesh PDE solver Basilisk (Popinet, 2013-2024) using the inbuilt
Poisson solver to calculate the pressure head and flux, and an explicit fixed time-step
forward Euler method to update the gap height. The subglacial geometry and melt-rate
are only updated during the explicit time-step, and kept at this value during the follow-
ing Poisson solve routine. For ease of implementation, we used the value of melt-rate from
the previous timestep to calculate the lateral heat transport term appearing in (42). The
mesh adaptation and interpolation are handled by the adapt routine of Basilisk. The
adaptive mesh allowed us to locally reach much higher resolutions than possible in the
original ISSM implementation of SHAKTI (Sommers et al., 2018).

We perform the majority of our simulations in the same idealised test geometry as
Sommers et al. (2018), a 1km square domain with uniform ice thickness and slope of 0.02
towards the outflow boundary, at which we impose atmospheric pressure, while the other
three sides of the domain are no-flux boundaries. We focus on a test case that is close
to the stability boundary, 120m-thick ice with distributed meltwater input of 0.8m per
year throughout the domain (matching the scenario presented in figures 2, 3 and 5 of this
paper). The simulations are initiated with a gap height in the range 0.9-1 mm, indepen-
dently selected from a uniform random distribution for each mesh cell. The simulations
rapidly converge to something close to the laterally-uniform base state, with small de-
viations away from this localised near the terminus.
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Figure 6. a) effect of varying meltwater input and ice thickness on three metrics of channel-
ization. Dashed line gives the approximate stability criterion (32), where we use total meltwater
input and geothermal melting only to estimate of flux at the terminus. Color shows o, the max-
imum growth rate predicted by (66), using a 1D calculation of ¢ that includes dissipative melt
at the bed. Outcomes from the full numerical simulations are superimposed - crosses indicate
no channels, circles indicate channels developed. When the maximum predicted growth rate is
positive, channelization is indeed observed. The boundary predicted by (32) lies just inside the
stable regime according to (66) due to the impact of melt-diffusion, which is not considered in
(32). b) predicted minimum mesh side length needed to resolve instability, equal to 2Amax, from
(67). Regions without instability are shown as 0. Channels are most vulnerable to numerical

suppression close to the margin of stability, when the required mesh size gets small.

4.1 Channel initiation is a predictable linear process

Both the growth rate (64) and the stability criterion (32) successfully predict whether
or not channels develop in numerical simulations, over a range of surface meltwater in-
puts and ice thicknesses (figure 6a). Channelization occurs if the flow-rate within the chan-

nels is high, especially if strong creep-closure elsewhere prevents water from leaving through

the distributed system. Thus, we see channels form when the rate of meltwater input

is large (high dissipative heating and local melt keeps the channels open) and when the
ice sheet is thicker (ice overburden pressure promotes closure and tamps down on the
distributed system). The stability criterion (32) depends only on the glacier geometry
and estimates of net surface meltwater input within the catchment area. As it can be
quickly evaluated, it provides a quick estimate of the character of subglacial flow to com-
pare with spatio-temporal patterns of glacier velocity, without running a full numerical
simulation.

Beyond the stability criterion, the structure of the variations in gap height and wa-
ter pressure are also well-predicted by the stability analysis. In the unstable cases, the
initial perturbations first develop close to the margin of the ice sheet, at a wavelength
comparable to the most unstable mode (65). The along-flow structure of the growing gap-
height and water-pressure perturbations match the shapes predicted by the Airy eigen-
functions (figure 7), with large variability close to the margins, decaying inland. This
suggests that channels are more likely close to termini (in agreement with observations
and simulations; Werder et al., 2013; Poinar et al., 2019) as they initiate in this near-
terminus region of large pressure perturbations and then propagate inland.
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Figure 7. a-d), evolution of the deviation in gap height away from the width-averaged value.
Initially, the deviation is due to the random noise introduced everywhere in the domain. The per-
turbations with the largest lengthscales are stable and thus decay away, leaving only the narrow
fluctuations close to the terminus. These small-scale perturbations are unstable and grow into
channels propagating back into the interior of the domain. The larger scale blocks seen ~ 200 m
from the terminus are artefacts from mesh adaptation. e-f), comparison between the numerical
deviation from average pressure head (e) and gap height (f) at 12 months, and the Airy eigen-
functions for a range of unstable wavelengths. The relative size of h and b is set by (28), and thus
the agreement in both amplitude and shape give additional confidence in the analytic results.
The persistence into the interior and the somewhat larger h — h than predicted can be attributed

to longer wavelength, stable modes that are still decaying away.
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4.2 Channel configuration cannot be predicted from linear theory

As the perturbations develop and propagate inland, they become non-linear fea-
tures: large, distinct channels surrounded by almost fully-drained areas of distributed
flow, far from a small perturbation in sheet depth. These features evolve according to
the equations for Rothlisberger channels (see 3.2). The interactions between neighbour-
ing channels involve complex, long-range competition for the meltwater delivered from
the surface. Channels that lose out on meltwater suddenly collapse, with winning chan-
nels growing rapidly into the vacated space (video in supplementary). As such, the dy-
namics that govern the evolution of channel spacing cannot be explained using linear sta-
bility analysis. The most unstable wavelength, despite its importance to the early-time
patterns of channels, is not visible in the final configuration of the subglacial hydrology.

Predicting the number of channels in a catchment area, their average spacing, and
net effect on the subglacial water pressure remains challenging. From an analysis of the
pressure distribution around a single, non-evolving channel, I. J. Hewitt (2011) suggested
that the spacing of channels should be similar to their length. Our final configurations
show a somewhat smaller spacing (e.g. in figure 8, around one third of their length). Over-
all, being able to predict the evolution of average properties of the subglacial system (such
as channel spacing and effective pressure) without simulating individual channels is a
goal for reduced modeling. Numerical simulations can provide an important inspiration
for the development of such models, but are vulnerable to producing numerical artefacts,
an example of which we discuss below.

4.3 Minimum resolution requirement

For coupled ice-hydrology models, we would ideally simulate the subglacial hydrol-
ogy at the same resolution as that of ice flow, i.e. on a grid at the kilometre scale, but
this is not plausible with our model, as the resolution of numerical simulations can dra-
matically impact the behavior of the simulated water flow. Since long wavelengths are
always stable (figures 3b and 5) due to the scale of pressure gradients they induce, sim-
ulations on a coarse grid may appear stable even in a regime where instability is expected.
The maximum unstable wavelength,

pik )”2 oo (ze)"” (67)

Qth 80’0/8.’1? ’

found by setting the growth rate in (29) to 0, controls the scale above which any distur-
bances decay away. If the smallest scales resolved by the simulation are larger than this
wavelength, the numerical simulation will not produce instability, since the only drivers
of channelization would occur on smaller scales than can be resolved. Thus, we find chan-
nels can be suppressed numerically in situations where a physical balance would predict
instability. This results in the persistence of an inefficient drainage system, leading to

an overestimate of basal water pressure (figure 8). In a coupled simulation, this numer-
ical artefact would therefore lead to an overestimate of sliding velocities throughout this
region.

Amax = 6.11 (

To illustrate this effect, we simulated the same idealised test case across a range
of maximum grid resolutions. We deliberately chose a configuration that was only just
unstable, leading to a fairly small value of Apax = 9.52 m according to (67). Basilisk
requires the number of gridpoints to be a power of 2, so for our 1km domain we tested
meshes from 1000/26 = 15.625 m to 1000/2'° = 0.977 m. Channelization was sup-
pressed by the 15.6m and 7.81m meshes, but occurs with the 3.91m mesh and smaller,
since at this mesh size and below at least two grid points fit within an unstable wave-
length and an unstable oscillation can be simulated (figure 8).

Although simulating a full glacier at a resolution below 4m is currently unreason-
able, figure 6b shows that the minimum resolution required to capture the instability grows
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Figure 8. The impact of varying resolution on the state of the simulated subglacial hydrology
after 10 years of simulation time. Minimum mesh size halves with each plot from top to bottom.
Left panels show gap height b (in mm, log colorscale), and right the corresponding pressure head
h (in m). The channels are regions of lower water pressure compared to the surrounding regions,
pulling meltwater from their surroundings and funnelling it towards the margin (right hand side
of domain). Large meshes suppress channelization and result in higher inland water pressures.
The final channel spacing, unrelated to the linear initiation, emerges as neighbouring channels

compete and migrate inland (video in supplementary).
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Figure 9. a) Topography beneath Russell Glacier (RG) and Isunnguata Sermia (IS). The
inset shows the location in southwest Greenland. b) Subglacial water flux beneath RG and IS un-
der winter conditions, as simulated in SHAKTI. A channel develops beneath IS following the lows
in basal topography (Morlighem et al., 2017). Dashed lines indicate the profiles of topography

and ice thickness used for the stability calculations.

rapidly, to a scale of hundreds of metres, as we move away from the stability boundary.
Thus, caution is only needed close to the onset of channel formation. Even a relatively
low-resolution model will predict channelization if the system is unstable enough.

However, figure 8 also demonstrates that even when channel formation is captured,
the inland extent and spacing of the channels remain grid-dependent until the width of
the channels is well-resolved. Without melt-diffusion, channels remain one grid-cell wide
(c.f. Felden et al., 2023) and the channel spacing never converges. Including the melt-
diffusion term allows for finite width channels and for the channel distribution to con-
verge, but requires resolutions higher than the width of channels (c.f. Appendix Al).

4.4 Relevance to more realistic scenarios

The configuration we study here is idealised in two main ways: the simple, laterally-
uniform geometry, and the meltwater input that is kept constant in time. In the sim-
ulations shown in figure 8, the meltwater input is kept constant over a timescale of years
to allow the channels to fully develop to a steady configuration, a poor representation
of seasonal melt for Greenland and mountain glaciers. In part, this is due to our focus
on conditions close to marginal stability, where the growth rates of instabilities are small.
In more unstable configurations, the growth rate (figure 6) is orders of magnitude larger,
so channels develop on a timescale of weeks. This illustrates that it is not only the sign
of the maximum growth rate (66), but also its magnitude, that controls whether large
channels develop during a melt season. To explain the the seasonal patterns of subglacial
hydrology, we would need to look at the total time-integrated growth rate with varying
meltwater input, to assess if and when the first channel-sized features appear. We leave
this for future work.

Our simplified geometry allows us to perform stability analysis using a background
state that is uniform across the width of the terminus, leading to the appearance of self-
selecting, randomly distributed perturbations across the domain. The basal topography
of real glaciers and ice streams is heterogeneous at a range of scales, guiding both the
location of channel initiation and the pathways in the final channel configuration. How-
ever, our analysis still highlights the fundamental competition between channelising melt
and viscous ice collapse that governs the question of channelization. Thus, we may still
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be able to predict which glaciers are likely to feature an efficient subglacial network based
on a representative assessment of criterion (32) at the glacier terminus.

As a demonstration, we ran SHAKTI in the ISSM framework on a domain includ-
ing Russell Glacier (RG) and Isunnguata Sermia (IS) in Southwest Greenland under win-
ter (no surface meltwater input) conditions (per Sommers et al., 2023), using geometry
from BedMachine v4 (Morlighem et al., 2017) and velocities from MEaSUREs (Joughin
et al., 2018). As shown in figure 9, a channel forms under IS but not under RG. We com-
pare this to the maximum growth rate of instabilities based on 1D profiles down the mid-
lines of each glacier (dashed lines on figure 9). We find a positive growth rate of 1.33x
10~ 7s~1 at IS, consistent with channel development. At RG, which has thinner ice at
the terminus, the maximum growth rate is —6.79 x 10~8s~1. The negative value indi-
cates that distributed flow is indeed expected during the winter. These results indicate
that linear stability analysis can provide a characterisation of subglacial hydrology even
in more complex domains.

5 Conclusions

To better understand both the channelization of subglacial hydrology and numer-
ical models thereof, we have performed a full linear stability analysis of distributed sub-
glacial flow, finding a stability criterion and the growth rates of different scales of per-
turbations.

We confirmed the existence of a short-wavelength blow-up in the original model
of distributed water flow, under which channels always narrow unphysically to the small-
est scale of the simulation. We have demonstrated that consistent, convergent simulated
behaviour can be achieved through the re-introduction of lateral temperature diffusion
to the model, and have derived a melt-rate diffusion term to parameterise this effect, al-
lowing for its smooth integration into existing modeling frameworks. We also showed that
long wavelength perturbations are always stabilised, due to the large pressure gradients
they induce, and thus derived a minimum resolution requirement (67) below which nu-
merical models are unable to resolve the onset of channelization.

Importantly, we have demonstrated that channels initiate when the enhanced melt
due to heat produced by flow inside a channel overwhelms the balance between geother-
mal and viscous ice collapse that controls the distributed flow network. This criterion
(32) provides a rapid estimate of when an efficient subglacial system is expected to form,
and thus opens a path for understanding the seasonal trends of glacier velocity and their
possible changes in a warming climate, without recourse to a full numerical model.

Appendix A Validation of Basilisk implementation
A1l Comparison to SUHMO: single channel from a moulin

We implemented the same channelising test case as in SUHMO (Felden et al., 2023),
a 64 m domain with a bedslope of 0.02 (20m drop per km) and a slab of ice of constant
500 m thickness. A moulin delivering 30m3s~! of water is located 16 m from the mar-
gin with a Gaussian profile in space. The moulin input is gradually increased in time,
from 0 at time t = 0s to the maximum value after about a month, and the simulation
proceeds until steady state is reached.

Similarly to the SUHMO results, the channel converges towards a fixed height and
width with increasing numerical resolution (figure Al). We produce a wider, less tall chan-
nel than in SUHMO (6 m vs 3 m wide, 0.9m vs 1.5m high) due to the higher diffusiv-
ity that includes the geothermal flux, promoting enhanced widening rates in the chan-
nels.
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Figure A1l. Gap height b at a transect 10m inland of the margin, when a large moulin is lo-
cated 16m inland of the margin. We see convergence in channel width and height with increasing

resolution. The same example in SUHMO produces a taller, narrower channel, as expected.
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Figure A2. The same moulin configuration as in figure Al, with the addition of the results
of the original SHAKTT equation (without melt-diffusion). The original model results do not

converge with increasing mesh resolution.
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0.6m/year of meltwater input, 120 m thick ice, after 10 years of simulation time.)
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Figure A4. Channels that developed in a 1km square domain, with 0.8m/year of meltwater
input, 130 m thick ice, after 10 years of simulation time. a) With the ISSM implementation of
SHAKTI, using an average mesh side length of 5 m (minimum 3.84m), b) with the Basilisk im-

plementation of SHAKTI, and a minimum mesh size of 3.91 m.

A2 Comparison to ISSM

We simulated the 120m ice, 0.6m/year melt configuration in both the ISSM Ver-
sion 4.21 and Basilisk implementations of SHAKTI. This case is predicted not to chan-
nelise (figure 6), providing a test of the Poisson solver, as both should converge towards
the same laterally uniform state. Indeed, we found the same distributions of pressure head
and gap height in both implementations (figure A3).

We then tested 130m thick ice with 0.8m/year of meltwater, which as predicted re-
sults in channels in both the ISSM and Basilisk implementations (figure A4). Both sim-
ulations developed two large channels and one small channel. The location of the chan-
nels differs between simulations, which is to be expected from the randomly seeded ini-
tial perturbation.

These two experiments give confidence that our Basilisk implementation of the SHAKTI

governing equations is correct.
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Appendix B Linear analysis for cold ice

Throughout this paper, we have assumed the ice to be at melting point, neglect-
ing heat fluxes into the ice. However, if there is a temperature gradient through the ice,
tending towards a cold surface temperature, we should modify the balance of heat fluxes
at the melting interface to include this loss toward the surface,

0Ty, oT;
nlL = *kw kv )
mn on + on

where k,, is the thermal conductivity of water and k; is that of ice.

(B1)

The analysis of heat fluxes in the water layer proceeds exactly as in section 3.3. In
the ice, T; = T; + T;e™¥ solves the heat equation with no heat source term, so
d*T;
dz?
Assuming that the ice is much deeper than the wavelength of the perturbations, tem-
perature fluctuations decay towards the surface. Thus, the solution to (B2) with T;(b) =
T,, is given by

— k2T = 0. (B2)

R dT: - _
Ty = ———Lbe r=70 B3
1, e (B3)
and the perturbed heat flux into the ice is
aT; dT; -
ki— = k;—kb. B4
0z dz " (B4)
Inserting (B4) into (B1) we obtain, in the notation of (58)
— o kg dT;
A 2T o i 7
m = 1mg — k“bmb + T kb. (B5)

Note that the temperature gradient through the ice is negative, so this additional term
also stabilises the short wavelengths, representing the stabilising effects of lateral heat
flux through the ice as well as through the water.

Thus, the analytic expression for the growth rate of perturbations in the case of

cold ice is, by comparison with (64),
mb , ki |dT; oo\ 2% [ QuM, \ V3
= - S —1.0187 22 . B6
o = 00(zt) Pi " pil ‘ dz |” < Oz ) pi K K2 (B6)

Note that the background state also changes due to the reduction in melt-rate, since
heat is lost into the ice, so

1 _dh
m=z (G —ki ||+ lup - | — pwqux> : (B7)

Structurally this acts like a reduction in G and can be incorporated into the stability cri-
terion in this way.

dT;

Plots of the growth rate (B6) for a range of temperature gradients are shown in
figure B1. Figure Bla) shows that if the net background heat flux, G—k; %‘, is un-
changed, then the stabilising impact of lateral heat flux through the ice has minimal im-
pact on the growth rates of perturbations for realistic values of the ice temperature gra-
dient. However, figure B1b) shows that if G is kept fixed, the reduction in net background
heat flux affects the growth rate much more dramatically, simply because decreasing the
net background heat flux reduces the value of b, which increases oy. For comparison, just
changing the value of G without including heat fluxes through the ice yields extremely
similar results.

We therefore suggest that vertical temperature gradients within the ice should be
accounted for via a reduction in G, but lateral temperature gradients have very little im-
pact on the evolution of the subglacial hydrology and can be ignored in modeling.
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Figure B1l. Impact of including a heat flux into the ice on the growth rate of perturbations,

as given by (B6). a) Increasing G to compensate, so that the background state remains the same.
This isolates the stabilising impact of lateral heat flux within the ice, which is minimal for realis-
tic temperature gradients. b) Keeping G fixed, and thus with a lower net background heat flux.
Dashed lines show equivalent curves for appropriately reduced G and temperate ice, indicating

that altering G accounts for the majority of the change in dynamics.

Open Research Section

Code for calculating the laterally uniform profiles, eigenfunctions, and growth rates,
is available at https://zenodo.org/doi/10.5281 /zenodo.10887090. Basilisk (Popinet, 2013—
2024) now includes the Basilisk implementation of SHAKTI. Simulations with the orig-
nial implementation of SHAKTI (Sommers et al., 2018) were done in ISSM Version 4.21
(Larour et al., 2012). MEaSURESs velocity data is available at https://nsidc.org/data/nsidc-
0670/versions/1. We used BedMachine Version 4 (Morlighem et al., 2017).
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