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Abstract
Hydraulic fracture presents an interesting case of crack elasticity and fracture propagation non-linearly

coupled to fluid flow. Hydraulic fracture (HF) is often modeled using the Linear Elastic Fracture Mechan-

ics (LEFM), which assumes that the damaged zone associated with the rock breakage near the advancing

fracture front is small compared to the lengthscales of other physical processes acting during propaga-

tion. The latter include dissipation in viscous fluid flow in the fracture channel, of which the fluid lag

- a region adjacent to the fracture tip filled with fracturing fluid volatiles and/or infiltrated formation

pore fluid - is the extreme manifestation. In this study we address the validity of the LEFM approach

to hydraulic fracturing by constructing the solution for the near tip region of a cohesive fracture driven

by Newtonian fluid in an impermeable linear-elastic rock. We show that the near HF tip solution has an

intricate structure supported by a number of nested lengthscales on which different dissipation processes

are realized. This structure is bookended by the solid
0c0 or fluid lag

0o0 process zone immediately near the

tip and by the viscosity
0m0

asymptote away from the tip, while the LEFM
0k0

asymptote may emerge at

intermediate distances within the c/o to m transition. Realization of the k asymptote, and, therefore, the

viability of the LEFM in HF, depends on two parameters: the cohesive-to-fluid-lag fracture energy ratio

Gc/Go and the cohesive-to-in-situ stress ratio �c/�o. For representative values of the former, we show

that the LEFM-behavior emerges only when the cohesive stress is large compared to the in situ confining.

Since �c ⇠ few MPa for most rocks, it follows that the LEFM may only be applicable to laboratory

hydraulic fracture conducted under low confining stress, and, conversely, is not applicable to the field

hydraulic fracturing characterized by larger values of �o. We further use an approximate ’equation of

motion’ approach based on the continuation of the tip solution onto the entire fracture to solve for the

propagation of a penny-shape HF driven by a point source fluid injection and quantify the prominence of

the non-LEFM effects.

Keywords: fracture mechanics; hydraulic fracture; cohesive zone; fluid lag; Gauss-Chebyshev quadrature;
equation of motion

1 Introduction

Problem of steady propagation of a semi-infinite hydraulic fracture allows for (i) assessing the coupling of
various physical processes manifested near the fracture tip and their effect on the HF propagation, and
(ii) development of hydraulic fracture propagation logic/criteria that can be integrated into the numerical
framework for solution of finite hydraulic fracture propagation (e.g. [1, 2, 3]). The aforementioned physical
processes of primary interest include the solid and fluid process zones adjacent to the fracture front, which
both contribute to the energy dissipation during the fracture advance. The former corresponds to the damaged
region where the rock strength/cohesion degrades with the increasing fracture surfaces separation [4, 5, 6, 7],
and the latter corresponds to the so-called fluid lag, the region near the fracture tip saturated by the fracturing
fluid volatiles and/or infiltrated pore fluid from the surrounding rock characterized by maximum fluid pressure
drop in the fracture (e.g., [8, 9]). The viscous fluid flow in the fracture channel outside of the near tip
solid/fluid process zones also dissipates the mechanical energy, and, in fact, is expected to dominate when
the fracture length is much larger than the process zone(s) size (e.g., [9, 10, 11]).
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Many HF modeling efforts to date have utilized the premise of the Linear Elastic Fracture Mechanics
(LEFM) (see review [12] and references therein), which assumes that the solid process zone can be lumped
into a crack tip singularity characterized by a finite energy release rate (cohesive fracture energy). The
latter, so-called small scale yielding assumption [13] requires the cohesive zone to be small compared to the
lengthscales of other physical processes active during the HF propagation, including that of the fluid lag.
Rubin [8] appears to be the first to study the interplay of the solid and fluid process zones in a fluid-driven
fracture in application to magmatic dike propagation. Very high magma fluid viscosity leads to extensive
fluid pressure drop region in the flow towards the propagating fracture tip, resulting in the fluid lag size much
larger than the cohesive zone size if the typical laboratory values of the cohesive fracture energy are assumed.
In this case, the small scale yielding assumption would then seem to apply, validating the applicability of
the LEFM. However, in industrial hydraulic fracturing applications, the fracturing fluid viscosity may not
be high enough to separate the fluid and solid process zones scales, thus necessitating the full analysis of the
near tip region of a cohesive hydraulic fracture.

Several authors have numerically examined the effects of the cohesive zone on hydraulic fracture propa-
gation using a finite element approach [14, 15, 16, 17]. All these studies have assumed a zero fluid lag, which
as we show here should result in a non-integrable fluid pressure singularity at the fracture tip, making the
mathematical problem ill-posed, if the classical lubrication approximation (Pouiseulle law) is used to describe
the fluid flow. Sarris and Papanastasiou [14, 15] have circumvented this problem by amending the Pouiseulle
law by an ad-hoc constant permeability law in the cohesive part of the fracture, and provided numerical
examples of cohesive zone effects on the hydraulic fracture propagation.

In this work we propose a systematic parametric study of the HF tip propagation problem (Figure 1)
accounting for the coupling of the solid and fluid process zones for the case of a fracture driven by a Newtonian
fluid in an impermeable rock, while assuming the classical lubrication approximation for the fluid flow. We
first use asymptotic analysis to suggest the structure of the solution, as it is supported by a number of nested
lengthscales, on which different dissipation processes and corresponding limiting solutions are realized. We
then solve the problem numerically using an extension of the numerical method recently proposed in [18].
This solution, when fully characterized in the problem parametric space, enables to assess the the significance
of the non-LEFM coupling between between the fluid and solid process zones and whether/when the LEFM
behavior may emerge in hydraulic fracture.

In order to demonstrate how the near tip cohesive HF effects (encapsulated in the solution of a semi-infinite
HF model) translate to the propagation of a finite hydraulic fracture, we will consider the propagation of an
axisymmetric (penny-shape) HF from a point fluid source. Full numerical solution for the propagation of a
finite hydraulic fracture can be challenging even for fractures of simple (one-dimensional) geometry. A robust
approach to solving this problem, which allows bridging between the physical lengthscales of the tip processes
and the finite fracture scale using the embedment of the tip solution (such as the one developed here) into
the tip logic of the numerical method for the finite fracture (e.g., [1, 2, 3]), has been so far implemented for
the LEFM-based propagation with no fluid lag. Here we will use a simpler approach to approximate solution
for propagation of finite HF based on a suitable continuation of the tip solution onto the entire fracture. This
approach, which leads to an ordinary differential ’equation-of-motion’ for the fracture trajectory (fracture
length as a function of time), has been recently used successfully by Dontsov [19, 20] to construct approximate
solutions for finite fractures under more the restrictive, LEFM and no-fluid-lag assumptions.

The paper is organized as follows. First, we present the mathematical modeling framework for steady
propagation of a semi-infinite fluid-driven cohesive fracture that is used to describe the near tip region of an
arbitrary finite HF. We then discuss various asymptotic reductions of this framework, including the LEFM
(or small scale yielding) limit, and the corresponding limiting near tip solutions, which allow to frame the
general solution for the cohesive HF tip developed next. Finally, we use the continuation of the near tip
solution onto the entire finite fracture to introduce the latter equation of motion and solve it for the case of
the HF of radial geometry. We finish with a discussion of the non-LEFM effects in the HF propagation and
conclusions.

2 Cohesive hydraulic fracture tip problem formulation

Integral equation of linear elasticity relates the crack opening w to the normal stress change along the crack
- from its ambient value �o to the current value set by the difference between the fluid/volatile pressure in
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the crack pf and the cohesive stress �coh:

pf (x) � �coh(w(x)) � �o =
E0

4⇡

Z 1

0

dw

ds

ds

x � s
(x > 0) (1)

where x is the distance from the steadily advancing crack tip (Figure 1b), and E0 = E/(1 � ⌫2) is the plane
strain modulus. The cohesive stress weakens with the increasing crack opening from peak value �c at w = 0
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Figure 1: Sketch of a finite (e.g. radial) hydraulic fracture, (a), and its near-tip region modeled as a semi-
infinite crack, (b).

to zero at/above some critical cohesive crack opening w � wc. The length of the process zone R is then
given by the distance from the tip where the critical opening is reached, i.e. w(R) = wc. Here, we will make
use of the piecewise linear relation, �coh(w) = �c(1 � w/wc) when w < wc and zero otherwise [6, 7]. The
corresponding cohesive fracture energy is

Gc =

Z 1

0
�coh(w)dw =

1

2
�cwc

When considering a viscous fluid and its flow in the fracture, the inability of the fluid to catch up with the
moving crack front results in the fracture tip cavity (“lag”) of extent � filled by the fracturing fluid volatiles
or by the pore fluid and its volatiles sucked-in from the formation. The fluid pressure in the tip cavity

pf (x) = po (0 < x < �)

can therefore range from near zero (saturated vapor pressure), when compared to the representative stress
value �o, up to the virgin formation pore pressure value. Assuming the former, the fluid pressure drop
�o � po ⇡ �o in the fluid lag suggest a measure of the associated energy dissipation, which we term the “lag
fracture energy”

Go = �owo

where wo ⇠ (�o/E0)� is the characteristic fracture opening in the lag, that can be more formally defined by
replacing � with the lengthscale `o defined in the next section.

Conservation of the incompressible fracturing fluid in the rest of the fracture, v = V , where V is the crack
tip velocity, together with the Poiseuille law for a Newtonian fluid leads to (e.g. [10])

V =
w2

µ0
dpf

dx
(x > �) (2)

with a fluid viscosity parameter µ0 = 12µ. The above equations govern the solution for the HF tip problem
in terms of the distribution of the fracture opening w(x), net fluid pressure p(x) = pf (x)��o, and the extent
of the lag �.

We note in passing that the presence of the non-zero fluid lag is not only physical, but, in fact, a
mathematical necessity in the cohesive HF. Indeed, fracture cohesion requires finite (non-singular) stress in
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the elastic solid embedding the crack, and, by extension, finite fluid pressure (as a part of the traction acting
on the fracture walls) in the fracture. Under these conditions, the crack elasticity requires that the fracture
opens smoothly, w / x3/2, which, in view of the Poiseuille law (when extended all the way to the fracture
tip under zero lag assumption) leads to non-integrable pressure singularity, dpf/dx / 1/x3 as x ! 0. The
inclusion of the Carter’s leak-off of the fracturing fluid into a permeable rock, modifies the lubrication flow
equation (2) by addition leak-off term C 0

p
V x/w in the left hand side [21], thus, leading to even stronger

pressure singularity dpf/dx / 1/x4 as x ! 0 when the the lag is assumed to be zero.

2.1 LEFM limit

The above cohesive hydraulic fracture formulation reduces to the Linear Elastic Fracture Mechanics (LEFM)
one in the limit when the cohesive zone is lumped into a point singularity (at the fracture tip) characterized
by �c ! 1, wc ! 0, and finite cohesive fracture energy Gc = �cwc/2 < 1. Or, alternatively, the cohesive
stress in the LEFM limit is given by a Dirac-delta function of the crack opening,

�coh(w) = Gc �Dirac(w)

In this case, the cohesive stress is eliminated from the crack elasticity equation (1), while the fracture
propagation condition can be written in the form of the classical LEFM crack tip asymptote [13]

x ! 0 : w =
KIc

E0

r
32 x

⇡
(3)

where the critical stress intensity factor (fracture toughness) KIc is related to the cohesive fracture energy
KIc =

p
GcE0.

3 Asymptotic behavior and existing crack tip solutions

A number of different asymptotic behaviors that can be realized near the tip of a hydraulic fracture are listed
in the following for the fracture opening w and the net fluid pressure p = pf � �o:

m-asymptote : w = �m `1/3
m x2/3 p

E0
= �m

cot(�⇡/3)

4

`1/3
m

x1/3
(4)

k-asymptote: w = �k `1/2
k x1/2 p

E0
=

1

�2
k

`m

`k
ln x + const (5)

o-asymptote: w = �o
�o

E0
x3/2

`1/2
o

p = ��o (6)

c-asymptote: w = �c
�c

E0
x3/2

`1/2
c

p = 0 (7)

where prefactors are: �k = 4
p

2/⇡ [13], �m = 21/335/6 [10], �o ⇡ 1.796 [9, 18], and �c ⇡ 4.3016 [18] and
lengthscales are defined by

`m =
µ0V

E0
`k =

Gc

E0
`c =

E0

�c
wc `o =

✓
E0

�o

◆3

`m (8)

The m asymptote corresponds to the fracture propagation dominated by the dissipation in the lubrication
fluid flow. Since the latter is the only dissipation process that is not localized to the fracture tip (i.e.
dissipation in the viscous fluid flow persists with the distance from the tip, which can not be said about
the dissipation in the solid and fluid process zones), the m asymptote is always realized at large enough
distances from the tip. Thus, the near tip hydraulic fracture solution can be framed as a sequence of various
asymptotes listed in the above realized over their corresponding lengthscales (as long as those separate),
transitions between them, and eventual transition to the far field m asymptote.
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We define the candidate transitional lengthscales in the spirit of Garagash et al. [21], such that at the
distances from the tip ⇠ the transitional lengthscale the corresponding pair of asymptotic expressions for the
opening yield similar (order of magnitude) values. Specifically, we get

`km =
`3k
`2m

`mc =

✓
E0

�c

◆6/5

`2/5
m `3/5

c `ko =
E0

�o
`1/2
k `1/2

o `ck = `c `om = `o (9)

for the toughness-viscosity (k ! m), viscosity-cohesion (m ! c), and toughness-lag (k ! o) candidate
transitions, respectively. We also added to the list (9) the two previously defined lengthscales, `c and `o,
which correspond to the process zone transition scales for the solid (c ! k) and for the fluid (o ! m),
respectively.

A particular scaling of the HF tip solution can be devised by using one of the above transitional scales for
the distance from the tip, the corresponding stress/pressure scale, and the corresponding elastic scale for the
crack opening. For example, in the `o-scaling, the lag lengthscale `o, the pressure scale �o, and the opening
scale wo = (�o/E0)`o are used to normalized the distance from the tip x, net pressure p, and crack opening
w, respectively (Appendix A).

The normalized solution in any such scaling can be shown to be a function of two non-dimensional
parameters

⌃c =
�c

�o
�c =

Gc

Go
=

1

2

wc

wo

�c

�o
, (10)

the cohesive-to-confining stress ratio and the cohesive-to-lag fracture energy ratio, respectively. The tran-
sitional scales normalized by `o can be expressed in terms of the above two non-dimensional parameters
as

`o

`o
= 1

`ko

`o
= �1/2

c
`mc

`o
= ⌃�12/5

c (2�c)
3/5 `c

`o
= ⌃�2

c 2�c
`km

`o
= �3

c

In the following we review some of the known limiting crack tip solutions before proceeding with the
general solution of the problem.

3.1 Dry crack tip with a cohesive process zone

This is a classical fracture mechanics solution [13], which corresponds to the c !
`c

k transition from the

cohesive-stress-dominated near field asymptote (7) to the far (or intermediate) field LEFM asymptote (5)
over distances from the tip ⇠ `c. In the context of the hydraulic fracture, this solution can be realized when
the cohesive zone is deeply embedded within fluid lag, i.e. `c ⌧ `o, which is expected when cohesive fracture
energy is small Gc/Go ⌧ 1 and the peak cohesive stress is large �c/�o � 1.

3.2 The LEFM HF tip with the fluid lag

Garagash and Detournay [9] provide the HF tip solution under provisions of the LEFM, i.e. when the cohesive
zone is lumped into a point singularity characterized by �c/�o ! 1, wc/wo ! 0, and fixed (finite) cohesive
fracture energy Gc = �cwc/2 < 1. Thus, the solution depends on the single non-dimensional parameter,
the normalized fracture energy �c = Gc/Go. The latter is related to the non-dimensional fracture toughness
parameter  used in [9] by  =

p
32 �c/⇡. The solution, shown in the `o-scaling on Figure 2a, is characterized

by the near tip k and the far-field m behavior. The two limiting solution regimes correspond to

Gc/Go & 1 : k !
`km

m, Gc/Go ⌧ 1 : k !
`ko

o !
`o

m (11)

for the case of vanishing lag (�c & 1) when the direct transition from the k to m asymptote happens
over distances ⇠ `km and the case of vanishing toughness (�c ⌧ 1) when the lag o-asymptote develops at
intermediate distances from the tip, respectively. Figure 4a provides a complimentary presentation of the
fracture opening profiles (Figure 2a), when normalized by the far-field m-asymptote. Evolution of the fluid
lag between its maximum value at zero toughness to exponentially vanishing values [9] at large toughness is
shown on Figure 3 (marked by ’LEFM’).
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Figure 2: HF tip solutions for the net pressure (left) and crack opening (right) for �c/�o =
1 (LEFM), 10, 1, 0.1 and various values of the normalized cohesive fracture energy �c = Gc/Go between
10�4 to 102 in 100.5 increments on the logarithmic scale. The zero toughness (�c = 0) solution is also shown.
The extent of the fluid lag � and of the cohesive zone R in the fracture are shown by ⇥ and + markers. The
various asymptotic behaviors (c, o, k, m) are also indicated.
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Figure 3: Extent of the fluid lag �, cohesive zone length R, and the their ratio as a function of the normalized
cohesive fracture energy �c at various values of the cohesive-to-confining stress ratio �c/�o in 100.5 increments
on logarithmic scale. The LEFM solution (�c/�o = 1, R = 0) for the lag and the dry-cohesive-zone-length
(R ⇡ 0.366 `c [18]) solutions are shown by grey and red-dashed lines on respective plots.

4 General solution for cohesive HF tip

The HF tip solution which includes the coupling of the solid and fluid process zones can be thought of as
the transition from the near-field given by either the cohesive c or the lag o asymptotes (as determined
by the fracture energy partition) to the far-field zero-lag, zero-toughness m asymptote. The other limiting
asymptotic behaviors, i.e. o or c (depending on the near field type), and k, may or may not be realized in
the solution depending on the separation of the relevant transitional scales.

For small Gc/Go we anticipate that the LEFM-based solution structure k !
`ko

o !
`o

m, (11), is generalized
to

Gc/Go ⌧ 1 : c !
`c

k !
`ko

o !
`o

m (12)

We note that (12) requires separation of the corresponding lengthscales, and, thus, the emergence of the
intermediate k-asymptote (`c ⌧ `ko) requires additional condition for a large enough cohesive stress �c/�o �

(Gc/Go)1/4. If the latter is not satisfied, then the boundary layer structure reduces to c ! o ! m.
For large Gc/Go the LEFM-based solution structure k !

`km

m can be generalized in the presence of the
cohesive zone to

Gc/Go � 1 : o !
`o

m !
`mc

c !
`c

k !
`km

m (13)

Again, we observe that the additional conditions for the emergence of the intermediate m- and k- asymptotes
(i.e. `o ⌧ `mc and `c ⌧ `km) are (Gc/Go)1/4

� �c/�o and �c/�o � (Gc/Go)�1, respectively. If one of
these conditions is not satisfied, the solutions structure reduces to o ! c ! k ! m and o ! m ! c ! m,
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Figure 4: The crack opening normalized by the far field m-asymptote (left) and map of asymptotic regimes
(right) for solutions shown in Figure 2.
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respectively. If both of the stated conditions are not satisfied, then the structure is expected to be given by
o ! c ! m.

We obtain the numerical solution for the cohesive HF tip using an extension of the method of [18] based
on Gauss-Chebyshev calculus. As further detailed in Appendix B, the extended method allows to solve the
problem over extremely wide range of distances from the crack tip, which proves generally necessary to resolve
the multiscale structure of the considered solutions. The solution for the net pressure and the crack opening
distributions is shown in Figure 2a-d for four values of the cohesive stress ratio �c/�o = 1 (LEFM), 10, 1,
and 0.1, and various values of the fracture energy ratio Gc/Go, while corresponding solutions for the crack
opening normalized by the far-field m-asymptote are shown in Figure 4(left). The dependence of the fluid lag
and process zone sizes on the problem parameters is show on Figure 3. The maps of the different asymptotic
regions as function of the fracture energy ratio for solutions in Figure 2a-d are shown on Figure 4(right).
There, the lighter (darker) colored regions correspond to 5% (1%) or less departure from the corresponding
asymptote.

The striking feature of the solution at small to intermediate cohesive stress ratio (Figure 2d,c and Figure
4d,c) is the nearly complete departure from the corresponding LEFM solution. In the case of small cohesive
stress ratio, the solution is approximately given by the zero-toughness solution regardless of the toughness
(cohesive fracture energy) value, unless the latter is very large (Gc/Go = 100 in Figure 2d). These solutions
lack the intermediate LEFM k-asymptote. This is further evidenced in the dependence of the fluid lag on
the problem parameters (Figure 3a), in which the lag extent is much larger than suggested by the LEFM
HF solution (grey line in Figure 3a), and is approximately given by its maximum (zero-toughness) value
�/`o ⇡ 0.3574 for small values of the cohesive stress ratio.

It is only for large cohesive stress ratio (Figure 4b) do we see the emergence of the intermediate k
asymptote at moderate fracture energy values. As such, we established significant parametric constraints on
the validity of the LEFM-based approaches (which replaces the cohesive zone with the point singularity) in
the hydraulic fracture modeling.

5 Evaluating effect of tip processes on finite HF propagation

5.1 Approximate Equation-of-Motion for a hydraulic fracture

Consider the tip solution for the opening w(x; V ) given as a function of the tip coordinate x = `�X (moving
with the crack tip) parametrized by the instantaneous tip velocity V = d`/dt embedded in the tip solution
scaling and the non-dimensional governing parameter(s). Here X is the fixed coordinate emanating from the
parent (finite) fracture center/fluid source and ` is the radius for the penny-shape fracture (Figure 1a) or
the half-length for the plane-strain (KGD) fracture. An approximate continuation of this tip solution onto a
finite fracture can be accomplished by substitution for the tip coordinate x ) (`2 � X2)/2`,

wfinite(X, t) ⇡ w

✓
`2 � X2

2`
;
d`

dt

◆
(14)

It is easily seen that (i) wfinite(X) is equivalent to w(x) asymptotically near the fracture front, (ii) wfinite(X)
possesses appropriate symmetry about X = 0 (for the plane strain fracture case), and (iii) wfinite(X) is in fact
the exact expression for the fracture opening in the toughness-dominated LEFM case when p = 0 uniformly
along the crack. Using this continuation, the equation-of-motion (EoM) of a finite fracture, i.e. the equation
governing trajectory `(t), can be obtained from the global fluid balance in the fracture, which in the case of
negligible fluid exchange between the fracture and the rock simply matches the injected fluid volume Vinj(t)
to the volume of the wetted part of the crack

Vinj(t) = 2

Z `f(t)

0
(⇡X)d�1wfinite(X, t)dX (15)

where d is the “dimensionality” of the fracture (d = 1 for the plane-strain and d = 2 for the radial fractures),
and `f = ` � � is the half-length/radius of the fluid-invaded part of the fracture. Eq. (15) with (14) provides
an implicit ordinary differential equation to be solved for `(t). Once the fracture trajectory is found, the
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corresponding approximate evolution of the fluid pressure can be obtained from numerical integration of the
appropriate elasticity boundary integral equation.

In the context of the tip solution in a given scaling characterized by the length `⇤ and opening w⇤
scales (e.g. the `o-scaling), let us denote the normalized lag ⇤ = �/`⇤ and opening ⌦̂(⇠̂) = w(`⇤⇠̂)/w⇤,
where the normalized distance from the crack tip ⇠̂ = x/`⇤ is approximated as per the above continuation
⇠̂(X) ⇡ (`2 � X2)/2``⇤. Then the EoM (15) with (14) can be written as

Vinj(t)

⇡d�1w⇤(2`⇤)d
= ⇠̂d/2

0 F (⇠̂0, ⇠̂f) with F (⇠̂0, ⇠̂f) ⌘

Z ⇠̂0

⇠̂f

⌦̂(s)

(⇠̂0 � s)1�d/2
ds (16)

where
⇠̂0 = ⇠̂(X = 0) =

`

2`⇤
, ⇠̂f = ⇠̂(X = `f) =

`2 � (` � �)2

2``⇤
= ⇤ �

⇤2

4⇠̂0

⇡ ⇤

are the values of ⇠ at the crack center (fluid source) and at the fluid front, respectively. Function F can be
tabulated from the tip solution, which in our case is parametrized by two non-dimensional tip parameters
- the stress-ratio �c/�o and the fracture energy ratio �c = Gc/Go. Recall from the definitions that the tip
lengthscale `o / d`/dt, opening scale wo = (�o/E0)`o / d`/dt, and the energy ratio �c / 1/(d`/dt) are
functions of the instantaneous fracture tip velocity, and, thus, EoM (16) is an implicit ordinary differential
equation in `(t).

5.2 EoM solutions for some limiting propagation regimes of radial HF

5.2.1 LEFM, zero-lag case (the viscosity- to toughness- dominated evolution)

Let us consider first a limiting case of the LEFM radial hydraulic fracture (�c/�o = 1) with negligible fluid
lag (�c � 1). The tip solution corresponds to the k !

`km

m transition with the distance from the crack tip

where the corresponding transition lengthscale `km / 1/V 2 is expected to be increasing function of time as the
fracture front velocity V = d`/dt diminishes with propagation distance. For radial HF driven by constant rate
of fluid injection, the fracture radius `(t) grows slower than the tip transition lengthscale `km(t) / (d`/dt)�2

resulting in the evolution of the fracture regime from the viscosity-dominated at small times (when `km ⌧ `)
to the toughness-dominated at large times (when `km � `) [21]. The viscosity-dominated M -solution and
the toughness-dominated K-solution are given by Savitski and Detournay [22]. Application of the equation
of motion to these two limiting cases, when the tip solution is restricted to the m- and k- asymptotes for
the opening, given by ⌦̂(⇠̂) = �m⇠̂2/3 and ⌦̂(⇠̂) = �k ⇠̂1/2 in the `km-scaling, respectively, we can simplify the
EoM as

Vinj(t)

⇡wkm(2`km)2
=

8
><

>:

3�m

5

⇣
`

2`km

⌘1+5/3
(M -solution)

2�k

3

⇣
`

2`km

⌘1+3/2
(K-solution)

where `km = `3k/`2m = G3
c/[E0µ02(d`/dt)2] and wkm = `2k/`m = G2

c/[E0µ0(d`/dt)]. Considering constant rate
of fluid injection Vinj = Qot, and integrating the above ODE we get

`M (t) ⇡

✓
5

21/337/6⇡

◆1/3

| {z }
�M⇡0.705

⇥

✓
E0Q3

o

µ0

◆1/6

t4/9

| {z }
LM (t)=dynamic lengthscale

, `K(t) ⇡

✓
3

21/2⇡

◆2/5

| {z }
�K⇡0.855

⇥

✓
E02Q2

o

K 02

◆1/6

t2/5

| {z }
LK(t)=dynamic lengthscale

(17)

where we made use of the toughness parameter K 0 =
p

32/⇡KIc =
p

(32/⇡)GcE0 in order to be consistent
with the prevalent notation in the literature. We note that the EoM K-solution is exact, while the EoM
M -solution is within 1.5% of an accurate numerical solution �M,num ⇡ 0.6955 [22]. The latter providing a
benchmark of the error associated with the EoM approximation.

As noted previously, the general solution in the considered case evolves from the M to K asymptotic
solution with time [23]. The characteristic time tMK and length LMK scales of this evolution follow from
contrasting the two asymptotes, LMK = LM (tMK) = LK(tMK), e.g. [12],

tMK =

✓
µ05E013Q3

o

K 018

◆1/2

LMK =
µ0E03Qo

K 04
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Using these radial HF transition scales, to introduce normalized radius � = `/LMK and time ⌧ = t/tMK , the
EoM can be reduced to

⌧ = 2⇡ (�/�̇3) F (��̇2/2, 0) (18)

where �̇ = d�/d⌧ is the normalized crack front velocity and F (⇠̂, 0) =
R ⇠̂
0 ⌦̂(s)ds is the normalized tip volume

(⌦̂(⇠̂) is the k ! m tip solution for the opening in the `km-scaling). The solution to the normalized EoM
(see details in Appendix C), which governs the evolution between the early-time � = �M⌧4/9 and large-time
� = �K⌧2/5 asymptotes, is shown on Figure 5a and on Figure 5b in the form normalized by the early-time M -
asymptote (where the more accurate �M,num value was used for the normalization to show the approximation
error of the EoM solution at early time). The symbols show an accurate numerical solution to the complete
radial HF formulation [19].

`(
t)

/`
M

(t
)
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Figure 5: The MK, (a), and OM, (b), EoM solutions for the fracture radius in the corresponding transition
scalings (left) and normalized by the M asymptotic solution `M / t4/9 (right).

5.2.2 Zero-toughness, non-zero lag case (the viscosity-dominated evolution of radial HF with

the fluid lag)

Another limiting case of the radial HF propagation of interest corresponds to the viscosity-dominated (zero
toughness) fracture transitioning from the early-time solution influenced/dominated by the fluid lag [24, 25,
26] to the large-time zero-lag M -asymptotic solution. The corresponding tip solution is the o !

`o
m transition

with the distance from the crack tip where the corresponding transition lengthscale `o / d`/dt is expected
to be decreasing function of time as the fracture front velocity V = d`/dt diminishes with propagation
distance, leading to the aforementioned evolution of the fracture regime towards the zero-lag limit given by
the M -solution.
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The characteristic time tOM of the transition towards the M large-time asymptote is obtained by requiring
that the lag � ⇠ `o(t) is comparable to the crack length `(t), i.e. `o(tOM ) ⇠ `(tOM ), while the corresponding
transition lengthscale follows from using the M -solution, LOM = LM (tOM ),

tOM =
µ0E02Q3

o

�3
o

LOM =

✓
µ0E03Qo

�4
o

◆1/3

Using these radial HF transition scales, to introduce normalized radius � = `/LOM and time ⌧ = t/tOM , the
EoM can be reduced to

⌧ = 2⇡ ��̇2 F

✓
�

2�̇
, ⇤

◆
(19)

where F (⇠̂, ⇤) =
R ⇠̂
⇤ ⌦̂(s)ds is the normalized tip volume (⌦̂(⇠̂) is the o ! m tip solution for the opening

in the `o-scaling and ⇤ ⇡ 0.3574 the corresponding value of the normalized lag). The solution to the EoM
(see details in Appendix C) is seen to evolve towards the (zero-lag) M -solution at large time, while is fully
affected by a fluid lag at early and intermediate times t/tOM . At the early time, the EoM-predicted fluid lag
values are a finite fraction (⇠ 0.25) the fracture radius (Figure 5c), invalidating the underlining tip solution
and putting in question the EoM solution in this time limit. (In fact, from rigorous consideration of the early
time solution for a zero-toughness finite HF [24, 26], it follows that the early time limit corresponds to a fast
accelerating fracture almost devoid of fluid, i.e. � ⇡ `).

5.3 EoM solution for the propagation of a cohesive radial HF

Finally, we use EoM to evaluate the non-LEFM, cohesive fracture effects on the propagation of a radial HF
with a fluid lag. The EoM in the OM -scaling , � = `/LOM and time ⌧ = t/tOM , has the same form as that in
the zero-toughness case, (19), where now, however, the normalized tip volume function F and the normalized
lag ⇤ are dependent on the two tip non-dimensional parameters: the constant cohesive-to-stress ratio �c/�o

and velocity-dependent non-dimensional cohesive energy �c = Gc/Go = (�o/E0)(K2
Ic/E0)/(µ0(d`/dt)). Using

the OM -scaling, the latter can be written as

�c =
⇡

32

Kom

�̇
where Kom =

K 0

E01/2�1/3
o µ01/6Q1/6

o

The toughness number Kom can also be interpreted as a measure of the relative difference between the zero-
toughness (OM) and zero-lag (MK) characteristic evolution scales for the radial HF: Kom = (LOM/LMK)1/4 =
(tOM/tMK)1/9. Thus, the normalized solution of the EoM � = �(⌧) is parametrized by two numbers Kom

and �c/�o.
We consider first the case of a high cohesive stress ratio, �c/�o = 10, when the non-LEFM effects are

expected to be minimal based on the analysis of the tip solution (Section 4). Indeed, in this case, Figure 6a
shows a quick collapse of the solution trajectories (for different values of the radial HF toughness number
Kom) with time onto the corresponding LEFM, zero-lag MK solution (shown by gray dashed lines) as the
fluid lag (not shown) vanishes exponentially fast. At early times, the trajectories for small Kom values follow
the zero-toughness OM -solution (shown by blue dashed line). The M - and K- asymptotes are shown by
dotted lines for reference. In the case of a low (relevant to the field applications) value of the cohesive stress
ratio, �c/�o = 0.1, the non-LEFM effects on the radial HF propagation are significant for all but the smallest
value of the toughness number Kom (Figure 6b), and, furthermore, dominate the fracture propagation at
moderate-to-large values of Kom (e.g. Kom = 1, 2, 3, and 5). The larger cohesive stress solutions (Figure
6a), closely approximated by the LEFM MK solution, predict slightly larger fracture run-out distance for
low Kom and grossly smaller fracture run-out for moderate Kom when compared to the small cohesive stress
solutions (Figure 6b).

6 Discussion

6.1 Field vs. lab hydraulic fracturing

To gage the implications for the real physical systems, we consider estimates for typical sets of values of
hydraulic fracture parameters relevant to the field and lab HF. Based on cleavage tests of sedimentary rocks
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(a) (b)

Figure 6: EoM solution for the evolution of the fracture radius normalized by the M -solution, `(t)/`M (t),
for two values of the cohesive-to-confining stress ratio: (a) �c/�o = 10 and low (b) �c/�o = 0.1, and various
values of the non-dimensional tougheness number Kom.

(limestones and sandstones) [27], we estimate for the peak cohesive stress ⇠ 1 to few MPa and for the cohesive
fracture energy Gc ⇠20 to 300 N/m. Taking �c = 2 MPa and Gc = 100 N/m yields the critical cohesive
crack opening wc ⇠ 100 µm and cohesive lengthscale `c ⇠ 1.6 m (proxy for the extent of the cohesive zone in
the fracture) when E0 = 33 GPa is assumed. On the other hand, considering confining stress �o = 20 MPa,
the fracture propagation velocity V = 0.1 to 1 m/s and fracturing fluid viscosity µ in the range between 5
cP (“slick water”) and 100 cP (conventional “gelled” fracturing fluid) yields for the lag opening scale wo ⇠ 0.5
to 100 µm, the lag lengthscale `o ⇠ 0.001 to 0.16 m, and lag fracture energy Go ⇠ 10 to 2000 N/m (where
lower/higher bounds correspond to lower/higher bounds of the product µV ).

The above order of magnitude estimates suggest that small cohesive stress ratio �c/�o ⌧ 1 and small to
moderate cohesive energy ratio Gc/Go . 10 values for a field hydraulic fracture. Corresponding cohesive HF
tip solution, see Figure 2d and corresponding asymptotic regimes map on Figure 4d, shows glaring absence
of the LEFM k asymptote from the solution.

Similar estimates and conclusions with regard to the prominence of the non-LEFM effects would apply
for laboratory HF when a geologic material (rock) is fractured under the realistic (field) magnitude of the
confining stress. On the other hand, a different outcome is expected for lab hydraulic fracture experiments
in tough, brittle analog materials (PMMA, glass) characterized by order(s) of magnitude higher values of
the peak cohesive strength (& 10 MPa) than rocks and by much smaller critical cohesive crack opening,
which result in very small extent of the cohesive zone and predicted emergence of the intermediate LEFM
k asymptote at the fracture tip. The latter has indeed been observed in the laboratory HF experiments in
analog solids [28].

6.2 Limitations and proposed extensions to the current HF tip model

We have shown that the coupling between the dissipation in the fluid flow, ultimately manifested in fracturing
fluid lagging behind the fracture front, and the dissipation in breaking the rock over the cohesive process
zone, is particularly prominent when the fluid enters the cohesive zone (i.e. fluid lag is embedded within the
cohesive zone). Physically, the cohesive zone may represent the rough, partially-bridged part of the fracture,
where the mean fracture opening w is of the order of or smaller than the roughness of the fracture walls
(scaled by the critical cohesive opening value wc), thus, potentially questioning the validity of the classical
Poiseuille flow law there [29]. Implementation of an amended, rough fracture flow near the HF tip is a part
of ongoing work and may be expected to lead to enhanced fluid dissipation, therefore, modifying some of the
findings reported here.

In the case of HF propagation in sufficiently permeable rock, the fluid exchange between the fracture
and the rock would have to be accounted for. While the leak-off of the fracturing fluid into the surrounding
rock can be effectively modeled within the framework of Carter’s model in the context of zero fluid lag HF
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tip models (see for example [21]), the existence of the fluid lag, necessitated by fracture closure at the tip
of a cohesive fracture as w / x3/2 (x ! 0), would lead to suction (leak-in) of the formation pore fluid into
the tip [8, 30], and modify the mechanical coupling there. Current model can be directly translated to the
drained/slow regime of the HF tip propagation in permeable rock (when the fracturing fluid lag is filled by
the infiltrated pore fluid at pressure equilibrated with the ambient formation pore pressure po) by replacing
the net fluid pressure in the lag in the impermeable case, plag = ��o, by the drained permeable value,
plag = �(�o � po). Any departure from the drained HF tip propagation would have to explicitly consider the
pore fluid exchange between the formation and the fracture [30, 31, 32].

7 Conclusions

In this work we provide a systematic parametric study of the HF tip propagation problem accounting for
the coupling of the solid and fluid process zones for the case of a fracture driven by a Newtonian fluid in
an impermeable rock, while assuming the classical lubrication approximation for the fluid flow. We show
through asymptotic analysis that the solution in general possesses an intricate structure supported by a
number of nested lengthscales, on which different dissipation processes are realized. The latter processes can
be cataloged as (1) dissipation in the fracture cohesive zone, ’c’, parameterized by the fracture energy Gc

(cohesive energy release per unit fracture advance) and the peak cohesive stress �c destroyed by fracturing;
(2) the LEFM “reduction” of the cohesive zone process, ’k ’, quantified by Gc, but with the cohesive zone
replaced by a singularity (�c ! 1); (3) viscous fluid dissipation associated with the fluid lag region, “o”,
parametrized by an equivalent fracture energy Go = �owo, where �o is the in situ confining stress (signifying
the fracturing fluid pressure drop in the lag region from value ⇠ �o to near zero) and wo is the corresponding
fracture aperture scale; and (4) the viscous dissipation along the rest of the fracture (away from the fluid
lag), ’m’. The HF tip solution structure is bookended by the c or o (solid or fluid process zones) asymptotes
near the tip and by the m asymptote away from the tip, while the LEFM k asymptote may emerge within
the transitional region, as an intermediate asymptote, depending on values of the two governing parameters:
the cohesive-to-lag fracture energy ratio Gc/Go and the cohesive-to-in-situ stress ratio �c/�o.

The full numerical solution of the HF tip problem in the parametric space shows that under field conditions
prevailing in industrial applications of hydraulic fracturing, characterized by the in situ confining stress �o in
excess of the rock tensile strength �c (peak cohesive stress), �o & �c, the fluid lag is embedded in the fracture
cohesive zone, and the LEFM intermediate ’k’ asymptote does not exist. Thus, the explicit modeling of the
cohesive zone in the hydraulic fracture is required in order to capture the solution.

Approximate solution for the propagation of an axisymmetric (penny-shape) HF from a point fluid source
is constructed in order to demonstrate how the near cohesive HF tip effects (a semi-infinite HF model) trans-
late to the propagation of finite hydraulic fractures. The solution method hinges on a suitable continuation
of the tip solution onto the entire fracture, which leads to an ordinary differential ’equation-of-motion’ for
the fracture trajectory (fracture length as a function of time). The solution for unrealistically large (LEFM-
like) cohesive-to-confining stress ratio (�c/�o = 10) is shown to overestimate the fracture run-out radius for
the non-dimensional fracture toughness parameter Kom = K 0/E01/2�1/3

o µ01/6Q1/6
o less than 1 and grossly

underestimated the fracture radius for Kom & 1.
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A Scaled equations

A.1 `o-scaling

Passing to non-dimensional field variables: distance from the tip x/`o ) x, lag �/`o ) �, net pressure
p/�o ) p, and crack opening w/wo ) w, where `o = (E0/�o)3(µ0V/E0), (8), and wo = (�o/E0)`o =
(E0/�o)2(µ0V/E0), leads to the scaled elasticity

p(x) � �coh(w(x)) =
1

4⇡

Z 1

0

dw

ds

ds

x � s
(x > 0) (20)

and fluid flow
p(x) = �1 (0 < x < �), 1 = w2 dp

dx
(x > �) (21)

equations. Scaled cohesive stress (�coh/�o ) �coh) can be expressed in terms of the scaled opening as

�coh(w < ⌦c) = ⌃c

✓
1 �

w

⌦c

◆
�coh(w > ⌦c) = 0 with ⌦c =

2�c

⌃c
(22)

where, as previously defined in (10), ⌃c = �c/�o and �c = 1
2 (�cwc)/(�owo) are the non-dimensional peak

cohesive stress and cohesive fracture energy, respectively, while ⌦c = wc/wo is the non-dimensional critical
cohesive crack opening.

In the LEFM limit [9], the cohesive stress �coh(w) = �c �Dirac(w) drops out from the crack elasticity
equation (20), while the normalized form of the LEFM crack tip propagation condition (3) becomes

x ! 0 : w = 
p

x with  =
p

32�c/⇡
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A.2 �-scaling

When solving the problem numerically, it is advantageous to rescale by the (unknown) lag, so that the scaled
location for the fluid front is fixed (x = 1). In other words, replacing `o in the above scaling with �,

x/� ) x �/`o ) � p/�o ) p w/(�o/E0)� ) w (23)

we have the scaled elasticity equation (20) unchanged and

p(x) = �1 (0 < x < 1),
1

�
= w2 dp

dx
(x > 1) (24)

replacing (21). Scaled cohesive stress in (20) now takes form

�coh(w < ⌦c/�) = ⌃c

✓
1 �

w

⌦c/�

◆
�coh(w > ⌦c/�) = 0 with ⌦c =

2�c

⌃c
(25)

In the LEFM limit, the crack tip asymptote reads w = 
p

x/� when x ! 0.

B Gauss-Chebyshev method of solution

B.1 Non-singular crack with generalized mapping of semi-infinite crack domain

into (-1,1)

The method follows a familiar route [18], but with the generalized mapping of the semi-infinite crack x 2

(0, 1) into z 2 (�1, 1)

x = x⇤

✓
1 + zm⇤

1 � zm⇤

◆m

(26)

where the map prefactor x⇤ = (1 � zm⇤
i�

)m/(1 + zm⇤
i�

)m is chosen such that the fluid front x = 1 maps into
the i�-node of the to-be-defined z-grid, i.e. x[zi�] = 1. The original method [18] corresponds to the choice of
exponents m = m⇤ = 1. In the generalized map (26) and for the fixed z-grid, exponent m larger or smaller
than 1 allows to expand or shrink, respectively, the coverage of both the near (x ⌧ 1) and far (x � 1) fields
of the semi-infinite domain. As seen in the following, a choice of odd natural number for m (i.e. m = 1,
3, 5, etc) allows to retain the use of GC-technique with 1/2-fractional weight function. Similarly, exponent
m⇤ larger or smaller than 1 allows to refine (densify) or coarsen, respectively, the resulting x(z)-grid about
x = 1. This comes useful when solution has a weak discontinuity there, as is the case of the semi-infinite HF
with the fluid lag, with the fluid front located at x = 1 corresponding to the discontinuity of the pressure
gradient. Map as defined by (26) requires the use of natural odd numbers for m⇤ � 1 (i.e. m⇤ = 1, 3, 5...)
or the reciprocals for m⇤ < 1 (i.e. m⇤ = 1/3, 1/5, ...) in order to preserve the sign of z in zm⇤ . The latter
condition can be relaxed by replacing zm⇤ with sgn(z)|z|

m⇤ in (26), although at the cost of reducing the
differentiability of the map at z = 0.

The mapped crack dislocation density can be written as

dw

dz
= w⇤(z)F (z) (27)

where w⇤(z) embodies the near and far field asymptotic behavior of dw/dz and F (z) is a regular (bounded)
function in �1 < z < 1. To make use of the GC-calculus, let us assume that dw/dx ⇠ 1/

p
x in the far and

⇠
p

x in the near field (which is the case of a non-singular crack), then an appropriate form of the function
w⇤ is

w⇤ = zm⇤�1 (1 + z)3m/2�1

(1 � z)m/2+1

Here the powers of 1 ± z terms specify the requisite near and far field behavior. The prefactor zm⇤�1 has
been introduced in order to regularize the elasticity integral (when m⇤ > 1) near z = s = 0 in the mapped
domain. (Otherwise, F (z) is necessarily zero at z = 0, since the map derivative x0(z) vanishes there).
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The crack elasticity integral and propagation condition can be then written as

1

4⇡

Z 1

�1

w⇤(s)F (s)

x(z) � x(s)
ds = p(z) � �coh(w(z))

where we used a shorthand p(x(z)) ) p(z).
We use Gauss-Chebyshev discretization method with the weight-function w(z) =

p
(1 + z)/(1 � z) to

discretize Fj = F (sj), pi = p(zi), and wi = w(zi) over the two sets of points sj = cos(⇡(j � 1/2)/(n + 1/2)),
j = 1, ..., n, and zi = cos(⇡i/(n + 1/2)), i = 1, ..., n, which correspond to the roots of the Chebyshev’s
third-kind Vn(s) and fourth-kind Wn(z) polynomials, respectively.

We can write the discretized set of governing equations in the �-scaling as:
for the crack elasticity

1

4

nX

j=1

H
⇤
ijFj = pi � �coh(wi) (28)

in the fluid lag (�1 < zi  zi� corresponding to i � i� with zi� giving the mapped position of the fluid
front)

pi = �1 (i � i�) (29)

and in the fluid filled part of the crack (zi� < zi < 1 corresponding to i < i�)
✓

w2

dx/dz

dp

dz

◆

i

=
1

�
,

✓
dp

dz

◆

i

=
nX

i0=1

Dii0p
 
i0 (i < i�) (30)

In the above p (z) = p(z) + [dp/dz]
zi�

+0
zi�
�0H(zi� � z) is “to-the-left” continuation of the net pressure function

given in term of the pressure gradient jump at the fluid front in the mapped domain and Heaviside function
[18]. Hij and Dii0 are the Hilbert transform and the z-grid differentiation matrices, respectively, given by

H
⇤
ij =

1

⇡

wj
GC

x(zi) � x(sj)

w⇤j
wj

Dii0 (i 6=i0) =
!i0/!i

zi � zi0
Dii0 = �

nX

i0=1, i0 6=i

Dii0

where wj
GC = ⇡(1 + sj)/(n + 1/2) are the G-C quadrature weights, and !i = (�1)i sin(✓i/2) sin ✓i with

✓i = arccos zi are the weights of the barycentric form of Lagrange interpolation.
Finally, the crack opening on the z-grid (wi) is approximated by numerically integrating its gradient (27):

wi =
nX

j=1

S
⇤
ijFj

The integration matrix S
⇤
ij =

Pn�1
k=0 Bkj�k(zi), with Bkj = 2/(n + 1/2) cos(✓j/2) cos((k + 1/2)✓j) (✓j =

arccos sj) and �k(z) =
R z
�1 w

⇤(s)Vk(s), is obtained following the procedure of Section 2.4 of [18] while
replacing w(z)/(1 � z) in [18]) by w⇤(z). (�k(zi) are evaluated by numerical integration).

The system of 2n equations (28)-(30) is complemented by the condition of the vanishing net fluid pressure
at the far field

p|x!1 ⇡

X
Qip

 
i = 0

where Qi = �(�1)i/(n+1/2) cos(✓i/2) cot(✓i/2) are the weights of the z-grid extrapolation to z = 1 (following
Section 2.2 of [18]). This yields an algebraic system of 2n + 1 equations on 2n + 1 unknowns: Fj , pi, and �.

Given that this defines a generalization of [18] numerical treatment of a semi-infinite crack, we point to
the main differences from the original treatment: w⇤(z), H

⇤
ij , and S

⇤
ij replace w(z)/(1 � z) (w(z)/(1 � z) in

Viesca and garagash’s notation), Hij and Sij , respectively.
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B.2 Singular crack with generalized mapping (26)

In the case of a singular crack, the dislocation density has the LEFM-singularity at the crack tip, i.e. dw/dx ⇠

1/
p

x when x ! 0. This prompts the following expression for the weight w⇤(z) in the decomposition (27)
for dw/dz in the mapped domain

w⇤ = zm⇤�1 (1 + z)m/2�1

(1 � z)m/2+1

and the use of the Gauss-Chebyshev discretization method with the weight-function w(z) = 1/
p

1 � z2

and corresponding set of points sj = cos(⇡(j � 1/2)/n), j = 1, ..., n, and zi = cos(⇡i/n), i = 1, ..., n � 1,
which now correspond to the roots of the Chebyshev’s first-kind Tn(s) and second-kind Un�1(z) polynomials,
respectively.

The rest of the numerical procedure laid out in Appendix B for the case of a non-singular crack applies
here with the following amendments

• The sums over indices i and i0 (over the z-nodes) are now carried to n � 1

• G-C quadrature weights are wj
GC = n⇡

• The weights of the barycentric form of Lagrange interpolation are !i = (�1)i sin2(⇡i/n)

• Coefficients to calculate integration matrix S
⇤
ij =

Pn�1
k=0 Bkj�k(zi) are given by Bkj = (2H(k�1/2)/n) cos(k⇡(j�

1/2)/n) and �k(zi) =
R z
�1 w

⇤(s)Tk(s)

• Extrapolation (to z = 1) weights are Qi = �(�1)i(1 + zi)

• The above procedure leads to 2(n�1)+1 equation on 2n unknowns Fj (nunknowns), pi (n�1 unknowns),
and �. The additional constrain is furnished by the LEFM-propagation condition, dw/dx = /(2

p
�x)

when x ! 0, which translates to
F (�1) =  mmm/2

⇤
p

x⇤/�

where F (�1) can be found using the s-grid extrapolation to s = �1: F (�1) ⇡
Pn

j=1 PjFj with weights
Pj = ((�1)j/n) tan(⇡(j � 1/2)/n).

B.3 Realization

The realization of the above method with m = 3, m⇤ = 2, i� = n/2 with n = 300 nodes have been used
to compute the numerical solutions reported in this work. The maps of the solution’s asymptotic domains
(Figures ...) validate the use of the cubic (m = 3) map for expanded spatial coverage. To appreciate this
point, consider domain of the numerical solution x 2 [x(zn), x(z1)]. For large n and non-singular crack (i.e.
z-grid corresponds to the roots of the Chebyshev 4th kind polynomial Wn(z) as given in Appendix B.1), we
have z1 ⇡ 1 � ⇡2/2n2 and zn ⇡ �1 � ⇡2/8n2, and the solution domain is then approximately

✓p
m⇤⇡

4

1

n

◆2m


x

x⇤


✓
2

p
m⇤⇡

n

◆2m

It is apparent that the numerical domain bounds scale as n±2m, and thus depend very strongly on the map
exponent m. For n = 300 nodes, the numerical domain is approximately x 2 [2.6 ⇥ 10�15, 6.1 ⇥ 1012] for the
cubic map (m = 3, m� = 2) and x 2 [6.9 ⇥ 10�6, 3.6 ⇥ 104] for the original “linear” map (m = 1, m� = 1).

C Numerical method for solution of implicit EoM

The fracture equation of motion for the normalized fracture length as a function of the normalized time in a
given scaling, � = �(⌧), has a general form (Section 5)

⌧ = F (�, d�/d⌧) (31)
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Given the implicit form of (31), the solution is obtained starting from some initial state �0 = �(⌧0) by, first,
finding the given (ith) time step velocity as a root of (5), and, second, advancing the fracture front position

⌧i = F (�i, (d�/d⌧)i) ) (d�/d⌧)i ) �i+1/�i = (⌧i+1/⌧i)
(d ln �/d ln ⌧)i (32)

Using a sufficiently refined logarithmic time stepping, this method allows to find the solution to a given
degree of accuracy evaluated from the convergence of the solution with diminishing time step.

In the case of the limiting MK and OM solutions, the corresponding reduced EoMs (18) and (19), re-
spectively, are separable, allowing to invert for the velocity, and then solve the resulting explicit ODE by
standard methods. The separable/inverted forms of these EoMs are shown in Figure 7. The MK-EoM so-
lution initiated at the early-time M -solution is straightforward. In the OM case, the EoM is non-unique
and characterized by two branches with the “switch-back” at (⌧/�3)⇤ ⇡ 1.5803 and (�̇/�)⇤ ⇡ 0.2412 (Figure
7(right)). The asymptotic analysis of the switch-back point allows to find the corresponding switch-back time
and length, ⌧⇤ ⇡ 1.3817 and �⇤ ⇡ 0.9562. The EoM non-uniqueness is likely attributed to the breakdown
of the EoM approximation when the corresponding fluid lag becomes a finite fraction of the fracture radius,
which, at the switch-back, is �⇤/LOM = ⇤ �̇⇤ ⇡ 0.0824, such that the lower/upper EoM branch in Figure
7(right) corresponds to � less/greater than �⇤. The OM-solution is then obtained by integrating the two
branches of the EoM forward and backward in time from the switch-back point. Figure 8 illustrates the such
obtained OM-solution together with a number of other EoM solutions corresponding to perturbed initial
condition applied at the switch-back point, i.e. when setting �(⌧⇤) ? �⇤. The latter perturbed solutions are
characterized by a kink in fracture radius and discontinuous value of the fluid lag at the switch-back.

In the general case of cohesive HF, the EoM is characterized by a similar switch-back behavior. However,
the EoM is no-longer separable and can not be easily inverted. In this case, we use the method (32) to
solve the EoM forward in time, while iterating on the initial condition until a converged solution is found
numerically (equivalent to iterating on initial value �(⌧⇤) in the illustration in Figure 8 for the OM-solution).
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Figure 7: Explicit form of the Equation of Motion for (a) the LEFM, zero-lag (MK) and (b) the zero-
toughness, finite lag (OM) radial HF.
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Figure 8: Sensitivity of the OM-solution to different “initial” condition at the EoM “switch-back time”
(t/tOM ⇡ 1.3817): fracture radius in the corresponding transition scaling, (left), and radius normalized
by the M asymptotic solution `M / t4/9, also shown by a dotted line, (right).

21


