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SUMMARY

This paper presents a Landau framework for describing instantaneous and time-dependent
elastic softening in anisotropic solid solutions. As with previous Landau models, the
framework minimizes a thermodynamic potential by varying isochemical parameters (q)
that describe changes in structural, ordering or electronic spin state. Unlike previous mod-
els, no coupling terms are used; strain is not a parameter involved in the energy mini-
mization, but is instead a property of the material. The framework satisfies all the con-
nections between elastic and thermodynamic properties required by Maxwell’s relations.
The stishovite to post-stishovite transition is used to illustrate the validity of the formula-
tion. It is shown that around the transition, the stishovite-post stishovite phase is auxetic

in many directions and has negative linear compressibility along the long axis of the cell.
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1 INTRODUCTION
1.1 Isochemical variability in crystalline materials

The thermodynamic and elastic properties of crystalline phases are generally functions of the numbers
of moles of independent chemical species n comprising those phases. In many solutions, phases can
be adequately modelled using only independent species that are compositionally independent from
each other, such that the vector of independent chemical components = and vector of independent
chemical species n have the same length. For example, (Mg, Fe); Al;Si301; garnet (a two-component
system, n; = 2) can be reasonably modelled as a mixture of only two species (n, = 2): pyrope
[Mg]5Al,Si301, and almandine [Fe]3Al>SizO1,. However, there are many pure phases and solid so-
lutions whose properties can only be modelled accurately by explicitly considering one or more iso-
chemical degrees of freedom q.

Three important types of isochemical degrees of freedom are chemical species ordering on crystal-
lographic sites, electronic spin state, and structural flexibility. Examples of each of these, and possible

definitions of the corresponding isochemical degree of freedom ¢ (assuming n, = 1) include:

e Ordering: Mg-Si exchange on two distinct octahedral sites in majorite (Heinemann et al., 1997):

q= (ngMl +pSiMz) — (pSiMl +ngMz)

e Electronic spin state: Variable proportions of high spin and low spin Fe?* in ferropericlase (Wu

et al., 2013) or troilite (Urakawa et al., 2004):

9 = PreM — Predy

e Structural flexibility: Tilt angle © of tetrahedral SiO4-units in quartz (Carpenter et al., 1998;
Wells et al., 2002) or albite (Mookherjee et al., 2016), or octahedral SiOg-units in CaCl,-structured
stishovite (Zhang et al., 2023):

q=©
If g is both an important contributor to the energy of a phase, and is able to adjust on the timescales

of changes in stress or temperature, anomalous material properties may be observed (Salje, 1985;

Carpenter, 2006).

1.2 Anomalous thermodynamic and elastic properties

One of the earliest observations of anomalous properties associated with isochemical degrees of free-
dom was seen during the heating of quartz through the displacive a-f transition. Le Chatelier (1890)

observed that cell lengths increased rapidly on approaching 570°C, and then decreased above 570°C.
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This peculiar behaviour is also associated with elastic softening (Carpenter et al., 1998; Lakshtanov
et al., 2007) and a peak in heat capacity (Grgnvold & Stglen, 1992). The change in behaviour at 570°C
is now known to mark a weak first order trigonal to hexagonal transition (e.g. Antao, 2016). Cooling
through this transition leads to alternating tilting of SiO4 tetrahedra, and both this and dynamic tilting
in the high temperature phase (Welche et al., 1998; Wells et al., 2002) lead to the observed anomalies
in physical properties.

Since the discovery of the anomalous properties of quartz, anomalous material properties, many
but not all associated with phase transitions, have been discovered in many other phases (Helgeson,
1978; Thompson & Perkins, 1981; Wadhawan, 1982; Dove, 1997; Carpenter, 2006). These include
some of the most abundant phases in the Earth: feldspar (Mookherjee et al., 2016; Lacivita et al.,
2020), garnet (Heinemann et al., 1997), orthopyroxene (Reynard et al., 2010), amphibole (Cdmara
et al., 2003), cristobalite (Yeganeh-Haeri et al., 1992) stishovite (Carpenter et al., 2000), ferropericlase
(Wu et al., 2013) and CaSiOs3 perovskite (Stixrude et al., 2007). In all cases, the anomalous properties

arise from the presence of one or more isochemical degrees of freedom in the crystalline structure.

1.3 Aim of this paper

Existing methods to model the anomalous properties of elastic materials are either strictly hydro-
static (i.e. only returning bulk modulus rather than the full elastic tensor) (e.g. Angel et al., 2017), or
athermal (making no distinction between isothermal and isentropic moduli, and restricted to a single
temperature) (e.g. Carpenter & Salje, 1998; Carpenter, 2006). These methods are all based on Landau
theory, which explicitly models the effect of isochemical variables on thermodynamic potentials and
their derivatives.

In this paper, I show how Landau theory can be extended to self-consistently determine the full
set of thermodynamic and elastic properties of anisotropic crystalline phases. The formulation can
be applied over geologically relevant pressure and temperature ranges. Both instantaneous and time-

dependent relaxation are considered.
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Table 1. Symbols used in this paper.

4

Symbol Units Description
EF,GH J Internal energy, Helmholtz energy, Gibbs energy, Enthalpy
M, M;; m Metric tensor
F, F; [unitless] | Deformation gradient tensor
0,04 Pa Cauchy (“true”) stress
£, Eij [unitless] | Non-hydrostatic isochoric small strain tensor
T K Temperature
N JK! Entropy
Vv m? Volume
f [unitless] | Logarithmic volume (In(V/(1m)))
n, n; mol Molar amounts of compositional/structural endmembers
D, Di [unitless] | Molar proportions of endmembers
q, q; [unitless] | Isochemical relaxation vectors
T, x; mol Molar amounts of compositional/structural endmembers independent of relaxation vectors
n Jmol™! | Chemical potentials of endmembers
P Pa Pressure (-0;;0:5/3)
™, Tij PaK™! Thermal stress tensor
Cr, Crijri, Crpg | Pa Isothermal stiffness tensor (standard and Voigt form)
Cn, Cnijkis Cnpg | Pa Isentropic stiffness tensor (standard and Voigt form)
o, o ay K-t Thermal expansivity tensor; Volumetric thermal expansivity
Cy,Ce,Cy, Cp | JK1 Isostress, isometric, hydrostatic-isochoric and isobaric heat capacities
BTR» ONR Pa~! Isothermal and isentropic Reuss compressibilities
Ktr, Knr Pa Isothermal and isentropic Reuss bulk moduli
Y Vij [unitless] | Griineisen tensor
s Wik [unitless] | Anisotropic state tensor
I, ;; Identity matrix / Kronecker delta
Inpm () Matrix logarithm function

expp()

Matrix exponential function
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2 LANDAU THEORY
2.1 Previous Landau formulations of structurally flexible lattices

In the 1930s, Landau wrote a series of papers designed to explain anomalous peaks in heat capacity
(Landau, 1935) and other phenomena involving continuous transitions (those without a finite release
of latent heat over an infinitesimal temperature range) (Landau, 1937a,b). See English translations in
(Landau, 2008; Ter Haar, 2013). The basic idea behind Landau’s method is to model the excess energy
®y as a polynomial in g:

Oys = a;q; + bijqiq; + Cijrqiqiqr + - - - (D
where a;, b;j, ¢k, ... are all potentially functions of the natural variables of ®. Landau implicitly
used the Gibbs energy (G(P, T, x); e.g. Landau, 1935) and Helmholtz energy (F(V, T, x); e.g. Lan-
dau & Ginzburg, 1950) as convenient energies for different problems. The equilibrium state g* at any
given state can be found by minimizing ® while holding the other natural variables constant. Con-
tinuous symmetry-breaking phase transitions (Wadhawan, 1982) arise naturally at conditions where
®(q) curves transition from being concave down (stable equilibrium points) to concave up (metastable
equilibrium points).

The original Landau models were designed only to investigate the scalar properties of materials,
such as entropy and volume, heat capacity and bulk modulus. In order to study unit cell changes
and elasticity at fixed bulk composition, Devonshire (1949) and Liithi & Rehwald (1981) introduced
modified Landau models where the elements of the strain tensor € were included as additional order
parameters:

F(V,T,q.€) = Fret(V,T) + Fis(V. T, q €) 2)

Fu(V, T, q,€) = aigi + bijaids + Cijr@idi@h + -+ 3 Nijhmel"q) + %V > Cheer )

ijm,n ik
In this expression, a, b, ¢, Aij k m- C?k, ... are all potentially functions of volume and temperature,
and C’Zok may additionally be a function of g. The terms before the “...” are those found in the scalar
Landau model (Equation 1), the penultimate term is a “strain-order”” coupling term, and the last term is
an elastic term. The penultimate term allows changes in the structure parameters g to “drive” structural
strain. Devonshire (1949) assigned the order parameters q to be equal to the three components of the
electrical polarisation vector P.

Expansions in both the Helmholtz and Gibbs energy like Equation 3 have been extensively used to
investigate phase transitions (Carpenter & Salje, 1998; Carpenter et al., 1998, 2000; Carpenter, 2006;
Kityk et al., 2000; Liakos & Saunders, 1982; Schranz et al., 2007; Troster et al., 2002, 2014, 2017;

Buchen, 2021). The conceptual problem with such models is that under hydrostatic conditions in the
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absence of electrical order magnetic fields, P (or V'), T, = and q are the only independent variables.
Strain and polarisation are not independent variables, and as a result, Landau minimizations treating
them as free parameters will generally be thermodynamically inconsistent. In the case of Equation 3,

there are three potential sources of inconsistency:

e det(e) should be equal to zero if V' is used as an independent variable, but minimizations do not
enforce this constraint. Therefore, the Landau minimization must also solve for V', or minimization
must be constrained to ensure that det(e) = 0.

e The “bare” elastic parameters C” should satisfy the hydrostatic (Reuss), isothermal bulk modulus
KR, because of the following thermodynamic constraint:

O*F > 1

VoV )y, I(Ch )T @

K=V <

but minimizations do not enforce this constraint.
e ¢ is typically assumed to be the engineering strain tensor, but V Cr is the second partial derivative
of the Helmholtz energy with respect to infinitesimal strain. Partial derivatives with respect to these
two tensors are only equivalent for infinitesimal strains, but the strains involved in symmetry-breaking

transitions (relative to the state at ¢ = 0) are often quite large. Therefore, taking the second derivative

of F with respect to € only provides a first-order approximation to the true elasticity tensor.

More pragmatically, even if we do not care about thermodynamic consistency, it would be con-
venient to be able to use scalar Landau models (where minimization is performed only over the iso-

chemical variables q) to study elastic, polarisation and magnetic anomalies.

2.2 An alternative Landau formulation

In a companion paper (Myhill, 2024), I proposed a self-consistent model of thermoelastic properties
in solid solutions. In that paper, the Helmholtz energy, cell tensor and the elastic properties under
hydrostatic conditions were expressed as a function of V', T', independent endmember amounts 72 and

an isochoric (constant volume) small strain tensor &:

f(V>Tanaé) :'thd(v?Ta ’I’L) +]:61(Vva Ta”?‘é) (5)
Mij(V,T,n,€) = (i + &ir) Fru(V, T, ) Moy (n) (6)
1
Fa(V,T,n,€) = ivzgicT,hydij(‘/a T,n)é; (7
i,

A linear transformation can be applied to the endmember amounts vector n, splitting it into a set
of isochemical “order parameters” g and other linearly independent vectors  (Myhill & Connolly,

2021). The change in n resulting from changes in g and x can be described by the following linear
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relation
dn,' = Aijdqj + Bikdxk (8)

where A and B are constant transformation matrices. This division allows the solution model to be

transformed into a form conducive to Landau theory:

FV,T,x,q,€) = Fuya(V, T, 2,q) + Fa(V, T, 2, q,€) )
MZ](Va T7 Z,q, é) = ((5lk’ + &rlk)Fkl(V; T7 €, Q)MOlj(wv q) (10)
1
Fa(V.T,x,q,€) = 5V ) _&iCraai; (V. T, 2, q)%; (n
2%

The hydrostatic part of the Helmholtz energy can also be calculated from the Gibbs energy, if pressure

is a more convenient independent variable than volume:

F = ghyd(Pu T,iB,Q) - PV(P? vauq) (12)
o aghyd
V=2 (13)

The benefits of this formalism over Equation 3 are:

e [andau energy minimization can be performed by varying g, and not strain, polarisation or mag-
netic moment.

e The cell tensor M and isothermal elastic stiffness tensor Ct are always consistent with the vol-
ume.

e The strain tensor € is strictly infinitesimal and isochoric, and so hyperelasticity does not need to

be considered.
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Table 2. Variable sets used in this paper. For the meaning of each variable, see Table 1.

Set Identifier Independent variables Section of first appearance
Helmbholtz (“natural”) o M, T,n 3.2

“Relaxed” Helmholtz L M, T,z q 3.3.1

Anisotropic EoS o V,T,n,& 332

Gibbs energy (hydrostatic) | ...9 P, T,n 332

Internal energy £ M,N,n 3.4

3 MATERIAL PROPERTIES UNDER UNRELAXED, RELAXED AND
TIME-DEPENDENT RELAXING STATES

3.1 Natural variables, properties and relaxation in elastic materials

Under strictly hydrostatic conditions, the natural variables of a system can be chosen to be pressure
P or volume V, entropy IV or temperature 7', and the number of moles of chemical species n or their
chemical potentials pt. The exact choice dictates which thermodynamic energy is minimized at equi-
librium to satisfy the second law of thermodynamics: for example, at fixed pressure and temperature
the Gibbs energy G(P,T,n) is minimized. Other energies used in this study are the internal energy
&(V, N,n) and Helmholtz energy F(V, N, n).

If the stress is allowed to be non-hydrostatic, the pressure or volume are insufficient to completely
determine the state of a material, and they must be replaced by the stress or some measure of strain as
natural variables. It is often convenient to use different natural variables for different tasks: pressure
and temperature are the most suitable natural variables for geological state, but strain and entropy are
the most suitable for seismic propagation. In this study, a number of variable sets are used (Table 2).

Whichever variables are chosen, the thermodynamic and elastic properties of a material can be de-
termined from partial derivatives of the thermodynamic energies. Derivatives of the Helmholtz energy
are given in Section 3.2. As already mentioned in Section 1.2, all of these properties are potentially a
function of the isochemical variables g. Second derivatives of the thermodynamic energies are particu-
larly interesting because they not only depend on g, but also on how g changes as the natural variables
change. In this paper, material properties are referred to as “unrelaxed” if g is not allowed to vary as
the natural variables change, and “relaxed” if g responds rapidly to minimize energy compared with
the timescales over which the natural variables change. Unrelaxed properties, relaxed properties and

partially relaxed behaviour are covered separately in Sections 3.2, 3.3 and 3.4.
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3.2 The properties of an unrelaxed elastic material
3.2.1 Derivatives of the Helmholtz energy

The Helmholtz energy of a homogeneously strained crystalline material can be written 7 = F (M, T, n),
a function of the unit cell tensor M, temperature 7' and amount of different chemical species n. First

derivatives of the natural variables define the Cauchy stress o, entropy N and chemical potentials fi;:

oF oF oF
dF = 2 e+ 22 ar + S an; 14
7 861‘]‘ €]+8T +8n,~ " ( )
= VJZ‘jdEij — NdT + pidn; (15)
1
deij = 5(dMikMﬁj + dMj M, ) (16)

where ¢ is the small strain tensor. The work term can be further split into volumetric and rotation-free,

isochoric strain € (Holzapfel, 2000):
dF = —PdV + VTl'jdgij — NdT + pdn; (17)

The second derivatives of the Helmholtz energy with respect to strain and temperature at fixed n

(Equation 15) yield the isothermal stiffness tensor (Cr), the thermal stress tensor (7r) and the isometric

heat (c¢):
2
(“) = VCrij "
0e;jOep 1,1 Emnztij ki
0*F )

ra e (19)

(a&‘ijaT N Eitij ’

82; Cs
<0T8T)n,s T (20)

3.2.2  Other thermodynamic properties

Other thermodynamic properties may be determined through appropriate algebraic manipulation of

these properties (Davies, 1974; Nye et al., 1985; Holzapfel, 2000):

Cn=Cr+ Lm @)
Ce
Sr=(Cr)~" Sn=(Cn)"! (22)
prr = IStI; Pnr = ISNT (23)
a=-Sym; ay =Tr(a) (24)
cod = Ce +VTaCra=c. — VIiar (25)
¥ = Cnat (26)

Co
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Under hydrostatic conditions, the following scalar properties can be defined:

VTa%/
Cp=Cog=-——""— (27
? (e — ) )

OéQ
cy = cp — VTBT‘; (28)
oV

— 29
BNRCP 29)

3.3 The properties of a rapidly relaxed elastic material
3.3.1 Variational calculus

The expressions for the second derivatives of the Helmholtz energy in Section 3.2 (Equations 18,
19 and 20) assume that none of the isochemical structural parameters q incorporated into nn (Sec-
tion 2.2) change on the timescales of perturbations in € or 7. However, spin transitions and sponta-
neous flexure/rotation of structural units are often considered to be essentially instantaneous on seismic
timescales (Slonczewski & Thomas, 1970; Zhang et al., 2018). For example, the relaxation of quartz
tetrahedral tilts takes place on nanosecond or even picosecond timescales (Kimizuka et al., 2003). In
the endmember scenario that one or more isochemical order parameters g change instantaneously to
minimize F under small changes in strain and temperature, variational calculus can be used to cal-
culate relaxed properties, marked in this paper by an asterisk *. Relaxed values of g are therefore a

function of the other variables of the system:
¢ =q(M,T, ) (30)

For small, rotation-free perturbations about a hydrostatic state M (such that M = (I + &) M), we

can consider the small strain tensor only
q* = q*(€7T7w) 31

Ignoring & (which cannot change without breaking bonds), and collecting small strain and temperature
together as z = {e, T}, the change in ¢g* with change in z can be determined using the following

expression (Appendix A):

oq;, 0*F
— = —Rpy——— 32
aZj M 8q18,zj ( )
where R is the left inverse matrix of 9%2F /9q;0qn:
82
i = l (33)

=Ry —
& anOQm
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The relationship between the relaxed and unrelaxed second derivatives of the Helmholtz energy with

respect to state is then given by the following expressions:

O°F  9°F | 8*F g

= 4
Bzié?zj 8z18zj + 8zzaqk aZj (3 )
VCi Vr* VC |4 2 *
T ™ _ T | ™ N 0°F Oq; (35)
Vel | —C2/T VaT | /T | 07001 0

ij ij

The values of g* (Equation 31) are state properties; they have unique values as a function of e,
T, x and do not depend on the path taken to achieve that state. Therefore, the properties calculated in
Equation 35, which correspond to properties at fixed strain and temperature can be used in combination
with the equations in Section 3.2.2 to determine other relaxed properties at fixed entropy or stress. For
example, the equation for the relaxed isentropic stiffness tensor:
Cx=Cr+ VTﬂ'*ﬂ'* (36)

*
€

can be directly compared to the unrelaxed expression (Equation 21).

3.3.2 Change of variables

Equations 32, 33 and 35 require the derivatives of F with respect to €, T" and q, but the equation of
state from Myhill (2024) is expressed as F(V',T', i/, €'), where the “primes” are used in this section

to differentiate between sets of variables. The required derivatives can be calculated by a change of

variables (Appendix B):
0*F F OSmn Depq
aQian - Am <Huv +V 8n; CTmnqu) AUJ (37)
0*F ON Oe @ Ot
- Auz — a7 e mn, 2 L
0q;0T ( onl, 4 onl, Crmnpq (Oév Brr ) Oév> (38)
0*F OP  Oe Bt
0q; Oy v ( kit on!, + on, Tmnpq ( pkOql Bre kl>> (39)
where

Oemn _ % (aMmp MLy OMp, Myﬁ;) (40)

onl, onl, " onl,
Appendix C provides a expression for 9M /On' using the formulation of the anisotropic equation of
state. If the scalar solution equation of state is defined as a function of pressure and temperature (i.e.

in terms of the Gibbs energy G(PY,T9,nY)), then the following additional conversions are required
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(Appendix D):
gf; B ?% (41)
2 2
aigaﬁ; - anagagnjg + g;jg (?) ;Zg (43)

3.4 Time-dependent seismic relaxation

Characteristic timescales of relaxation may be much greater than those involving tilting of struc-
tural units or electronic changes. For example, order-disorder processes are often sluggish on seismic
timescales, when the activation energy required for migration of species is of larger magnitude than
the average thermal energy of those species (Seifert & Virgo, 1975; Ganguly, 1982; Redfern, 1998;
Redfern et al., 1999; Redfern, 2000).

If the timescales of relaxation are comparable with the timescales of perturbations in strain, the
expressions in Section 3.2 and 3.3 will not correctly predict effective material properties. A simple
process of relevance to the Earth Sciences is the passage of a seismic wave, which may be approx-
imated as a periodic perturbation in strain through a single crystal held at constant entropy (thermal
diffusion and other entropy-producing processes are inhibited). We assume that relaxation of each
structural parameter g; is driven by the gradient in the internal energy £ with respect to that parameter
(analogous to Redfern et al., 1999, replacing the Gibbs energy with the internal energy):

aqi . 1 0€
TR W (44)

In this expression, ); represents a thermal time constant with units K J~!. In the limit of small strains

(and therefore small changes in q), the energy gradient can be approximated as linear in € and q:

0 1/ 9% 52
ot n\0q0e T 9g,0g; Y 45
ot i <8Qi85jk Ejk + 06:04; (g q]0)> (45)
This is a non-homogeneous linear system of equations
afb'i t
at( ) = Ajjx;(t) + bi(t) 46)
where
Ti = i — qio @
1 9%
A= (48)
T Ai0gidg
1 0%

bi(t) = *Emfjk(t) (49)
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If there is only one parameter g, the behaviour of ¢ is analogous to the deformation of a forced Kelvin-
Voigt body (a viscous dashpot in parallel with a spring). For multiple order parameters q and constant
matrix A (i.e. for small deformations), the solution to the non-homogeneous system of equations is
(Coddington & Levinson, 1984, p78):
t
@ = expy(Alt — t0)alto) + | expy(Alt - )b(s)ds (50)
to
At steady state, a periodic sinusoidal variation in € results in a lagged sinusoidal variation in q. The

change in g drives changes in stress and temperature:

Aos; = Criaen + — 28 4 (51)
iy — “Nijklckl 3%361’]‘ k
vT 0%E
AT = —_— 52
- TkIER + 8qk8ka (52)

where the thermodynamic properties in the above expressions are evaluated at constant g. Analytical
expressions for the second order partial derivatives of the internal energy as a function of the partial

derivatives of the Helmholtz energy are as follows (Appendix E):

%€ T O*F (53)
Dq¢ ON¢ ¢ 0q;0T
0%E B O*F VTrj, 0°F (54)
aqf c%jg.k N 0q;0¢ i, c. 0q0T
2 2 2 T 52
0°E 0°F 0°F 0°F (55)

00~ 04:0q;  0q,0T c. q;0T

4 EXAMPLE: THE STISHOVITE-POST STISHOVITE TRANSITION
4.1 Overview

Stishovite is a high pressure mineral whose composition in natural rocks is dominantly SiO,. It is
stable in mafic and felsic rocks under the P-T" conditions of the mantle transition zone and the upper
part of the lower mantle, an has abundances of around 10-25 wt% of rocks with basaltic compositions
(Hirose & Fei, 2002; Holland et al., 2013). It has also been identified in meteorites and their shocked
target rocks.

Stishovite experiences a symmetry-breaking displacive phase transition with increasing pressure
(Kingma et al. 1995; Andrault et al. 1998). This transition involves the rotation of octahedral SiO¢
groups, transforming stishovite from the tetragonal rutile structure (space group P4o/mnm) to the
orthorhombic CaCl, structure (space group Pnnm). The transition takes place at around 50 GPa at
room temperature, and around 78 GPa at 2200 K, which corresponding to a depth of 1800 km depth
along a mantle geotherm Brown & Shankland (1981).
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At the transition, the a- and b-axes of the stishovite structure become different lengths. Either
the a- or the b- axis can become the longer axis, thus allowing the formation of twins with {110}
as a mirror plane. At the transition, the amount of energy and its derivative required to change from
post-stishovite through stishovite to “anti”’-post-stishovite is zero, and this results in the isothermal or
isentropic sum-of-stiffnesses C1; + Coo - 2C12 dropping to zero, and all of the compliances S11, Sao
and S1o approaching infinity from both the low and high pressure sides of the transition. In addition,
S13 and So3 approach infinity from the high pressure side of the transition.

Several experimental studies have provided data on the stishovite-post-stishovite transition. This
includes unit cell data at high pressure (Andrault et al., 2003; Zhang et al., 2023) and high temperature
Ito et al. (1974); Fischer et al. (2018), and also elastic data at high pressure (Zhang et al., 2021b). This
data confirm the qualitative elastic predictions of (Carpenter et al., 2000) which were based on early
equations of state and the frequency decrease of a Raman-active vibrational mode (Kingma et al.,
1995).

All of the papers modelling the elastic anisotropy of the stishovite-post-stishovite transition (Car-
penter et al., 2000; Buchen et al., 2018; Buchen, 2021; Zhang et al., 2021b,a, 2022) have used the
athermal Landau formalism introduced by (Carpenter & Salje, 1998). Here, I use the available ex-
perimental data to parameterise the thermal Landau model described in Section 2.2, and obtain the

material properties as derived in Section 3.

4.2 Model formulation
4.2.1 Scalar model

The stishovite - post-stishovite phase can be modelled as a solid solution of post-stishovite (Q) = 1)
and anti-post stishovite () = —1), where both endmembers have the same properties, but exchanged a
and b axes. The displacive second order transition from stishovite to the post-stishovite structure can be
modelled by making this solution a “2-4” Landau-type model, where the “2” and “4” indicate that the
excess energy of the solution can be modelled as the sum of a P — 7" dependent quadratic and constant
quartic term in the structure parameter (). Written as a function of the endmember proportions, the

excess Gibbs energy is equal to:

Gxs = 4pop1 ((AG(P, T) — AG(Py, Tir)) + 2AG(Pe, Tae) (95 + 1Y) (56)
Parameters for the () = 0 and ) = 1 states are fit to the data with the equation of state of Stixrude

& Lithgow-Bertelloni (2005) (Table 3). To avoid overfitting, only the standard state Helmholtz energy,

volume and Debye temperature were allowed to differ between the () = 1 and ) = 0 members. These
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—— 90.0 GPa
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Cxs (k)/mol)
N

Pao1

Figure 1. Modelled variation of the excess Gibbs energy relative to post stishovite with ) = 1 at a variety of
pressures at 298.15 K. The equilibrium value of the structural parameter () at each pressure is plotted as a single

point (before the symmetry-breaking transition) or two points (after the transition).

three properties were chosen because they have a first order influence on the position and slope of
the transition, and on the rate of increase of () with pressure. The absolute value of () is somewhat
arbitrary, so the Helmholtz energy difference was scaled such that a value of ) = 1 lay within the
pressure range of the data. The resulting parameters lead to a value of AG(Py, Tiy) = —1361.05
J/mol. The Gibbs energy as a function of () at different pressures is shown in Figure 1. The modelled
evolution of the equilibrium value of () is plotted in Figure 2 at a range of pressures and temperatures,
and compared with the rotation angle of SiOg octahedra about the c-axis from Zhang et al. (2023),

which can be used as a proxy for the structural parameter.

4.2.2  Anisotropic model

The anisotropic properties of post-stishovite (( = 1) are modelled via a fourth order tensor (Section
2.2). After some initial investigation, the following formulation was chosen for the elements of the

tensor (given in Voigt form):

Vi (f,Q =1) = (aij — (bicr + bac2)) f + bi(exp(e1 f) — 1) + ba(exp(caf) — 1) (58)

The available unit cell data at high temperature do not yet support the addition of thermal terms, and
there is not yet any elastic tensor data at high temperatures to warrant the use of such terms. The
properties of anti-post-stishovite ((Q = —1) are identical to those of post-stishovite () = 1), but with

the 1st and 2nd rows and columns exchanged, and the 4th and 5th rows and columns exchanged. No

15
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Figure 2. Modelled variation of the equilibrium value of the structural parameter () in stishovite with respect
to pressure and temperature. Values of zero correspond to stishovite, and non-zero values to post-stishovite.
Negative values are equally stable, and correspond to “anti”-post-stishovite. Data points correspond to observed

SiOg rotation angles about the c-axis (Zhang et al., 2023).

excess anisotropic terms are used in the model, so the tensor for the solution is equal to:

ro-(152) vae-n+(52) wae--y 59

To facilitate data inversion, three further functions are defined (for i = {1, 2, 3}):
Ui =Wy + Wio + Uy (60)

These parameters can be fit using only the a, b and c unit cell vectors, so these functions facilitate the
piece-wise inversion scheme described in Section 4.3. If the diagonal elements of are also fit to the

experimental data, the off-diagonals can be determined from:

1
Uy = 5((\111 + Wy — W3) — (Vg + Wao — ¥33)) (61)

4.3 Data processing and inversion

Weighted least squares inversion for the anisotropic properties of stishovite was split into the following

stages:

(i) Initial fitting of the G(P, T') equation of state
(ii) Initial fitting of the unit cell properties M (V, T, q)
(iii) Initial fitting of the relaxed elastic moduli Cn(V, T, q)

(iv) Joint inversion of all the experimental data to refine the initial fit parameters.
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The initial piece-wise refinement was required to avoid the fitting procedure entering local minima.

4.3.1 Fitting of the G(P,T') equation of state

In the first step of the inversion, data from four papers were used: V' (P) data from Andrault et al.
(2003), V(P) and Kngr(P) data from Zhang et al. (2021b), V(T") data from Ito et al. (1974), and
the transition pressure at 3000 K (taken to be 90 £ 1 GPa) from Fischer et al. (2018). Volumes from
Fischer et al. (2018) were not used directly, as they involved significantly more scatter than the other
datasets.

Some processing of the data was required during fitting to ensure self-consistency. Firstly, because
1/Knr = —(0(InV')/OP) N, volume data from XRD and elastic data from Brillouin and impulsive
stimulated light scattering (Zhang et al., 2021b) can be combined to provide independent constraints
on the pressure (Kurnosov et al., 2017). To ensure consistency with the reported pressures, hyper-
parameters were included in the inversion such that the actual pressure for each dataset was given

by:
Prodel = P calibrant(a +bF, calibram) (62)

The final values of these hyperparameters after the joint inversion (Section 4.3.4) were a = 0.9302,
b = —4.5424 - 10713 Pa~! for the Zhang et al. (2021b) data, and a = 0.9935, b = —9.2041 - 10~13
Pa~! for the Andrault et al. (2003) data.

Given the very small uncertainties in the reported volumes, the model was interrogated to obtain
pressures at the experimentally observed volume and temperature. Pressure uncertainties were chosen
to be equal to either the reported uncertainty, or 10% + 0.01 - Peglibrant, Whichever was the bigger. This
downweighted data points with unusually small uncertainties on pressure.

Secondly, the room temperature volume of stishovite in the 1 bar study of Ito et al. (1974) was
significantly larger than in the studies of Zhang et al. (2021b) and Andrault et al. (2003). Therefore,
all the volumes in that study were scaled by a factor f = V{ model/ V0. It0, SO that the data could
still be used to provide an estimate of (0V/0T") p. Weighted misfits were obtained using the volume
uncertainties from the original paper.

The parameters fit during this stage are given in all but the last two rows of Table 3. The resulting

volumes are shown in Figure 3.

4.3.2  Initial fitting of the unit cell properties M (V, T, q)

After the initial fitting of the volume and Reuss bulk modulus data, the a, b and ¢ axis lengths were

fit using the stishovite and post-stishovite data from Zhang et al. (2021b) and post-stishovite data
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Q=0 Q=1
Fo -8.174916e+05  -8.121660e+05
Vo 1.401172e-05 1.392651e-05
K, 3.030507e+11  3.030507e+11
K}, 4.031062e+00  4.031062e+00
Debye Ty 1.092170e+03  1.109799¢+03
Yo 1.340266e+00  1.340266e+00
% 2.122000e+00  2.122000e+00
ao - 2.728300e-02
bo - 2.857203e-02

Table 3. Properties of stishovite and post-stishovite as constant structural state as obtained from the available

data. All properties are given as SI units (J/mol, m>/mol, Pa, K, m/mol%)

from Andrault et al. (2003). Data were fit as a function of pressure, using the modified pressures from
Section 4.3.1. The uncertainties in the axis lengths were taken to be equal to either the reported uncer-
tainty, or 0.05% of the value of the axis length. As with the modification to the pressure uncertainties
in Section 4.3.1, this downweighted data with unusually small uncertainties.

Available data from Ito et al. (1974) and Fischer et al. (2018) suggests that temperature plays a
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Figure 3. Modelled volume of stishovite-post stishovite as a function of pressure and temperature. Data points
are from the published literature (Ito et al., 1974; Andrault et al., 2003; Fischer et al., 2018; Zhang et al.,
2021b). The pressures of the data from Andrault et al. (2003) and Zhang et al. (2021b) are adjusted as described
in Section 4.3. Data from Fischer et al. (2018) was not used in the inversion, but is shown for comparison with

the model.
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a b1 c1 b Co

Wy, 3.947517e-01 3.011252e-01 1.112234e+00 -4.100808e-05  -1.046897e+01
U, as above as above as above as above as above

W3 (2.104966e-01) (-6.022504e-01) as above (8.201616e-05)  as above

Uy, 3.213067e-01 9.296219¢-01 as above -1.218009e-02  as above

Woo  8.342128e-01 as above as above as above as above

W33 4.930226e-01 -1.467823e-02 as above -4.592044e-03  as above

Wyy  1.120120e+00  -2.575796e+00  9.746291e-01 - -

Uss  1.209577e+00  as above as above - -

Wes  9.493643e-01 -8.618729¢-01 9.980290e-01 - -

Table 4. Anisotropic parameters for post-stishovite (Q = 1). The first three rows correspond to the sum ¥; =

W1 4+ U;o + ;3. Values in brackets (¥3) are not independent - they are uniquely determined by ¥, and Ws.

negligible role in the relative lengths of the a, b and c axes; volume and the structural parameter q have
the dominant effect. Furthermore, ¢ appears to have a negligible role in determining the length of the
c axis, with all data lying on a single line in V' -c space (Figure 4). The values fit during this stage of
the inversion are given in the last two rows of Table 3 and the first three rows of Table 4. The resulting

evolution of the a, b and ¢ axes is shown in Figure 5.
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Figure 4. Observed natural logarithm of the a, b and c axis lengths as a function of the natural logarithm of the
volume. Data taken from the published literature (Ito et al., 1974; Andrault et al., 2003; Fischer et al., 2018;
Zhang et al., 2021b). The pressures of the data from Andrault et al. (2003) and Zhang et al. (2021b), and volumes
of Ito et al. (1974) are adjusted as described in Section 4.3. Error bars in both x and y are shown, but are mostly

smaller than the data points.
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Figure 5. Modelled a, b and c-axis lengths of stishovite-post stishovite as a function of pressure and temperature.
Data points are from the published literature (Ito et al., 1974; Andrault et al., 2003; Fischer et al., 2018; Zhang
et al., 2021b). The pressures of the data from Andrault et al. (2003) and Zhang et al. (2021b) are adjusted as

described in Section 4.3.

4.3.3  Initial fitting of the relaxed elastic moduli Cy(V, T, q)

The final data used in the fitting are the elastic moduli from (Zhang et al., 2021b). As for the volume

and cell length data, pressures were modified using the hyperparameter values in Section 4.3.1.
Initial attempts at inverting the elasticity data failed to converge on a good solution. The reason

for this is that the isentropic compressibility of the three cell axes must be consistent with the corre-

sponding components of the compliance tensor:
BNi = SNi1 + Sni2 + Snis (63)

which are found by inverting the elastic stiffness tensor Sy = Cgl. The elastic data from Zhang
et al. (2021b) indicated a slightly smaller compressibility along the c axis than the unit cell data used
in Section 4.3.2. Making the assumption that the Poisson’s ratios are less well constrained than the

Young’s moduli, I modified only the off-diagonals of the observed elastic compliance matrix:

SN.modified12 = (Sni12 + (ABN1 + AbN2 — APn3z/2) (64)
SN,modified13 = (Sni1z + (ABn1 + AbBnz — AbBn2/2) (65)
SN,modified23 = (Sn23 + (AfN2 + Abng — AbBn1/2) (66)

APBNi = PN,modeli — PN,obsi (67)
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Figure 6. Isentropic elastic stiffness moduli for stishovite and post-stishovite at 298.15 K. Solid lines are the
relaxed moduli at the equilibrium value of (). Dotted lines correspond to the unrelaxed moduli at @) = 0. Small
dots are the data from (Zhang et al., 2021b) and large dots correspond to the same moduli adjusted to satisfy the

unit cell constraints from the same paper.

These modified values were then used to calculate a modified stiffness tensor. The difference between
the original moduli and the modified moduli is shown in Figure 6 (small datapoints are the original
data, and larger datapoints are the modified data). It is noteworthy that the data at low pressure is essen-
tially unmodified, with the modification required to match the unit cell data growing with increasing
volume.

The misfit was calculated from the difference between this modified stiffness tensor and the model
values, weighted by the original uncertainties in the stiffness tensor reported by Zhang et al. (2021b).
The values fit during this stage of the inversion are given in the last six rows of Table 4. The resulting

elastic stiffness tensor at 298.15 K is shown in Figure 6.

4.3.4  Final joint inversion and model properties

After obtaining an initial set of parameters from the previous steps, all the parameters were simultane-
ously refit using all the experimental data to obtain a global minimum misfit, producing the reported
figures in Tables 3 and 4 and in the text (for the hyperparameters).

Once created, the model can be interrogated for any elastic properties at any pressure and tem-
perature. Bearing in mind that no high-pressure - high-temperature data was used apart from a single
transition pressure from (Fischer et al., 2018), the data is in reasonable agreement with the available
cell data from Fischer et al. (2018) (Figure 5).

The modelled elastic moduli in Figure 6 are also in very good agreement with the data modified
from (Zhang et al., 2021b), suggesting that the formulation of the anisotropic properties contained

sufficient free parameters to match the experimental data without noticeable over-fitting.
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Figure 7. Modelled elastic properties at 77.43 GPa, 2200 K, which is 0.1 GPa lower pressure than the stishovite-
post-stishovite transition. Upper hemisphere projection. S-wave velocities are plotted with white lines corre-
sponding to the directions of particle motion. Minimum and maximum Poisson ratios are plotted at positions on
the focal sphere that correspond to the axial propagation direction, with white lines corresponding to the lateral

directions.

Seismic velocities, linear compressibilities and extrema in Poisson’s ratios are provided just below
(Figure 7) and above (Figure 8) the stishovite-post-stishovite transition. As expected, Vgo velocities
approach zero along the [1, 1, 0] direction from both sides of the transition. Also as expected, the
linear compressibility is positive in all directions below the transition - i.e. squeezing stishovite uni-
axially results in a smaller volume. In contrast, above the transition, linear compressibility along the
longer axis is negative - squeezing the structure uniaxially results in volume expansion. This negative
compressibility persists until about 10 GPa above the transition.

Another interesting observation from the model is that near the transition, the minimum Poisson
ratio in almost every direction is negative; that is, when stretched along any direction, crystals of
stishovite and post-stishovite get longer in an orthogonal direction. As can be seen in Figures 7) and 8.
This auxetic behaviour decreases in intensity away from the transition. It also becomes more restricted
away from the transition - there are almost no directions of auxeticity 40 GPa below the transition, and
auxeticity more than 10 GPa above the transition is restricted to a broad, persistent band surrounding
the plane perpendicular to the b axis. A pressure profile of figures like Figures 7) and 8 are provided

in Supplementary Materials.
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Figure 8. Modelled elastic properties at 77.63 GPa, 2200 K, which is 0.1 GPa higher pressure than the stishovite-
post-stishovite transition. Upper hemisphere projection. S-wave velocities are plotted with white lines corre-
sponding to the directions of particle motion. Minimum and maximum Poisson ratios are plotted at positions on
the focal sphere that correspond to the axial propagation direction, with white lines corresponding to the lateral

directions.

Finally, Figure 9 shows the isotropic Vp, Vg and Vg velocities calculated from the Reuss, Voigt
and Voigt-Reuss-Hill (VRH) isentropic bulk and shear moduli. Note the small discontinuity in the
VRH compressional and bulk sound velocities at the transition that results from the discontinuous
change in the Reuss bulk modulus. The reduction in Vs associated with the transition has previously
been connected with the observation of seismic scatterers in the lower mantle (Kaneshima & Helffrich,

1999; Niu, 2014; Kaneshima, 2019).
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Figure 9. Isotropic seismic velocities of stishovite-post-stishovite along a mantle geotherm (Brown & Shank-
land, 1981). Shaded regions are bounded by the Reuss and Voigt estimates, solid line represents the Voigt-

Reuss-Hill average.
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5 DISCUSSION
5.1 Thermodynamics versus atom-scale behaviour

The model proposed here is purely thermodynamic: all the properties investigated here are macro-
scopic properties that are functions of thermodynamic energy derivatives. The derivations of unre-
laxed, relaxed and time-dependent properties in Section 3 are entirely general; if one can find an
appropriate form for the Gibbs energy as a function of P, T', composition x and appropriate isochem-
ical degrees of freedom g, and a description of the anisotropic tensor as a function of V, T, = and
q. all thermodynamic and elastic properties can be determined at arbitrary state.

The thermodynamic model, however, says nothing about the atom-scale behaviour of the materials
studied. This atomic behaviour determines how many isochemical variables g are required to describe
the observed behaviour, and the shape of the G(P,T,x,q) and (V,T,x,q) functions. This atom-
scale behaviour can be probed by diffraction or spectroscopic techniques.

In the case of stishovite, one structural parameter () appears to be sufficient to describe the cell
and elastic properties over large regions of P-T space. This parameter () can be associated with tilt-
ing of SiOg octahedra (Zhang et al., 2023, Figure 2) and directly related values like oxygen positions
(Criniti et al., 2023). The stishovite-post-stishovite transition is associated with a sharp minimum in
the frequency of rotational vibration of O atoms about the c-axis. In the jargon of spectroscopists,
this is known as “softening” of the “B;,” optical phonon mode (with the symmetry of the ‘T:J{ irre-
ducible representation”, in stishovite) or “A,” mode (in post-stishovite) (Kingma et al., 1995), which
can be observed using Raman spectroscopy (Kingma et al., 1995). Splitting of vibrations of pairs of
oxygen atoms linked through a silicon atom along [110] or [-110] is also observed. The vibration of
these atoms is out-of-phase and colinear with the c-axis. The spectroscopic jargon is splitting of the
“F,” optical phonon mode (with the symmetry of the “I'; " irreducible representation”) into “Bs,” and
“Bs,” modes (Kingma et al., 1995). “Optical phonon” just means out of phase atomic motions, where
the word optical arises because the opposed displacement creates an electrical polarization that inter-
acts with electromagnetic fields, and can therefore be excited by infrared radiation. Useful diagrams
illustrating the modes in the stishovite structure (isostructural with rutile) and mode and symmetry

naming conventions are given by Traylor et al. (1971).

5.2 Spontaneity, coupling, and the “properness” of ferroic phase transitions

So-called “ferroic” phase transitions are those which involve large “spontaneous” changes in physical
properties over small changes in state. In ferroelastic transitions such as the stishovite-post stishovite

transition, a change in stress induces a change in strain; in ferroelectrics, a change in electric field
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strength induce an electric displacement; and in ferromagnets, a change in magnetic field strength
induce a change in magnetic flux density. However, transitions need not only involve energy conju-
gates (stress-strain, electric field strength-displacement, etc.); temperature, stress, electric and mag-
netic fields can all potentially induce large changes in entropy, strain, electric displacement and mag-
netic flux density. For discussion of some of the cross terms and associated second derivatives, see
(Nye et al., 1985, Chapter 10).

Classically, ferroic transitions have been subdivided into three groups based on how the “spon-

taneous” change in a property “y”, such as excess entropy, or strain, is modelled (Wadhawan, 1982;

Carpenter, 2006):

e Proper: where y can be used directly as g:
F(V.T.q,y) = Fo(V.T) +a(V. D)y + by* + .. (68)

e Pseudoproper: y cannot be used as the order parameter, but is (bilinearly) coupled to it (Dvorak,

1974). The order parameter and property with “spontaneous” changes must have the same symmetries.
F(V,T,q,y) = Fo(V,T) + a(V, T)g* + bg" + ... + fay (69)

e Improper: where there are multiple order parameters that together have a different symmetry to

that of y:
FV,T,q,y) = Fo(V,T) + Aij(V,T)a:iq; + Bijraiqiaeq + - - - + fij0:4;y (70)
where the A;;, B;ji etc. satisfy the symmetry of the phase.

This study demonstrates that a self-consistent Landau model can be designed that does not include “y”
(the property with “spontaneous” changes) as an independent variable in the energy function. Instead,
both the energy to be minimised and y are written as a function of the natural variables (e.g. Equation

6):
F=FWV,T,q),y=y(V,T,q)

As a consequence, when using the Landau model proposed in this study, the terms proper, pseudo-
proper and improper are not particularly insightful. The equivalent mathematical property of interest

is whether each component of y varies approximately linearly with q.

5.3 Extensions to electric and magnetic behaviour

Although it is beyond the scope of this study, it is worth considering how the formalism might be
extended to include electric and magnetic properties. The Helmholtz energy of Equation 5 would need

to be extended to include the electric field strength e [V m~ '] and magnetic field strength h [A m 1]
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as independent variables, with the electric displacement d [C m~2] and magnetic flux density b [T]

additional properties in the Legendre transformation from the internal energy:
F=FV,T,e,h,n,e)=E—-TS —de —bh (71)

The z vector would have to be extended to include these parameters (z = {e, T, e, h}). The additional

first derivatives of the Helmholtz energy would be:

—Vd = 8i (72)
Oe
OF

-Vb= ah (73)

The second derivatives would form an extended block tensor:

[ voe | yoe | yoe | yee | [ ver | va |—vD|-vaA ]
PF | % | - | % | "% | _| V| /T VP | Ve -
0202 —yod | _ydd | _yod| yod ~VD| -Vp | —Ve | -VA

VR VR VR | -VE | | VA| Ve | -VA| -V |

where the elements of the tensor are (Nye et al., 1985; Fuentes-Cobas et al., 2011):

D: the piezoelectric tensor

p: the pyroelectric tensor

e: the absolute dielectric permittivity

A: the magnetoelectric tensor

A the piezomagnetic tensor

¢: the pyromagnetic tensor

w: the magnetic permeability

The chain rule is required to obtain D and A from the expression for the Helmholtz energy

(Appendix B):

ad; ad; Brim ad;
Dii — % — (5. il ) _ PTim ¢
ijk agjk ((5]]6‘/) oV + <5l]5mk BRT 6]k> aglm (75)
Ob; Ob; Brim Ob;
Aije = 228 = (63) 22 4 (66, — Mg, ) 200 76
i 88jk: ( ]kV) ov * < Hmk ﬂRT ]k> 8€Zm ( )

The non-zero elements for phases of different symmetry types are provided by Litvin & Janovec

(2014).

6 BENEFITS OF THE NEW FORMULATION

The Landau formulation for isochemical flexibility in anisotropic phases proposed in this study has

the following benefits:
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o It is fully self-consistent.

e The underlying Landau energy minimization is applied only to the scalar G(P, T, x, q) equation
of state, rather than to the entire anisotropic model. As a result, Gibbs minimisation is performed only
over the structural parameters g at any given P-1' condition, rather than g and the spontaneous strains
or polarisations.

e It is easily extended to accommodate additional degrees of compositional or isochemical free-
dom. Phases requiring more than one parameter q include quartz, where static and dynamic tilts both
affect the Gibbs energy and elastic properties of the phase (Wells et al., 2002; Antao, 2016; Angel
etal., 2017), or troilite, which experiences spin and structural transitions that intersect (Urakawa et al.,

2004).
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APPENDIX A: CALCULATING RELAXED THERMODYNAMIC PROPERTIES

Relaxed thermodynamic properties are determined by minimizing an appropriate thermodynamic po-
tential, allowing some or all isochemical structural variables to vary freely. Similar mathematical
derivations can be used to quantify the effective isotropic thermodynamics of multiphase assem-
blages by varying the pressure and temperature (Stixrude & Lithgow-Bertelloni, 2022), or consider
the anisotropic properties of a single phase, as we do here.

Let us seek expressions for the relaxed second order derivatives of the Helmholtz energy. We first
define a set of functions P;(M, T, q) that describe the partial derivatives of the Helmholtz energy with
respect to q:

oF

where M is the extensive metric tensor, with elements having units of m, and g are the unitless

isochemical structural vectors. The minimization of F is achieved when
P(M,T,q"(M,T)) =0, (A2)

The relaxed properties C}, w* and ¢} depend on the way in which g* varies due to small changes in €
or T (here collected as z = {&,T'}). This dependence can be determined by applying the chain rule:
0P, 0P Oqy,

—_— = 0y; A3
0z;  0qf, 0z b (A-3)
and solving for 0g;;, / z;:
oP, 0q* OP,
L m ! A4
Oqm 0%z 0z (A4)
oP, Oq’; 0P,
Ry——"" = —Ry;— A5
Kl D 02, ki 9z, (A.5)
dq;, ol
= —Ryp— A.6
92, ki oz, (A.6)
where R is the left inverse matrix:
0P,
S = sza—l (A7)
qm
O*F
=R A.8
5 D (A.3)

The relaxed physical properties evaluated at constant 7" are then determined by repeated application

of the chain rule:

0F* _0F  OF 0g;
aZZ' 821 8qk Gzl-
_OF
N &zz

(A9)

(A.10)
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where the second term in the first expression vanished by the requirement that 0F /0q;, = 0 at
equilibrium (Equation A.2). Differentiating again yields
O?F* 0> F 0*F 0Oq;

= A.l11
02;0z; 02,0z + 02;0qy, 0z; ( )
0PF *F O*F

= — A.12
8ziazj 82Zaqk Rkl 8q18zj ( )

ves | var ver | v RPF O F
- T 0200 g0 (A13)

Vel | —cxT Ve | /T | 9u0ac " Oudz

ij
This expression is similar to the expression under fixed entropy constraints presented by Slonczewski
& Thomas (1970), their Equation 26. The elements of the unrelaxed block matrix (first term on the
RHS of the last equation) can be evaluated directly from the anisotropic equation of state. Expressions
for 92 F /0q0q (Equation A.8) and 9> F /0qOz (Equation A.13) can be derived by change of variables
(Appendix B).

APPENDIX B: CHANGE OF VARIABLES AND DERIVATIVES OF THE HELMHOLTZ
ENERGY

Here, we derive the partial derivatives in Section 3.3.2 by change of variables. The variables required

are:

< 0*F ) < 82.7-"> < PF > B.1)
aqiaqj Mie,e,T,qr i, k45T 9¢;0T Mrefverj;éi»w’ 9qiOek Miet,€mnzrl; 1505 #i,%

where M is a constant reference cell tensor about which small strains can be performed. The
equation of state developed by Myhill (2024) gives the partial derivatives of F(f/,T',n’, &), where
f =InV. The “primes” are used to specify the variables of the equation of state. Making explicit the

dependences on the variables in B.1, we have:
f = ‘F(f/(Mrefa E)v T/(T)7 n,(qv $), é/(Mrefa 57 T7 q7 iU))

The partial differential operators for the set of variables in B.1 are thus:

o om, 0 0d, 0

9q; ~ 0g on, " oq 0, B2
97
0 _ 0 % 9 (B.3)
oT ~ a7’ or oz,
! a*/
o o 0 02, o -

= -5 1
!/ =/
afkl 86k1 af aé‘kl 6€pq
In order to write the second derivatives in their most compact form, we first need to derive some of the

partial derivatives in the three expressions above. These are:
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e The constant stoichiometric ordering matrix:

on};
= A;; B.5
94, ij (B.5)
e The small strain identity:
af’
= 0 B.6
Deyy i (B.6)
e Other derivatives are calculated considering the total derivative of the small strain tensor &:
861']' a&ij 8515 86@' _
deij = 57 df’ + 57 dT" + o, dnj, + e del,, (B.7)

Taking the partial derivative with respect to e, at constant 7', g and x:

65;]» _ 86@‘ _ 3&']’ of' 56— Brij
Ocky  Oeiy Of' Oeiy 7" B

Okl (B.8)

e with respect to ¢; at constant € (= 0), 7" and x:
el ., _ Oz onl, _ Oz A (B.9)
0qi on!, 0g; onl,
e with respect to 1" at constant € (= 0), g and x:
Pomn __Oemn __ (0 Prig) (B.10)
oT oT’ ay  Br
e Assuming a hydrostatic reference state, we also have:
00 oP
8;]’ = _5ijW where X could be f/, T" or . (B.11)
Oers
5@'% = 0 where X couldbe 7/, n/ or &'. (B.12)

Using these expressions, we can compactly write the second derivatives of interest:

O*F _om, 0 (om,0F 0e,, OF og.. 0 (onl, OF N 0&,, OF B.13)
0q;0q; ~ dq; Onl, dq; On), dq; 0¢,, dq; 0, \ Ogq; On;, ~ dq; 08, '

_on, <an; o*F 08, O*F > og . (an; 0*F 0,, O*F >

~ 9dq; \ dq; Onl,0n, dq; Onl0e,, 0q; \ Oqj On),0e,, + dq; 08,08,
(B.14)
oe),, 0o 0¢g, do oz
= Ay | AyjH, min __TO% MR Ay PLY Copn, B.15
( e g, ana>+8qi< Ton, " ag T > 1
Oe oP Oe oP Oe
F mn mn
= Auz <Aijuv + an;Avjémnan,u> - 8n& Auz <_Avj5mn8né) - 87’21 AvjVCTmnpq>
(B.16)
Ocmn Oe
= Ay (H{ﬁ, +V an{u CTmnpanZ]> vj (B.17)
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PF 9 (o, OF N og .~ OF 0,y 0 (Onl, OF 02, OF (B.18)
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APPENDIX C: CHANGE OF VARIABLES: COMPOSITIONAL DERIVATIVE OF THE
CELL TENSOR

This appendix provides the first compositional derivative of the cell tensor under hydrostatic conditions

M (Vinot(V°,n°), T(T°), p(n°), n(n°)), where ° denotes the required variable set:

M = FM, (C.1)
In(n

Inpg Mo(p, 1) = pm(Inm(Mopm)) + :(3 )I (C2)
Iy F (Vinol, T, ) = (Pm ijk:lm(vmoh T) + pmpnwijklmn(vm()b T,p))ow (C.3)
where Vipol = % Pm = %n andn = 1;ny (C4)

8vaol 1l‘/mol on 8Pm nélm - 1lnm 6lm - 1lpm

(0] p = — 5 p = 1l’ and = p = 3 = _—

onj n  On onj n n

(C.5)

Additionally, because MoI = I My, we can write

O Moy _ Mog; and O Mo _ nl/gaMOmolk;j
on 3n2/3’ Opm Opm

(C.6)

35


https://twitter.com/bobmyhill

This paper is a non-peer reviewed preprint submitted to EarthArXiv on 18 April 2024 by @bobmyhill. It has been submitted to Geophys. J. Int.. 36

OM;;  O0Fy OMop;

= Ok e+ F C7
ony on; Okj + ony €7
a-sz ank 8ernol aEk apm

= C.8
oS~ Vet O | Opm O €5

~ OF 11Vl | OFik (Oim — Lipm

) /A + Opm < n €9

8M0kj _ aMij on 8M0kj 8pm (C 10)

ony on  Ong Opm  Ong '

Moy OMomolkj ( Oim — Lipm

=32/ 1; + o, 373 (C.11)

APPENDIX D: CHANGE OF VARIABLES: SCALAR GIBBS DERIVATIVES TO
HELMHOLTZ DERIVATIVES

This appendix provides partial differential operators and partial derivatives required to calculate the
second order partial differentials of the Helmholtz energy F under hydrostatic conditions. As done for
the Helmholtz energy under non-hydrostatic conditions in Appendix B, we define a set of variables
for the hydrostatic Helmholtz energy (V/, 7", n’), and a modified set for the hydrostatic Gibbs energy
(PY9,T9,mY9). Any function can then be written:

o(PI(V', T, n'), T9(T"),n% (n)) (D.1)

The partial differential operators for the Helmholtz variables are:

0 oOP 0

av' — V' opY (D-2)
0 oT o oP 0O

o — 9T 919 T a1 ape (D-3)
o 9 0P 0 D)

on] ~ ond " onl 9P

In order to express the second derivatives in their most compact form, we will use the following

thermodynamic identities:

P Kr
7= (D.5)
or _ON _ ay Kr (D.6)
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A final relation is obtained by taking the total derivative of V' and differentiating with respect to n':

ov ov ov

_ 9V o5 OV g OV g
dv = 8PgdP + 8ngT + 8n?dnz
oV _ v oP oV OT oV om
(")n;. - 9PY 3n;- oT9 c’*)n; 8nig 8n}
o OV OP oV
or __opov
Finally, the required second derivatives can be derived:
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0%G oP 9%*G oP 0°G OP 0P 09%G

~ ondond o] oP9OnY " o 0p9ond " on] on; OPIOP

0%G

= +
8nig6njg 8nl-g

%G

v <KT> v v (KT> v oV <KT> oV

= -+
Gnigﬁn]g anf

V) ot * 00\ V) 008 " 07 \V) 8
v (Kr) oV
V@n?

D.7)

(D.8)

(D.9)
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(D.14)

(D.15)

(D.16)

(D.17)

(D.18)

APPENDIX E: CHANGE OF VARIABLES: ANISOTROPIC HELMHOLTZ DERIVATIVES
TO INTERNAL ENERGY DERIVATIVES

This appendix provides partial differential operators and partial derivatives required to calculate the

second order partial differentials of the internal energy £ as functions of partial derivatives of the

Helmbholtz energy /. We define a “natural” set of variables for the Helmholtz energy in the small

strain case (g,7',m), and a modified set for the internal energy (e, N¢, nb). Any function can be

written

®(e(ef),T(ef, N, n®), n(nf))

(E.1)
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The partial differential operators for the modified set of variables are:

0 0 or o

=g — E.2

86‘% ik ]la€kl + 86% oT ( )
0 or o

ONE — ONE T E3)
0 0 or o (E.4)

onf  Yom;  onf oT
In order to express the second derivatives in their most compact form, we will use the following

thermodynamic identity:

oT  ce

= E.
ON T E-5)
Further relations are obtained by differentiating N with respect to the €, N¢ and =¢:
ON ON ON
dN = @daij + 8—TdT + a—nidni (E.6)
T T ON
8—€ =—— 0 (E.7)
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Finally, the required second derivatives can be derived:
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