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Abstract

It is shown, using results of numerical simulations and geomagnetic observations, that the
spatial and temporal randomization of the Earth’s global and local magnetic fields is driven
by magnetic helicity (a magnetohydrodynamic invariant). In the frames of the distributed
chaos notion, the magnetic helicity determines the degree of magnetic field randomization
and the results of numerical simulations are in quantitative agreement with the geophysical
observations despite the considerable differences in the scales and physical parameters.




1. Introduction

Usually, the magnetic helicity is related
to the process of generation of a mean
magnetic field (dynamo). In this paper, we
do not investigate this mechanism in detail.
Instead, the process of randomization of
the magnetic field driven by the magnetic
helicity is the main subject of the present
investigation (Bershadskii, 2024a).

The concept of smoothness can be func-
tional for the quantitative classification of
the non-laminar regimes in magnetohydro-
dynamics (and in fluid dynamics in general)
according to their randomness. The spec-
tral analyses can be used for this purpose.
Namely, the stretched exponential spectra
are typical for the smooth magnetohydro-
dynamics

E(k) oc exp —(k/ks)” (1)

here 1 > g > 0 and k is the wavenumer.
The value 5 =1

E(k) o exp(—k/k.) (2)

is typical for deterministic chaos (see
Frisch and Morf, 1981; Brandstater and
Swinney, 1987; Maggs and Morales, 2011,
2012; Khurshid et al,, 2018).

For 1 > (8 the dynamics is still smooth
but not deterministic (and will be called the
distributed chaos, see below for clarification
of the term). It can be also considered as a
soft turbulence (Wu et al., 1990).

The non-smooth (hard turbulence Wu et
al., 1990) dynamics is typically character-
ized by the power-law (scaling) spectra.

In this approach, the value of the f
can be considered as a proper measure
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Figure 1: Magnetic energy spectrum FE(k) gener-
ated by a chaotic magnetohydrodynamic dynamo in
a conducting spherical Couette flow at Pr,, = 0.25
(a direct numerical simulation).

of randomization. Namely, the further
the value of the parameter (5 is from the
deterministic 5 =1 (i.e. smaller the 3) the
randomization is stronger.

More intensive chaotic/randomized flows
naturally support more randomized mag-
netic fields. The degree of randomization
of the magnetic field depends also on the
magnetic parameters (such as the mag-
netic Prandtl number Pr,, and magnetic
Reynolds number Re,,.

The ideal magnetohydrodynamics has
three quadratic (fundamental) invariants:
total energy, cross, and magnetic helicity
(see, for instance, paper Moffatt and
Tsinober, 1992).

The average magnetic helicity density is

h = (A B) (3)

where the magnetic field is B = [V x A]
(V- A = 0), and a spatial average is
denoted as (...).



It is well-known that in a weakly non-
ideal case magnetic helicity is still almost
conserved (since there are no processes that
can effectively transfer it to the resistive
scales) while the magnetic and total energy
are efficiently dissipated, i.e. magnetic
helicity is an adiabatic invariant in weakly
non-ideal MHD.

In the next sections, the observed in
the numerical simulations and geophysical
observations values of S will be related to
the magnetic helicity. These relationships
allow a deeper understanding of the physics
of randomization of the magnetic field in
the chaotic flows.

Figure 1 shows (as an example) the mag-
netic energy spectrum E(k) (against the
wavenumber k) generated by a magnetohy-
drodynamic dynamo in a conducting spher-
ical Couette flow at the magnetic Prandtl
number Pr,, = v/n = 0.25 (here v is the
kinematic viscosity and 7 is the magnetic
diffusivity of the fluid) and the Ekman num-
ber E = v/(Qr?) = 1073 (here Q is the ro-
tational rate of the outer sphere and r, is its
radius). This is a flow between two concen-
tric spheres with a differential rotation rel-
evant to the Earth’s outer liquid core. To
simulate the situation in the Earth’s core
the aspect ratio r;/r, = 0.35 (here r; is the
radius of the inner core, see for more details
Guervilly and Cardin, 2010).

The spectral data were taken from Fig.
13 of the Ref. (Guervilly and Cardin, 2010).
The spectra were time and r averaged over
the whole shell. R is an effective radius
(ri < R < r,) and the wave number k =

\/I(l+1)/R where [ is the spherical har-

monic degree (cf Section 4.1).
The dashed curve indicates the best fit

with the exponential Eq. (2) (the determin-
istic chaos), and the dotted vertical arrow
indicates the position of the k.. As one can
see the small-scale dynamo coexists with the
large-scale dynamo and the large-scale co-
herent structures determine the determinis-
tic chaos in this case (the position of the k.R
coincides with the position of the spectral
peak indicating the coherent structures).

2. Distributed chaos in magnetic field
driven by magnetic helicity

The randomization can be also described
using a probabilistic approach, i.e. in-
troducing a probability distribution P(k.)
characterizing the random fluctuations of
the characteristic scale k..

B(k) o [ P(k) exp—(k/k)dke  (4)

Therefore, the corresponding smooth
non-deterministic chaotic dynamics can be
named ‘distributed chaos’.

One can find the probability distribution
P(k,.) for the magnetohydrodynamics dom-
inated by the magnetic helicity using the
dimensional considerations and a scaling re-
lationship

Be o |y |'2EL? (5)

relating the characteristic value of the
magnetic field B, to the characteristic value
of the wavenumber k..

If the positive variable B, has the half-
normal probability distribution P(B.)
exp —(B?/20?) (Monin and Yaglom, 2007)
(it is a normal distribution with zero mean
truncated to only have nonzero probabil-
ity density for positive values of its argu-
ment: if B is a normal random variable,



then B, = |B| has a half-normal distribu-
tion Johnson et al. 1994), then it follows
from Eq. (5) that the characteristic value
of the wavenumber k. has the chi-squared
(x?) distribution

P(k.) kc_l/Q exp —(k./4kg) (6)

here ks is a new constant.
Substituting Eq. (6) into Eq. (4) we ob-
tain

E(k) o< exp —(k/kg)"/? (7)

3. Magneto-inertial range of scales

In hydrodynamic turbulence presence of
an inertial range of scales is expected for
the high Reynolds numbers. In this range,
the statistical characteristics of the motion
depend on the kinetic energy dissipation
rate £ only (Monin and Yaglom, 2007). In
magnetohydrodynamics, a magneto-inertial
range of scales can be introduced (Bershad-
skii, 2024b). In this range two parame-
ters: the magnetic helicity dissipation rate
¢n, and the total energy dissipation rate ¢
govern the magnetic field dynamics. An
analogous situation with two governing pa-
rameters (kinetic dissipation rate and the
passive scalar dissipation rate) was stud-
ied for the inertial-convective range in the
Corrsin-Obukhov approach (Monin and Ya-
glom, 2007; see also Bershadskii and Sreeni-
vasan, 2004). Let us, following this analogy,
replace the estimate Eq. (5) by the estimate

B, x 5,11/2 g~ 1/6 fL/6 (8)

for the magneto-inertial range dominated
by magnetic helicity.

The estimates Eq. (5) and (8) can be

generalized as

B, x k2 9)

Let us look for the spectrum of the dis-
tributed chaos as a stretched exponential
(see Introduction and Eq. (7))

E(k) x /0 " P(k,) exp —(k ko) dk, o

x exp —(k/ks)? (10)

The Eq. (10) can be used to estimate the
probability distribution P(k.) for large k.
(Johnston, 2006)

P(k,) o< kHO/RO=B] oxp(—~ kP 0-0))
(11)
A relationship between the exponents [
and « can be readily obtained (using some
algebra) from the Eqs. (9) and (11) for the
half-normally distributed B,

2a

621—1—2(1

(12)

Since for the magneto-inertial range
(dominated by the magnetic helicity) a =
1/6 (see Eq. (8)) corresponding magnetic
energy spectrum can be estimated using Eq.
(12) as

E(k) ocexp—(k/ks)/*  (13)

4. Geodynamo

4.1. Numerical simulations

It is now believed that the magnetic
field of Earth is generated by a flow of
liquid metal in the FEarth’s outer core
(the geodynamo). Numerical simulations
can be rather useful in investigation of
this mechanism. The problems with the
numerical simulations of the geodynamo
are numerous. First of all, it is still
very difficult to approach the values of
the parameters characteristic of the real
geodynamo (see, for instance, Table 1 in



a recent paper Schaeffer et al., 2017), it is
also difficult to simulate the real boundary
and physical conditions for the Earth’s core.

In the Ref. (Schaeffer et al., 2017) a re-
cent attempt to this end was made using
maximal possibilities of the present comput-
ers. The authors of the DNS numerically
solved the equations of the thermally (buoy-
ancy) driven convection of an electrically
conducting fluid with a chemical species
concentration gradient (in the Boussinesq
approximation with the Lorentz force) in a
rotating spherical shell mimicking the lig-
uid geodynamo confined between the man-
tle and solid inner core:

atu+<;ez+V><u) xu=-Vp+ Au

+(be)xb—@09r (14)
BT

Ob=V x(uxb)+ P:"mAb (15)

C+u-V(C+Cy) = PlTAC (16)

V.u=0, V-b=0 (17)

where the gravity acceleration is propor-
tional to the radius, C(r) is the scalar
codensity field (for the chemical species
concentration), Cy(r) is the radial conduc-
tive codensity profile, [ is the codensity
gradient, e, is the unit vector in the direc-
tion of rotation, E is the Ekman number,
Ra is the Rayleigh number, D is the shell
thickness, 7y is the outer core boundary
radius.

The boundary conditions for u are
no-slip, the mantle and inner solid core
are electrically insulating, and deviation of
codensity from Cy(r) on the boundaries has
zero radial gradient (more details about

4 near the inner-core
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Figure 2: Time-averaged magnetic energy spectra
at the spheres of different radii R (numerical simu-
lation). The spectra are vertically shifted for clar-

ity.

choosing the Cy(r) and the initial condi-
tions can be found in the Ref. (Schaeffer et
al., 2017).

The time-averaged spatial spectral data
at the spheres of different radii R were
provided in the paper (Schaeffer et al.,
2017) for the case with the most vigorous
motion: Re = 5140, Ra = 2.54 x 10'2,
Ro = 51 x 1074 E = 1077, Pr = 1,
Re,, = 514, and Pr,, = 0.1. The system is
helical, and for this case the bulk relative
helicity and helicity at the boundaries were
also rather strong.

It should be noted that the spectral data
were provided in (Schaeffer et al., 2017) as
a dependence of the energy density spectra
E(l) on the spherical harmonic degree [. On
a sphere of radius R the wavenumber £ is
related to [ as

kR =/l(l+1) (18)

Figure 2 shows the magnetic energy
spectra E(k) against the wavenumber k
at the spheres of different radii R (the
spectral data were taken from Fig. 13
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Figure 3: Time-averaged magnetic energy spectrum
at the Ekman number £ = 3 x 10~7 and Pr,, =
0.05 (numerical simulation).

of the Ref. (Schaeffer et al., 2017) and
transformed using the Eq. (18)). The
dashed curves indicate the helical spectral
law Eq. (7) near the inner-core, in the
middle of the shell, and near the mantle,
whereas at the surface the spectral law Eq.
(13) indicates the magneto-inertial range of
scales (a precursor of the hard turbulence
see Introduction and (Wu et al., 1990).
One can see that in this case the small-scale
dynamo coexists with the large-scale one.

Another example of a numerical simula-
tion trying to approach the real conditions
can be found in a recent paper (Sheyko et
al., 2018). In this numerical simulation, the
modeled liquid was enclosed in a rotating
spherical shell between two radii r, and r;
and the ratio r;/r, = 0.35 (as for the Earth,
cf the example of numerical simulation
in Introduction). Both boundaries of the
shell were taken mno-slip and imperme-
able. The outer boundary was electrically
insulating, and the inner solid core had
the same conductivity as the liquid outer
core. The inner core temperature was
kept constant. Whereas the gradient of
the temperature was kept constant and

a uniform heat source was distributed
throughout the outer core. The constant
heat flux boundary conditions were ap-
plied at the core-mantle boundary. The
dynamo was initiated and supported by the
thermal convection under the strong influ-
ence of the rotation (the Ekman number
E=v/Q(r,—7;)?=3x10"", the magnetic
Prandtl number Pr,, = v/n = 0.05).

Figure 3 shows the magnetic energy spec-
trum obtained at this numerical simulation
(the spectral data were taken from Fig. 3b
of the Ref. (Sheyko et al., 2018)). The
spectrum was time and r averaged over
the whole shell, R is an effective radius
(ri < R < r,) and the wave number k =

\/I(l+1)/R where [ is the spherical har-

monic degree.

The dashed curve indicates the spectral
law Eq. (13), i.e. the magneto-inertial
range for the small scales. One can see that
the small-scale dynamo coexists with the
large-scale one in this simulation as well.

4.2. Spatial geomagnetic observations

Figure 4 shows the geomagnetic power
spectrum calculated using local subgrids
from the World Magnetic Anomaly Map
of the National Geophysics Data Center
(WMAM, Maus et al., 2007). The data
were detrended and azimuthally averaged,
and the mean field was subtracted by the
author of the Ref. (Maus, 2008). The spec-
tral data for Fig. 4 were taken from Fig. 4
of (Maus, 2008). The land and ocean aver-
ages were considered separately (here R is
the Earth’s radius). The dashed curve indi-
cates the helical spectral law Eq. (7) for the
ocean data, whereas at the land the spectral
law Eq. (13) indicates the magneto-inertial
range of scales.



The interesting difference in the ocean
(8 = 1/2) and land (8 = 1/4) magnetic
energy spectra seen in Fig. 4 could be
related to the electric conductivity of the
mantle (see, for instance, Shebalin 2021 and
references therein) which can be different
under ocean and land. This difference
in the local mantle conductivity provides
different local boundary conditions for the
outer liquid core dynamo below the ocean
and land.

In the paper (Maus, 2008) a large-scale
globally averaged total intensity spectrum
computed using the spherical harmonic
coefficients of the magnetic potential from
a C89 global geomagnetic field model C89
(Cain et al., 1089) was also presented. It
is interesting to compare the spectral data
with the above-suggested spectra. Figure
5 shows the spectral data taken from Fig.
2 of the Ref. (Maus, 2008). The dashed
curves indicate the helical spectrum Eq.
(7) (here R is the Earth’s radius).

Figure 6 shows (in the semi-log scales) the
spectral data taken from Fig. 2 of a re-
cent paper (Finlay et al., 2020). The spec-
tral computations were produced using the
CHAOS-7 model of the near-Earth mag-
netic field for the period 1999-2020 based
on the observations made by the low-Earth
orbit satellites CryoSat-2, Swarm, CHAMP,
SAC-C, Orsted, and SAC-C, and on the
ground observatory measurements. The
dashed curve indicates the helical spectrum
Eq. (7) (here R is the Earth’s radius).

4.3. Temporal geomagnetic observations

Until now the spatial randomization of
the Earth’s magnetic field was considered.
The above consideration can be readily ex-
tended on the frequency spectra F(f) corre-
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Figure 4: Geomagnetic power spectrum calcu-

lated using local subgrids from World Magnetic
Anomaly Map of the National Geophysics Data
Center (WMAM). The spectra are vertically shifted
for clarity.
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Figure 5: Large-scale globally averaged total geo-
magnetic intensity spectrum.
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Figure 6: Global geomagnetic energy spectrum at
the Earth’s surface in the period 1999-2020.
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Figure 7: Frequency magnetic energy spectrum at
the Earth’s surface obtained using different data-
based models and including the paleosecular and
secular variations predominantly generated by the
internal core (geodynamo).

sponding to the temporal variably. For this
purpose, Eq. (8) should be replaced by the
equation

B, x 5,1/2 g4 LA (19)

Hence oo = 1/4 for the case represented by
Eq. (19). It follows from the Eq. (12)
(which is obviously valid for the frequency
spectra as well) that § = 1/3 for the case of
the Eq. (19). Corresponding spectrum has
the form

E(f) ocexp —(f/fs)"/? (20)

Figure 7 shows the frequency magnetic
energy spectrum at the Earth’s surface
obtained using different data-based models
and including the long-term paleosecular
and secular variations predominantly
generated by the internal liquid core (geo-
dynamo). The spectral data were taken
from Fig. 1 of a recent paper (Constable
and Constable, 2023). The Hz unit of
frequency was used in the Ref. (Constable
and Constable, 2023) for compatibility
with the higher frequency spectra (cf Fig.

Iong(f) a.u
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Figure 8: Frequency magnetic energy spectrum at
the Earth’s surface obtained using measurements
provided by the global magnetic observatory net-
work and predominantly generated by the interac-
tion of the near Earth solar wind with the magne-
tosphere and ionosphere.

8 in the present paper). The dashed curve
in Fig. 7 indicates correspondence to the
spectral law Eq. (20) (the magneto-inertial
range of scales).

Figure 8 shows the frequency magnetic
energy spectrum obtained using measure-
ments provided by the global magnetic
observatory network (the spectral data
were taken from Fig. 5 of the paper (Con-
stable and Constable, 2023). The range of
frequencies shown in Fig. 8 corresponds to
the time scales for which the variability of
the magnetic field on Earth is dominated
mainly by the variability of the external
magnetic field arising from the interaction
of the nearby solar wind with Earth’s
magnetosphere and its inner edge - the
ionosphere.

The 27-day peak and its harmonics are
related to the solar rotation period whereas
the peak and its harmonics correspond-
ing to daily wvariations are presumably
associated with thermal electric currents



in the ionosphere on the heated day side
of the globe. Seasonal variations of the
ionosphere heating can be the main reason
for the appearance of the spectral peaks
corresponding to the 1 year and 6 months
(Constable and Constable, 2023).

The dashed curve in Fig. 8 indicates cor-
respondence to the spectral law Eq. (20)
(the magneto-inertial range of scales).
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