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ARTICLE INFO ABSTRACT

Keywords: Probabilistic forecasts are regarded as the highest achievable goal when predicting earthquakes,
Data assimilation but limited information on stress, strength, and governing parameters of the seismogenic sources
Inverse theory affects their accuracy. Ensemble data-assimilation methods, such as the Ensemble Kalman Fil-
Uncertainty Quantification ter (EnKF), estimate these variables by combining physics-based models and observations. While
Probabilistic forecasting the EnKF has demonstrated potential in perfect model experiments using earthquake simulators
Earthquake dynamics governed by rate-and-state friction (RSF) laws, challenges arise from the non-Gaussian distri-
Seismic cycle bution of state variables during seismic cycle transitions. This study investigates the Adaptive

Gaussian Mixture Filter (AGMF) and the Particle Flow Filter (PFF) as alternatives for improved
stress and velocity estimation in earthquake sequences compared to Gaussian-based methods like
the EnKF. We test the AGMF and the PFF’s performance using Lorenz 96 and Burridge-Knopoff
1D models which are, respectively, standard simplified atmospheric and earthquake models. We
test these models in periodic, and aperiodic conditions, and analyze the impact of assuming
Gaussian priors on the estimates of the ensemble methods. The PFF demonstrated comparable
performance in chaotic scenarios, yielding lower RMSE for the estimates of the Lorenz 96 mod-
els and stronger resilience to underdispersion for the Burridge-Knopoff 1D models. This is vital
given the limited and sparse historical earthquake data, underscoring the PFF’s potential in en-
hancing earthquake forecasting. These results emphasize the need for careful data assimilation
method selection in seismological modeling.
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1. Introduction

Data assimilation (DA) techniques are used for forecasting geophysical systems with uncertain conditions, by com-
bining information from physics-based simulations and observational data to estimate states or parameters (Evensen
etal.,2022a; Bannister, 2017; van Leeuwen, 2010; Evensen, 2003). DA’s utility spans from weather forecasting (Evensen,

1994; Reichle, 2008) to hydrologic models (Liu et al., 2012) and oil production (Aanonsen et al., 2009; Evensen and

ORCID(S): 0000-0003-2576-1116 (H.A. Diab-Montero)
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Eikrem, 2018). Geophysical systems, characterized by their sensitivity to initial conditions and potential for signif-
icant error growth over time, underscore the importance of DA’s trajectory correction (Carrassi et al., 2022). The
Adaptive Gaussian Mixture Filter (AGMF)(Stordal et al., 2011) and Particle Flow Filter (PFF)(Hu and van Leeuwen,
2021) are non-Gaussian ensemble DA methods, suited for chaotic systems. The AGMF bridges particle filter’s impor-
tance sampling weights via Gaussian mixtures with the Ensemble Kalman Filter’s update, while PFF solves a transport
differential equation to iteratively transform the prior distribution to the posterior. The effectiveness of these meth-
ods has been tested in atmospheric physics models noticing more accurate estimates, especially when dealing with
non-Gaussian distributions and non-linear observation operators. Similarly, when estimating earthquake and fault slip
occurrences challenges arise from the non-Gaussian distribution of state variables during seismic cycle transitions
(Diab-Montero et al., 2023).

In the realm of earthquake forecasting, the rate-and-state friction (RSF) law marks a significant advancement
over traditional slip-weakening friction models. Developed from laboratory experiments on slip instabilities and rate
weakening (Marone, 1998), the primary advantage of the RSF law is its versatility in describing a broad spectrum
of laboratory data (Ruina, 1983). This versatility enables it to more accurately model the initiation, progression, and
termination of seismic events, offering a comprehensive understanding of earthquake dynamics that previous models
could not adequately capture. However, the inherent non-linearity of the RSF law results in stiff differential equations
in numerical simulations (Erickson et al., 2008), posing challenges, especially when parameters are uncertain. While
regularized versions of the RSF law can manage these challenges, they often confine the system’s behavior to periodic
solutions, which may not fully represent the complex recurrence of earthquake events in nature (Lapusta and Rice,
2003; Erickson et al., 2008, 2011). This limitation underscores the need for sophisticated data assimilation methods
that can handle such complexity and uncertainty via means like model error.

Over the past decade, various data assimilation methods have been developed to address different components of
the earthquake process, including estimation of seismic wavefield, calculation of slip rates, and forecasting of fault slip
events (Maedaetal.,2015; Obaetal., 2020). These methods, although tested through perfect-model experiments (Kano
et al., 2013; Hori et al., 2014), face challenges in modeling RSF, leading to non-Gaussian distributions (van Dinther
et al., 2019; Hirahara and Nishikiori, 2019). Ensemble distributions of slow acceleration models are primarily Gaus-
sian, which facilitate the use of Ensemble Kalman filters (van Dinther et al., 2019; Diab-Montero et al., 2023). How-
ever, non-Gaussian distributions are typical in fast acceleration models which pose challenges for the EnKF (Banerjee
et al., 2023; Diab-Montero et al., 2023). Thus, it is essential to develop data assimilation methods that can manage
high-dimensional state vectors and non-Gaussian distributions for forecasting earthquake occurrences.

In this study, we evaluate the advantages of using the AGMF and the PFF for non-Gaussian data assimilation of

earthquake occurrences in systems dominated by RSF. We assess how the estimates of these filters of the shear stress,
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velocity, and the state 8 compare to those from the EnKF under periodic and chaotic conditions. Moreover, we explore
the use of including a model error term for estimating non-periodic sequences in the presence of parameter bias. By
understanding the implications of these different methods and assumptions, we aim to contribute to more accurate and
efficient earthquake forecasting methodologies.

The outline of the paper is as follows: Section 2 explains the workings of the ensemble-based data assimila-
tion methods (EnKF, AGMF, and PFF) and introduces the perfect-model experiments conducted on Lorenz 96 and
Burridge-Knopoff earthquake models under periodic and chaotic conditions. Section 3 compares the estimates pro-
vided by the three methods for different observation coverages, and the evolution of the ensemble spread for each
method across the seismic cycle. Besides, in this section we present some results when including model error as part
of the state vector for dealing with parameter bias. Section 4 discusses the influence of prior information on the anal-
ysis update of the PFF. The final section presents conclusions about the filter performance for earthquake occurrence

estimation under periodic and chaotic conditions.

2. Methodology

2.1. Data Assimilation
Data assimilation helps to better estimate the evolution of a system by knowledge of its dynamics with observations

thereof. The variables of interest are represented as,
7 = (2,7,2,7), )

where z is the state vector, and the components z,, and z,, signify system states and parameters, respectively.
The estimation process entails two steps. The first, the forecast step, that evolves the variables from a previous

time 7,_; to a future time ¢, using the system’s dynamics:

Z. = Mc:c—l (Zc—l) + qd.» (2)

with M, .._; as the forward model operator and g, as the model error.

The second, the analysis step, where we update our knowledge of the system, is based on Bayes’ theorem:

p(d|z)p(z)

, 3
p(d) ©)

p(z|d) =

where p(z) represents the prior knowledge, p(d|z) is the likelihood of the observations, and p(d) is the evidence.
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Observations are represented by:
d, =H.(z,)+e€,, 4)

where d, is the observation vector, H, is the non-linear observation operator that maps the state vector to observation
space, and €, denotes measurement errors.

The Ensemble Kalman Filter

We use in this study a stochastic variant of the Ensemble Kalman Filter (EnKF) (Evensen, 2003), an ensemble-
based data assimilation method and a Monte Carlo implementation of the least-squares solution of the Bayesian update
outlined in Eq. 3. The EnKF combines the forward numerical model’s information (prior) with its deviation from
observations (likelihood) to yield a posterior state vector estimate. We assume Gaussian distributions for the prior,

likelihood, and posterior probability density functions (pdfs). Our state vector ensemble is represented as:

ZZ; = (zT ZT) , 1<n<N,, 5)
n

where n signifies an ensemble member, with the ensemble containing N,, realizations. The prior is given by z,{ ~

N (zﬁ , C{Z), with the forecast superscript (f) signifying prior data from the forward numerical model. The overline

denote the ensemble average. The covariance, which describe the uncertainties of states, is approximated as:
| — —\T
C£Z=ﬁ<z’/:—z,{> <zr{—z,{> . 6)
Localization on the prior covariance matrix is applied via a Schur product:
ng « pi,jocgz’ N
where,

. N\ 2
Pt,jzexP{_<lr'j> }, 8)

andi,j = 1,..., N.. N, is the number of cells of the model, and r;, is the decorrelation radius which is dependent on

the type of model used. Additionally, inflation is applied to the analysis covariance matrix using:

ng < Pinfi ng’ )
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with p;, 7, the inflation factor, slightly greater than one.
We adopt a perturbed-observations scheme, assuming observational errors to be Gaussian (€, ~ N(0, C,q)) and

observation errors to be uncorrelated. The perturbed observation vector is:
d,=d+e, 1<n<N,, (10)
and the covariance error matrix is:

1
Cas =57 D eel. (11)

The EnKF combines the prior, observation vector, and their covariances to compute the posterior distribution using:

z!=z/ +K|[d, - Hz/], 1<n<N,, (12)
where K is the Kalman gain matrix and H is the linear observation operator. The Kalman gain is:
-1
K=C/H" (HC/H" +C,,) (13)

signifying the relative weight of observations information versus the prior state estimate. For more details, refer to

Evensen (2003); Evensen et al. (2022a).

2.2. Methods with non-Gaussian Prior Assumptions

Adaptive Gaussian Mixture Filter

The Adaptive Gaussian Mixture Filter (AGMF) serves as a bridging formulation between ensemble Kalman filters
and particle filter analysis updates (Stordal et al., 2011; Van Leeuwen et al., 2019; Stordal and Lorentzen, 2014). This
transition capability stems from a two-stage update process in the analysis step.

1.Ensemble Member Update: The ensemble members and their covariance matrix undergo an update, based on
Eq. 12 but with a dampened background covariance matrix:

-1
z¢ =z/ + n*'C/ 0" (PHC/H" +C,;)  [d,—Hz/], 1<n<N (14)

where A is the bandwidth parameter with /4 € [0, 1]. The update is the same as the EnKF for 4 = 1 and no update

ath =0.
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2.Importance Sampling: Ensemble members are assigned weights following a Gaussian mixture:

2
w! =N (d, - Hz/, PHC/ H" + Cy) w! . (15)
The weight normalization ensures their collective sum equals one:
W
w; = (16)

Z,w

A bridging parameter «a is introduced to avoid weight collapse. It adaptively minimizes weights towards uniform ones:

w'=aw!+(1—a) N ", (17)
by modulating both «, and A, a smooth transition between EnKF and particle filter is achieved. The optimal value

for a; is defined as:

Neff _ 1
N Ny T ()’

a = (18)

Finally, we use the resampling method used in (Stordal et al., 2011) to further avoid ensemble degeneracy when
the effective sample size N, is less than 80% of the ensemble size N,,,.

Particle Flow Filter

The particle flow filter is a method that iteratively transforms equally weighted samples from a prior distribution to
the posterior distribution (Hu and van Leeuwen, 2021). The transformation follows the solution a differential equation

of the type:

1, = fs (zs) » (19)

where z, transitions from the prior to the posterior over an artificial pseudo time s € [0, oo]:

q0(z) = p(z),
(20)

4(2) = p(z|d),
The particle flow, f;, can be determined either through the likelihood-factorization approach or by minimizing a

distance measure between the intermediate pdf ¢, and g, (Evensen et al., 2022b). This study uses the latter method
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where the Kullback-Leibler (KL) divergence serves as the distance measure:

KL (q) =/qs (z)log(qs(z)>dz. 1)

4o (2)

The particle flow exists in a reproducing kernel Hilbert space (RKHS) with a kernel K, and it is designed to always

reduce the KL divergence over pseudo time:

fi=Cp / q; (2) {K(z,) V log (p(z|d)) + V, - K(z,)}. (22)

With a particle representation for g, the flow becomes:

Nm
f (2) = NLCzz DK (20.2) Vnlog (p (221d)) + V.» - K (22,2)}. (23)
m n=1

which follows the form of a Fokker-Plank equation (Evensen et al., 2022b) with an attracting term and a repelling
term respectively on the right hand side. After discretizing the equation in pseudo time, the state vector’s evolution is

described as:
A Wl
Lop, =7+ N—ssz DK (28.2,) V,n log (p (221d)) + V» - K (2], 2,) }. (24)
m n=1

The kernel K(z!, z) measures how each of the ensemble members contribute to the local particle flow. In the case
of an infinite number of particles, the solution of the PFF is independent of the kernel’s choice (Lu et al., 2019). In this
study, a matrix-valued Gaussian kernel is used as in Hu and van Leeuwen (2021). Unlike a scalar kernel that applies
a single distance measure uniformly across all components of the state vector, the matrix-valued kernel allows for
independent distance measurements in each of the states of the particles. The attracting term can be expressed using

Bayes theorem:
V,log p(z|d) = V,log p(z) + V,log p(d|z). (25)
For Gaussian distributions, gradients for the likelihood and the prior are given by:

Vv, log p(d|z) = H  Cyy~' (d — Hz), (26)
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and
V,log p(z) = —sz_l (z - Zb) . 27

2.3. Forward Modelling
2.3.1. Lorenz 96 Model

The Lorenz 96 model is a simplified yet effective representation of the chaotic behavior of atmospheric dynam-
ics (Lorenz and Emanuel, 1998) commonly used as benchmark in testing data assimilation techniques. The equation

that models Lorenz 96 is:

dx;
yrie (xi+1 - x,-_l) Xi_1—x;+F (28)
with boundary conditions x_; = Xy _j, Xg = Xy, Xy 41 = X| and constraint N, > 4. Here, x; represents a

state element, for instance, temperature, at a sector along a latitude circle divided into N, equal sectors (van Kekem,
2018). The equation features advection, damping, and forcing effects. The system exhibits coherent structures and

even chaotic behavior based on parameters F' and N..

2.3.2. The 1D Discrete Burridge-Knopoff Model

Similar to the Lorenz 96 model, the Burridge-Knopoff (BK) model is a simplified benchmark, but in this case of
earthquake sequences. It is characterized by a spring-block slider system (Burridge and Knopoff, 1967). In our study,
the 1-D BK model comprises multiple blocks connected by elastic springs with stiffness k ,, depicted in Fig. 1. These
blocks are elastically coupled (with stiffness k) to a rigid plate moving at speed v, across a frictionally rough surface,
serving as an analogue for a 1-D earthquake fault (Carlson et al., 1991). This research adopts the 1-D BK system

modelling methodology of Erickson et al. (2011). The system of ordinary differential equations (ODEs) used is:

u =0,

<

2
£z, (29)
5 1

0, =—(5:+1) (6, + (1 +e)log (5, +1)).

= 2 (= - - 2 -
Vi =Y, (“i—l —2u; + “i+1) — Y Ui —

Several modifications and simplifications were applied to achieve this non-dimensional system of ODEs, including
adopting the non-dimensional variables from Madariaga (1998); Erickson et al. (2011). In these equations, & rep-
resents the non-dimensional slip of the blocks, and o is the non-dimensional slip rate. We also have the following

parameters: y, and y, that are non-dimensional frequencies, f which is the scaled steady-state friction coefficient, &

H.A. Diab-Montero, A.S. Stordal, P.J. van Leeuwen, F.C. Vossepoel: Preprint submitted to Elsevier Page 8 of 27
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that is the non-dimensional spring constant, and e which measures the sensitivity of the velocity relaxation. Studies
have shown that the 1-D BK models can exhibit periodic, chaotic behaviours and other complex dynamical phenom-
ena depending on the choice of these parameters (Erickson et al., 2011). Additionally, 7 is the shear stress that is
governed by the rate-and-state friction law (Ruina, 1983) which is employed to explain the friction on the rough To
achieve this non-dimensional system of ODEs, several modifications and simplifications were applied including adopt-
ing the non-dimensional variables from Madariaga (1998); Erickson et al. (2011). In these equations, & represents the
non-dimensional slip of the blocks, and ¥ is the non-dimensional slip rate. We also have the following parameters:
¥, and y, that are non-dimensional frequencies, f which is the scaled steady-state friction coefficient, & that is the
non-dimensional spring constant, and e which measures the sensitivity of the velocity relaxation. Studies have shown
that the 1-D BK models can exhibit periodic, chaotic behaviours and other complex dynamical phenomena depending
on the choice of these parameters (Erickson et al., 2011). Additionally, T is the shear stress that is governed by the

rate-and-state friction law (Ruina, 1983), which is employed to explain the friction on the rough surface:

T=f+06,+log(v;+1), (30)

where we see the relation of the shear stress with the rate (), and the state (©) that fluctuate depending on interseismic

(stick) and coseismic (slip) phases.

- v
a Driving plate b b. Driving plate .,
/ X\ ANAN
\?\t\‘\it‘ kA t‘\“ \‘ ' 5‘\"\‘: :
A\ /n;\ \\
M —»u(t) ﬁlﬂ\ﬁ M M =/ \
Rough surface with rate-and-state friction law Rough surface with rate-and-state friction law

Figure 1: Schematic representation of the Burridge Knopoff models coupled with the rate-and-state friction law (a) single
degree of freedom slider block coupled by a spring loader plate representing the other side of the fault. (b) spring connected
chain of blocks, elastically coupled to a driver plate moving a constant velocity Vp. The surface upon which the blocks
slip is rough and the friction force holding the slider in place is governed by a rate-state friction law.

The logarithmic term log (J + 1), in the system of ODEs, introduces challenges and non-linear behaviours, leading
to numerical stiffness in the system, as indicated by exceptionally large negative eigenvalues in the local Jacobian (Er-
ickson et al., 2008; Noda et al., 2009; Rojas et al., 2009). This stifftness requires very small steps when using standard
numerical techniques to achieve stable solutions. Even with implicit numerical methods, the time step remains lim-
ited by accuracy needs (Erickson et al., 2008, 2011)—a too-large time step results in an undefined logarithmic term.

Consequently, we used an embedded fourth-order explicit Runge-Kutta method with a minimal step size for the ODEs.

H.A. Diab-Montero, A.S. Stordal, P.J. van Leeuwen, F.C. Vossepoel: Preprint submitted to Elsevier Page 9 of 27
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Table 1
Non-dimensional rate-and-state friction parameters for 1-D Burridge-Knopoff model coupled with rate-and-state friction
‘ Parameter ‘ Symbol ‘ Periodic ‘ Chaotic ‘

Sensitivity of the velocity relaxation € 0.3 0.5

Non-dimensional spring constant I3 0.5 0.5

Non-dimensional frequency Yu 0.5 0.5

Non-dimensional frequency 7; 1v0.2 V0.2

Scaled steady-state friction coefficient 3.2 3.2

2.4. Perfect Model Experiments

In our study, we used perfect model experiments to evaluate the performance of the data assimilation methods. In
these experiments, we generated a synthetic true solution and synthetic observations, and evaluated how well the filters
estimated the state variables. We specifically used Lorenz 96 models of 20 cells and 1D Burridge-Knopoff models of
20 blocks. For both we used ensembles of 100 members. For the Lorenz 96, the state vector consists on the values of

x for each cell. For the 1-D Burridge-Knopoff models the state vector is,
z) = (70" logv+ 1), 0") | 1<n<N,, 31

where we employ /n(V + 1) instead of V to impose a positivity constrain.

We utilized a fourth-order Runge-Kutta (RK4) scheme with a At = 0.01 time step to generate a reference solution,
for each type of model. For the Lorenz 96 models, we used F' = 1.2 for the periodic case and F = 8.0 for the chaotic
case. For the BK model we used the frictional parameters from Table 1.

Our examination considered synthetic observations using different spatial observation densities with coverages of
100% and 50%. For the Lorenz 96, we assimilate observations of the state x. For the 1-D Burridge-Knopoff model,

the observation vector is:
d" = (", log v+ D7) (32)

We assumed Gaussian uncorrelated observation errors with diagonal matrices C,;,;. We defined the uncertainties
(o) using typical observation uncertainties used in other works for the Lorenz 96 model (Stordal et al., 2011), and for
the 1-D Burridge-Knopoft model, (Banerjee et al., 2023). For the variable x of Lorenz 96 we use a standard deviation
of 1. For 7 and log(d + 1) of the seismological models we used an observation error standard deviation of 0.6. We
extract synthetic observations of the generated truth using these uncertainties and use the same synthetic observations
for the perfect model experiments done with the different data assimilation methods.

Using the periodic solutions we define the cycle duration. The Lorenz 96’s periodic cycle covers 4 time units

(equivalent to 400 steps). Based on this, we used a default rate of 8 observations per cycle or which is the same 0.5

H.A. Diab-Montero, A.S. Stordal, P.J. van Leeuwen, F.C. Vossepoel: Preprint submitted to Elsevier Page 10 of 27



262

263

264

265

266

267

268

269

270

271

272

273

274

275

276

ENKFs, AGMFs, and PFFs for Optimized Earthquake Forecasting

Lorenz 96 BK RSF 1D
E TR =
i () eii/\\//h/\/' (@ hinnd
o i Bl ] o g sl UL
& d 5 o J U M‘u“/ \‘/ \‘J \\// \ux / U U/ U/ U = B o zzz\/ \J" \/ b “v/ \/ U/ \J \} U J |

15121008 05 02 02

X10 50 60 70 80 90 100 tio(f) 400 425 450 475 500 525 550 575 600

Time [-] Time [-]
c \ d. ¢
o f\ sq W\ /\
= ] I 4
8 . JW M\ K ,)WU é: y/ \
gl : j HV \M “ ‘“V' 2 /|
o 5 1
" 10 o
5’(100 - 50 60 70 80 %o 400 425 450 475 525 550 575 600

Time [-]

Figure 2: Schematic representation of the evolution of the Lorenz 96 (a-d) and 1-D Burridge-Knopoff model coupled with
rate-and-state friction (e-h) use for creating the synthetic truth of the perfect model experiments. Phase diagrams of the
Lorenz 96 models under (a) periodic (F=1.2) and (c) chaotic (F=8.0) conditions, and the evolution of the state of the
10-th cell through time for the (b) periodic and (d) chaotic case respectively. Phase diagrams of the BK-RSF 1D model
under (e) periodic and (c) chaotic conditions, and the evolution of the shear stress for the 10-th block through time for
the (b) periodic and (d) chaotic case respectively.

time units (50 timesteps) between observations for the synthetic experiments. For the BK-RSF 1D, its cycle spans
approximately 18 time units (or 1800 steps). We used then a default rate of 8 observations per cycle or which is the
same 2.25 time units (225 timesteps) between observations.

For the localization of the prior covariance matrices, and defining the best hyperparameters for each filter, we

followed the steps shown in Appendix A.

3. Results

In this section, we present the outcomes from perfect model experiments, focusing on comparing the three data
assimilation methods: EnKF, AGMF, and PFF. Our aim is to evaluate these methods in terms of accuracy, using RMSE
values, and ensemble spread, assessed through rank histograms. This comparison extends across different phases of the
seismic cycle for the 1-D BK models, emphasizing how the ensemble spread changes with each phase of the seismic

cycle.

3.1. Lorenz 96
Fig. 3 depicts the RMSE outcomes for the variable x; over time. Notably, RMSE values for the periodic Lorenz
96 model are consistently lower than for its chaotic counterpart. In the chaotic case, all three filters yield RMSE

values below the observation error for 100% cell coverage. In comparison, only the PFF achieves values below the
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observation error with 50% coverage. In contrast, the EnKF shows the highest RMSE at 50% coverage. The AGMF
also shows higher RMSE values than the observation error, which are slightly lower than the EnKF’s RMSE values.
These findings align with the observations by Hu and van Leeuwen (2021) on the 40 variable-Lorenz 96 model, which
noticed similar contrasts between the Local Ensemble Transform Kalman Filter(LETKF) and PFF. The increased non-
linearity in variable relationships during chaotic periods underscores the necessity for a non-Gaussian, non-linear filter,
especially when full variable coverage is unavailable. Alternatively, it is possible to introduce iterations on the AGMF

and EnKF schemes (e.g., an MDA-type update) to achieve lower RMSE values.
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a. b. C.
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w w w
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z z z
Ay e b T g
0.5 :LL« uJ L e 0.5 rr"'!"”c{_l,j'l'l '"II:""""'I:I‘”.: g% IIU LT T 0.5 ::'T"'“
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N 12 I T NS S pam AT e e
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Figure 3: Comparison of RMSE for different observation densities for the Lorenz 96 between EnKF(a,d), AGMF (b,e),
PFF (c,f).

3.2. Burridge Knopoff 1D Model
3.2.1. Analysis of errors and underdispersion

Fig 4 shows the RMSEs of the EnKF, the AGMF, and the PFF for the slip-rate v;, which is an observed variable.
The results show the comparison of the RMSEs when observing all the blocks (left column) and when only observing
half of them (right column) for the periodic and the chaotic case. The results show that the three methods have estimates
with errors lower than the observation error, as expected. The EnKF shows the lowest errors when having access to the

observations of all the blocks. Interestingly, the AGMF has lower errors than the EnKF when fewer observations are
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available. The case with fewer observations presents a more challenging condition for the estimation, which makes the
importance sampling step of the AGMF useful to capture the distributions of the variables better. The RMSE results

show the same trend for the estimates of the shear stress 7.

a Obs. density: 100% (20 blocks) c Obs. density: 50% (10 blocks)
20— 2.0
= =
+ 15 + 15
® D
S| W ®
Bl =10 =10
Bl 5 w 0b log(7 + 1
o » . Obs.error log(v + 1) n N, s.error log(v + 1)
al = =05
e z0 :
9900 250 300 350 400 450
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d.
2.0
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- i
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Lo
8 §° 1.0 ,§°1.0
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= 0.5 = 0.5
0 ' =4 A 0
900 250 300 350 400 450 '900 250 300 350 400 450
Time Time
—— EnKF —— AGMF  —— PFF

Figure 4: Comparison of the RMSE for the estimated of the logarithm of the velocity (log(V + 1)) of the EnKF (green),
the AGMF (red) and the PFF (blue) for the 1-D Burridge Knopoff model coupled with rate-and-state friction. The upper
row shows the comparison for the periodic case (a,c), and the lower row for the chaotic case (b,d). The result correspond
to an observation density of 100% of the blocks for the left column (a,b) and 50% of the blocks in the right column(c,d).

Fig. 5 show the RMSEs of the EnKF, the AGMF and the PFF for the state ® which is not observed also called a
hidden state. The results show that for all methods the error decreases as more observation are assimilated with time.
For the periodic case the ENKF and the AGMF have the lowest errors. However, for the chaotic case the differences
between the RMSE values for the different methods are less noticeable.

We find that the ensemble spread greatly decreases after these first assimilation windows. This indicates a problem
of underdispersion, also called overconfidence. A possible remedy to this problem is the use of covariance inflation.
However, very high inflation factors (2 to 5) are needed to have less underdispersion on the rank histograms. Interest-
ingly, as we will see, the Particle Flow Filter does not experience this sudden decrease in the ensemble spread.

The rank-histograms (Fig. 6) highlight that the filters have problems of underdispersion. The resampling step of
the AGMF can help to keep a wider ensemble, especially in the periodic case, but this resampling seems insufficient

for reducing the underdispersion in the spread. Further refinement of the PFF’s hyperparameters, such as bandwidth
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Figure 5: Comparison of the RMSE for the estimated of the state ® of the EnKF (green), the AGMF (red) and the PFF
(blue) for the 1-D Burridge Knopoff model coupled with rate-and-state friction. The upper row shows the comparison for
the periodic case (a,c), and the lower row for the chaotic case (b,d). The result correspond to an observation density of
100% of the blocks for the left column (a,b) and 50% of the blocks in the right column(c,d).

and learning rate, could yield more accurate and precise results while preserving an ensemble spread wide enough to

correspond to the posterior uncertainties.

a. EnKF b. AGMF c. PFF
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> > >
g6 & 6 £ 6
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Figure 6: Rank histogram for the estimates of the (a) EnKF, (b) AGMF, and the (c) PFF for the periodic case
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Figure 7: Comparison of the estimates of the slip-rate (0) of block 10 for the EnKF (blue), the AGMF (red), and the PFF
(green) for estimating an earthquake occurrence for a periodic event. The true time series of the slip-rate is shown with
a solid black line. We compare the ensemble distribution for the interseismic phase (c,d) during the coseismic phase (e),
and at the end of the coseismic phase (f).

Figs 7 shows a comparison of the time series estimates of the slip-rate(9) for the EnKF, AGMF, and PFF ensemble
members. The histograms of the ensemble distribution of the different methods show that the PFF maintains a broad
posterior distribution distribution in both cases. In contrast, the AGMF and the EnKF have very narrow ensemble
distributions. Despite these narrow distributions, both methods have estimates that are very close to the truth. However,
a consequence of the very narrow distributions is that the EnKF and AGMF ensemble will not cover the true state in

certain phases.
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3.2.2. Sensitivity on model error

Recent findings, e.g. Gualandi et al. (2023), show how having a deterministic model representing a laboratory setup
of a direct shear type of machine can constrain the solutions to just a set of possible states of the system. Gualandi
et al. (2023) showed that even for a laboratory experiment with controlled conditions, introducing stochastic terms in
the system of ordinary differential equations was the most accurate approach for explaining the system’s behavior.

We can achieve a similar result of this stochastic term by including model error terms in the state vector of the data
assimilation. These model errors can account for missing physics or errors in the dynamical forward model. In this
context, a model error can be used to better estimate the dynamics of the system and maintaining an ensemble spread
that can help with the underdispersion problem that regularized rate-state-friction formulation imposed in methods
like the EnKF.

To evaluate the effect of introducing a stochastic term in the equations, we visualize the effect of using such a term
in a forward simulation of the 1-D Burridge Knopoff model. We aim to verify that we can use values of e that produce
periodic solutions and still estimate aperiodic behavior. The advantage of maintaining € fixed is that we avoid further

instability issues or changes in the frictional behavior of the system. For this, we perturbed the shear stress 7 as follows:

=140, +log(d;+1) +gq, (33)

where g is the stochastic term that follows a distribution ¢ ~N(0,C,,). We assume that the covariance matrix C,, is
diagonal with o, € [0, 1]. Fig. 8 shows the evolution of the phase diagram of block 10 of a 1-D Burridge Knopoff
with € = 0.3 in the periodic regime when increasing 6,. We can see how the phase diagrams become more and more
similar to the chaotic case shown in Fig. 1d, with an ¢ = 0.5.

We propose to make the model error a function of the slip-rate as follows:

q = [ (D) = GerrorD- (34)

This model error term can g can be explained as a radiation damping term that compensates for the loss of energy
caused by the seismic waves after the fault’s slip, and which is commonly included in quasi-dynamic models (Crupi
and Bizzarri, 2013). The term g,,,.,. is interpreted when using radiation damping as a ratio between the elastic medium
rigidity and the the S-wave velocity away from the fault plane. Here, we expand the state vector to include the g,,,,,

and treat it as an additional parameter,
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Figure 8: Phase diagrams for different model errors: (a) o, = 0,(b) o, = 0.05, (c) 6, =0.1 and (d) 6, =0.5 .

2l = (fT,ﬁT,log ¥ + 1)T,(I)T,qe,,,,,T) , 1<n<N,, (35)
n

The advantage of reformulating the assimilation this way, which is more similar to a parameter estimation exercise,
is that knowing q,,,,, also helps us to investigate which processes could be missing/wrongly represented in the forward
model, and use it to improve this model for forecasting applications. Fig. 9a shows the slip-rate estimates of an EnKF
with periodic ensemble members that assimilate synthetic observations obtained from a chaotic truth. For the ensemble
€, ~ N'(0.3,0.02) while for the chaotic truth ¢ = 0.5. Fig. 9b shows the estimates of g,,,,, with time. We see that
despite the parameter bias in €, the EnKF provides good estimates of the occurrences of the events in time, the main
differences between the truth and the estimates are in the amplitudes of the signals. This can be explained as the
ensemble members with model error having a wider state space in the phase diagrams and, therefore, being able to
estimate the occurrences of the earthquake as the truth will be in a smaller orbit covered by the ensemble. This explains
why the best estimates of the EnKF occur when the amplitudes of the estimates of the filter are higher than the values

of the truth. In contrast, the less accurate estimates occur when the filter underestimates the events’ magnitude and the
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Figure 9: (a) Comparison of the estimates of the slip-rate ¥ at the block 10 of an EnKF with model error as part of the
state vector. The mean values are in green. The truth, in blue, corresponds to the slip-rate of the chaotic model with
€ = 0.5. The individual ensemble members in gray are periodic with ¢ = 0.3 and model error. The synthetic observations
are extracted from the chaotic synthetic truth. The results show that despite the parameter bias the EnKF estimates are
in sync with the truth especially in the occurrences of the seismic events, but with differences in the magnitude (amplitude
of the signal). (b) Time series estimation of the g,,,,,-

truth values are higher than the EnKF estimates.

These results are valuable since the correction with model error can improve the accuracy of estimating the occur-
rence of seismic events, even in the presence of parameter bias. Additionally, it allows simulation with a parameter that
gives periodic and stable solutions with regularized formulations and still simulates and gives good estimates of aperi-
odic behaviour. Studies in other applications, such as ocean forecasting systems, have shown the potential benefits of
using model error in addressing state and parameter estimation challenges in the presence of time-varying parameters
(e.g., (Brasseur et al., 2005)). In their study, Brasseur et al. (2005) found that introducing model error in the estimation

causes the parameters to become constant, and the model error term absorbs all variability.

4. Discussion

This study explored the application of non-Gaussian data assimilation methods on the Lorenz 1996 model and the

1-D Burridge-Knopoff model used in seismology. All methods tested yielded low RMSEs in perfect model experiments
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under periodic conditions for both models—the variation in results between the models links to their inherent chaotic
and non-linear behaviors. We also identified and further analyzed the role of prior knowledge in updates and the impact

of including a model error term for better estimates in cases of parameter bias.

4.1. Comparison of the ensemble spread of the methods

In Fig.7, we observe that the ensemble spread of the PFF is larger than that of the EnKF and the AGMF. Our
analysis focused on the posterior distributions within a single assimilation step to evaluate whether the PFF’s posterior
spread is excessively large compared to the other methods. We used the same prior distribution and observation to
evaluate this, specifically focusing on the assimilation step at time 373.5 from a perfect BK RSF 1D model experiment
under periodic conditions. Prior to this step, the PFF was used for data assimilation. The prior distribution for the
assimilation at t=373.5 was generated by simulating the model forward from the last assimilation step at t=(373).
We analysed the ensemble with a histogram and used 10,000 samples, and the corresponding observation, in a particle
filter to estimate a theoretical posterior distribution. As illustrated in Fig.10, the posterior distribution derived from the
PFF is not excessively broad. Instead, it is comparable to the particle filter distribution. Conversely, the EnKF shows a
narrower distribution. The AGMF’s estimate of the posterior distribution shows similarity to that of the particle filter
and PFF at narrower values of A, but at larger % values, it exhibits a narrower distribution that is comparable to the
posterior distribution of the EnKF. Fig. 7 exhibits that the posterior distributions of the EnKF tend to narrow over time

when estimating the BK-RSF 1D system. All methods’ distributions include the true state, as desired.

7 Time 373.5 7 Time 373.5
3 EnKF T EnkF
s a. = AGMF(h=0.1) | 6 b, =1 AGMF(h=0.9)
Particle Filter Particle Filter
5 [ PFF 5 I PFF
24 — Truth 24 —— Truth
2 ~ Observations | @ Observations
g3 g3
a a
2 2
1 1
[]
0 | m p— 0 =t p—
-15 -1.0 -0.5 0.0 -15 -1.0 -0.5 0.0
log(v + 1) log(v + 1)

Figure 10: Comparison posterior distribution for the EnKF, AGMF, PFF and a particle filter for the same assimilation
step.

4.2. PFF’s sensitivity to hyperparameters and prior knowledge
The PFF was also tested on small chaotic dynamical systems by Stordal et al. (2021) including the Lorenz 96 model.
Their results showed that the EnKF outperforms the PFF for intermediate ensemble sizes and the Particle Filter for

large ensemble sizes. We observe similar results for an ensemble size of 100 members where the EnKF and PFF have
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very similar RMSE for the same ensemble size. The advantage of our results is that we use the 1-D Burridge Knopoff
models that are not driven by noise as mentioned in Stordal et al. (2021) for the case of the Lorenz 96 model. Fig. 11
shows a comparison of RMSE results smoothed in time for the shear stress 7, slip velocity o and the state ® of two PFFs.
The results presented with a dashed line correspond to a PFF whose attractive term (Eq. 25) only includes information
from the likelihood, while the continuous line results include information from both the prior and the likelihood. Since

the results are almost indistinguishable, it may lead to the conclusion that the filter becomes data-driven. Undesired

behaviours like this required further study to apply this type of filter.
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Figure 11: Effect of the prior information in the gradient of the log posterior.

4.3. Limitations of the seismology model

In this study, we employed 1D seismological models, which only simulate the seismogenic zone and neglect the
surrounding medium. The lower computational cost of OD and 1D models is beneficial for understanding the effects
of the rate-and-state friction law on data assimilation. However, more complex and advanced 2D and 3D models are
estimated better for the evolution of stress of the seismogenic zone and in the surrounding medium (Li et al., 2022).
The 3D models are especially pertinent in determining shear stress distributions at faults and the nucleation process.

We simplified our state estimation by having fixed parameters. However, as highlighted by Banerjee et al. (2023)
and Hirahara and Nishikiori (2019), having biased friction parameters affects the accuracy of the velocity and shear
stress estimates. Addressing these discrepancies is essential, possibly through combined state and parameter estimation

or model error assessment. It is important to highlight that parameter estimation, while beneficial, can also inflate

H.A. Diab-Montero, A.S. Stordal, P.J. van Leeuwen, F.C. Vossepoel: Preprint submitted to Elsevier Page 20 of 27



397

398

399

400

401

402

403

404

405

406

407

408

409

410

411

412

413

414

415

416

417

418

419

420

421

422

423

424

425

426

ENKFs, AGMFs, and PFFs for Optimized Earthquake Forecasting

computational demands by requiring smaller time steps to maintain stability in the simulations and challenge model

consistency.

4.4. Implications for seismology forecasting

Dynamic source inversion, primarily used for past earthquake inversion, is now complemented by data assimilation
to analyze past and potential future earthquakes. Our research suggests that ensemble data assimilation can accurately
estimate the evolution of shear stresses, velocities and state 6 of the rate-and-state friction laws in earthquake models
characterized by chaos, aperiodicity, and varied recurrence intervals. Regularized versions of rate-and-state friction,
usually yielding periodic solutions, face criticism due to origins in small-scale lab experiments. However, recent find-
ings affirm the validity of these small-scale observations for larger setups, up to a meter (Ji et al., 2022). Avoiding
underdispersion when using periodic simulations in ensemble data assimilation and addressing model errors as pro-

posed in this study is crucial for better estimates, especially in real-world scenarios.

5. Conclusions

In this study, we have conducted a detailed examination of the performance of the Ensemble Kalman, Adaptive
Gaussian Mixture, and Particle Flow Filters applied to the Lorenz 1996 model and 1-D Burridge-Knopoft models under
periodic and chaotic regimes. The Ensemble Kalman and Adaptive Gaussian Mixture Filters faced underdispersion
issues, necessitating a large inflation of their prior covariance matrices. Under periodic conditions, meaning periodic
seismic cycles, the Ensemble Kalman Filter achieved the lowest RMSE, yet underdispersion remained a problem for
both it and the Adaptive Gaussian Mixture Filter.

Notably, particle flow filters proved more robust against underdispersion, particularly with integrating regularized
frictional laws that lead to quasi-periodic behavior. Additionally, they offered more precise estimates for unobserved
variables such as the state variable ® in the Burridge-Knopoff models. This advantage is valuable given the scarcity
of historical seismological data relative to the low frequency of significant tectonic earthquakes. Nevertheless, it
is important to consider that the tuning of the bandwidth in particle flow filters can have a substantial impact on
their performance. For example, certain very wide bandwidth may affect sample separation, influencing the kernel’s
behavior. Hence, it’s advisable to adjust the bandwidth hyperparameter thoughtfully.

Our results highlight the potential of ensemble data assimilation techniques to reliably estimate the evolution of
shear stresses, velocities, and the state variable © in earthquake models governed by chaotic dynamics and irregular
recurrence intervals. Regularized versions of rate-and-state friction laws, have been scrutinized for being derived from
small-scale laboratory experiments. However, recent evidence supports the relevance of these laboratory observations

to larger-scale scenarios (Ji et al., 2022). Since these periodic simulations are used to explain also large-scale experi-
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ments, it is important to consider model errors and under dispersion within ensemble data assimilation frameworks.

We have also highlighted the challenges the rate-and-state friction law poses, which can cause abrupt system behav-
ior changes due to uncertainties in frictional parameters. These uncertainties can lead to convergence issues, ensemble
degeneracy, and complications in data assimilation when parameters are incorporated into the state vector of a high-
dimensional system. We proposed incorporating stochastic model error terms into data assimilation as a solution,
providing the necessary flexibility to accommodate a range of stable solutions and enabling the estimation of aperiodic
behaviors amid predominantly periodic solutions. This approach introduces additional stochasticity in the behavior to
capture earthquake dynamics more accurately with data assimilation.

Finally, we discussed how the selection of numerical models and rate-and-state friction laws can predispose systems
to quasi-periodic behaviors, potentially causing underdispersion problems that compromise the reliability of estima-
tions from methods that assume Gaussianity and linearity. We demonstrated that the Particle Flow Filter can maintain
adequate variance in its estimates, which is crucial for applying laboratory or field data where the accuracy of the

estimates in relation to the true state is often challenging to determine.
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on_gaussian_data_assim/.

H.A. Diab-Montero, A.S. Stordal, P.J. van Leeuwen, F.C. Vossepoel: Preprint submitted to Elsevier Page 22 of 27


http://doi.org/10.4121/f0f075f2-f45c-4f8c-9d1d-bde03baeae33
http://doi.org/10.4121/f0f075f2-f45c-4f8c-9d1d-bde03baeae33
http://doi.org/10.4121/f0f075f2-f45c-4f8c-9d1d-bde03baeae33
https://github.com/hamed-diab-montero/non_gaussian_data_assim/
https://github.com/hamed-diab-montero/non_gaussian_data_assim/
https://github.com/hamed-diab-montero/non_gaussian_data_assim/

456

457

458

459

460

461

462

463

464

465

466

467

468

469

470

471
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A. Analysis of the background covariances, localization and inflation

In ensemble data assimilation, methods like the Ensemble Kalman Filter rely on techniques such as localization and
covariance inflation to address the limitations of small ensemble sizes and low-rank covariance matrices. A limited
ensemble size can introduce long-distance correlations and underestimate forecast errors, diminishing the assimila-
tion’s accuracy. Localization counters these non-physical correlations, ensuring observations have a localized and
consistent impact. Covariance inflation adjusts underestimated forecast errors, ensuring the model forecast is not
underrepresented and preventing filter divergence. In this study, we use localization via a Schur product. For the
Burridge-Knopoff model, we apply the Schur product carefully in each sector of the covariance matrix to conserve the
cross-covariance elements between observed and unobserved variables. We used a correlation length r;, of 3 for the
Lorenz 96 model and 5 for the 1-D Burridge Knopoff model (Fig. 12).

We use singular value decomposition (SVD) to analyze the prior covariance matrices of the Lorenz 96 and BK
models, evaluating the impact of localization on their effective rank, as shown in Fig. 13. For the Lorenz 96 model,
before localization, the effective rank is 2 for the periodic case and 18 for the chaotic. After localization, the periodic
case rises to 14, while the chaotic remains at 18. For the 1-D Burridge-Knopoff models coupled with rate-and-state
friction, the ranks are initially 3 for the periodic and 6 for the chaotic cases. Upon localization, these numbers increase

to 8 and 15, respectively.
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Figure 12: Estimation of the Correlation Length. For the Lorenz 96 model: (a) Periodic case and (b) Chaotic case, with
an estimated correlation length r,, of approximately 3. For the 1-D Burridge-Knopoff model: (c) Periodic case and (d)
Chaotic case, with an estimated correlation lengthr,, of approximately 5.
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Figure 13: Scree plot of the singular value decomposition of the prior covariance covariance matrices (Cf ) before and after
localization for the Lorenz 96 (a,c) and Burridge-Knopoff model (b,d). The solid lines correspond to the decomposition
of the matrices before localization, while the dashed lines to the decomposition of the matrices after the localization. The
blue lines represent the distribution of singular values while the orange lines show the proportion of cummulative variance
explained until that component.

A.l. Inflation of covariance matrices

Our study compared the variances in state variable estimates across different ensemble sizes (10, 20, 50, 100, 200,
and 500) in the context of the 1-D Burridge-Knopoff model with rate-and-state friction. The consistent variances
observed suggest that using a low-rank approximation does not significantly underrepresent covariances. Hence, an
inflation factor is not necessary. However, as section 3 indicates, underdispersion was observed in periodic cases.
To address this, we applied an inflation factor of 1.1, which slightly alleviated the underdispersion while maintaining

simulation stability. Larger inflation factors were found to cause instability post-assimilation steps.

B. Selection of hyperparameters

B.1. Hyperparameter selection for the Adaptive Gaussian Mixture Filter and the Particle Flow
Filter
For the AGMF, we tested different bandwidths for the Gaussian mixtures, denoted as 4. We used a default value
of 0.6. An analysis of the RMSE, STD, and the rank histogram showed a lower error for lower / values (around 0.2)
in the periodic case of the Lorenz 96 and values closer to 0.6 in the chaotic case. Such low values of 4 are inconsistent

with the high inflation factors needed to avoid underdispersion. For this reason, we adhered to a value of 0.6. This
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approach was also applied to the Burridge-Knopoff models.

The particle flow filter has two hyperparameters: the kernel bandwidth («) and the pseudo-time step size (As). We
tested 5 bandwidths (0.00005, 0.0005, 0.005 and 0.5) and 5 pseudo-time steps (0.0005,0.005, 0.05, 0.5 and 5). The
selected bandwidths from Fig. 14 were 0.05 for periodic and 0.0005 for chaotic conditions of the BK RSF 1D model.
For periodic conditions, a bandwidth of 0.05 yielded the lowest RMSE without filter collapse. For chaotic conditions, a
bandwidth of 0.0005 ensured stable results. A pseudo-time step of 0.0005 was chosen for both conditions, minimizing

RMSE while avoiding filter collapse.

2 a. Periodic > b' Chaotic
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Figure 14: Sensitivity analysis of the hyperparameter bandwidth of the kernel (a) for the Particle Flow Filter used on
the BK-RSF 1D model. The left column shows the results for the periodic conditions of the BK-RSF 1D, while the right
column shows the results for the chaotic condition.

References

Aanonsen, S.I., Naevdal, G., Oliver, D.S., C., R.A., Valles, B., 2009. Ensemble kalman filter in reservoir engineering—a review. SPE Journal 14,
393-412. doi:10.21188/117274-PA.

Banerjee, A., van Dinther, Y., Vossepoel, F.C., 2023. On parameter bias in earthquake sequence models using data assimilation. Nonlinear Processes
in Geophysics 30, 101-115. URL: https://npg. copernicus.org/articles/30/101/2023/, doi:10.5194/npg-30-101-2023.

Bannister, R.N., 2017. Review article: A review of operational methods of variational and ensemble-variational data assimilation. Quarterly Journal
of the Royal Meteorological Society 143, 607-633. doi:10.1002/qj .2982.

Brasseur, P., Bahurel, P., Bertino, L., Birol, F., Brankart, J.M., Ferry, N., Losa, S., Rémy, E., Schréter, J., Skachko, S., et al., 2005. Data assimilation
for marine monitoring and prediction: The mercator operational assimilation systems and the mersea developments. Quarterly Journal of the

Royal Meteorological Society: A journal of the atmospheric sciences, applied meteorology and physical oceanography 131, 3561-3582.

H.A. Diab-Montero, A.S. Stordal, P.J. van Leeuwen, F.C. Vossepoel: Preprint submitted to Elsevier Page 25 of 27


http://dx.doi.org/10.21188/ 117274-PA
https://npg.copernicus.org/articles/30/101/2023/
http://dx.doi.org/10.5194/npg-30-101-2023
http://dx.doi.org/10.1002/qj.2982

503

504

505

506

507

508

509

510

511

512

513

514

515

516

517

518

519

520

521

522

523

524

525

526

527

528

529

530

531

532

533

534

535

536

537

538

539

540

ENKFs, AGMFs, and PFFs for Optimized Earthquake Forecasting

Burridge, R., Knopoff, L., 1967. Model and theoretical seismicity. Bulletin of the Seismological Society of America 57, 341-371. do0i:10.1785/
BSSA0570030341.

Carlson, J.M., Langer, J.S., Shaw, B.E., Tang, C., 1991. Intrinsic properties of a burridge-knopoff model of an earthquake fault. Physical Review
A 44, 884.

Carrassi, A., Bocquet, M., Demaeyer, J., Grudzien, C., Raanes, P., Vannitsem, S., 2022. Data assimilation for chaotic dynamics. Data Assimilation
for Atmospheric, Oceanic and Hydrologic Applications (Vol. IV) , 1-42.

Crupi, P., Bizzarri, A., 2013. The role of radiation damping in the modeling of repeated earthquake events. Annals of Geophysics .

Diab-Montero, H.A., Li, M., van Dinther, Y., Vossepoel, F.C., 2023. Estimating the occurrence of slow slip events and earthquakes with an ensemble
kalman filter. Geophysical Journal International 234, 1701-1721.

van Dinther, Y., Kiinsch, H.R., Fichtner, A., 2019. Ensemble data assimilation for earthquake sequences: probabilistic estimation and forecasting
of fault stresses. Geophysical Journal International 217. doi:10.1093/gji/ggz063.

Erickson, B., Birnir, B., Lavallée, D., 2008. A model for aperiodicity in earthquakes. Nonlinear Processes in Geophysics 15, 1-12. doi:10.5194/
npg-15-1-2008.

Erickson, B.A., Birnir, B., Lavallée, D., 2011. Periodicity, chaos and localization in a Burridge—Knopoff model of an earthquake with rate-and-state
friction. Geophysical Journal International 187, 178-198. doi:10.1111/j.1365-246X.2011.05123.x.

Evensen, G., 1994. Sequential data assimilation with a nonlinear quasi-geostrophic model using Monte Carlo methods to forecast error statistics.
Computational Geosciences 99, 10143-10162. doi:10.1029/94JC00572.

Evensen, G., 2003. The ensemble Kalman filter: Theoretical formulation and practical implementation. Ocean Dynamics 53, 343-367. doi:10.1
007/s10236-003-0036-9.

Evensen, G., Eikrem, K.S., 2018. Strategies for conditioning reservoir models on rate data using ensemble smoothers. Computational Geosciences
22,1251-1270. doi:10.1007/s10596-018-9750-8.

Evensen, G., Vossepoel, F.C., van Leeuwen, P.J., 2022a. Data Assimilation Fundamentals: A Unified Formulation of the State and Parameter
Estimation Problem. 1 ed., Springer. doi:10.1007/978-3-030-96709-3. Open access.

Evensen, G., Vossepoel, F.C., van Leeuwen, P.J., 2022b. Data assimilation fundamentals: A unified formulation of the state and parameter estimation
problem. ECMWF Seminar, September 8-12 , 265-286.

Gualandi, A., Faranda, D., Marone, C., Cocco, M., Mengaldo, G., 2023. Deterministic and stochastic chaos characterize laboratory earthquakes.
Earth and Planetary Science Letters 604, 117995.

Hirahara, K., Nishikiori, K., 2019. Estimation of frictional properties and slip evolution on a long-term slow slip event fault with the ensemble
Kalman filter: numerical experiments. Geophysical Journal International 219, 2074-2096. doi:10.1093/gji/ggz415.

Hori, T., Miyazaki, S., Hyodo, M., Nakata, R., Kaneda, Y., 2014. Earthquake forecasting system based on sequential data assimilation of slip on
the plate boundary 62, 179-189. doi:10.11345/nctam.62.179.

Hu, C.C., van Leeuwen, P.J., 2021. A particle flow filter for high-dimensional system applications. Q. J. Roy. Meteor. Soc.) 147, 2352-2374.
doi:10.1002/qj . 4028.

Ji, Y., Niemeijer, A., Baden, D., Yamashita, F., Xu, S., Hunfeld, L., Pijnenburg, R.P., Fukuyama, E., Spiers, C., 2022. Friction law for earthquake
nucleation: size doesn’t matter .

Kano, M., Miyazaki, S., Ito, K., Hirahara, K., 2013. An adjoint data assimilation method for optimizing frictional parameters on the afterslip area.
Earth, Planets and Space 65, 1575-1580. doi:10.1029/2019JB019047.

van Kekem, D.L., 2018. Dynamics of the lorenz-96 model: Bifurcations, symmetries and waves .

H.A. Diab-Montero, A.S. Stordal, P.J. van Leeuwen, F.C. Vossepoel: Preprint submitted to Elsevier Page 26 of 27


http://dx.doi.org/10.1785/BSSA0570030341
http://dx.doi.org/10.1785/BSSA0570030341
http://dx.doi.org/10.1785/BSSA0570030341
http://dx.doi.org/10.1093/gji/ggz063
http://dx.doi.org/10.5194/npg-15-1-2008
http://dx.doi.org/10.5194/npg-15-1-2008
http://dx.doi.org/10.5194/npg-15-1-2008
http://dx.doi.org/10.1111/j.1365-246X.2011.05123.x
http://dx.doi.org/10.1029/94JC00572
http://dx.doi.org/10.1007/s10236-003-0036-9
http://dx.doi.org/10.1007/s10236-003-0036-9
http://dx.doi.org/10.1007/s10236-003-0036-9
http://dx.doi.org/10. 1007/s10596-018-9750-8
http://dx.doi.org/10.1007/978-3-030-96709-3
http://dx.doi.org/10.1093/gji/ggz415
http://dx.doi.org/10.11345/nctam.62.179
http://dx.doi.org/10.1002/qj.4028
http://dx.doi.org/10.1029/2019JB019047

541

542

543

544

545

546

547

548

549

550

551

552

553

554

555

556

557

558

559

560

561

562

563

564

565

566

567

568

569

570

571

572

573

574

575

576

ENKFs, AGMFs, and PFFs for Optimized Earthquake Forecasting

Lapusta, N., Rice, J.R., 2003. Nucleation and early seismic propagation of small and large events in a crustal earthquake model. Journal of
Geophysical Research: Solid Earth 108.

van Leeuwen, PJ., 2010. Nonlinear data assimilation in geosciences: An extremely efficient particle filter. Quarterly Journal of the Royal Meteo-
rological Society 136, 1991-1999. doi:10.1002/qj .699.

Li, M., Pranger, C., van Dinther, Y., 2022. Characteristics of earthquake cycles: A cross-dimensional comparison of 0D to 3D numerical models.
Journal of Geophysical Research: Solid Earth , €2021JB023726doi:https://doi.org/10.1029/2021JB023726.

Liu, Y., Weerts, A.H., Clark, M., Franssen, H., H. J., Kumar, S., Moradkhani, H., Seo, D.J., Schwanenberg, D., Smith, P., van Dijk, M., A.LJ.,
van Velzen, N., He, M., Lee, H., N., S. J., Rakovec, O., Restrepo, P., 2012. Advancing data assimilation in operational hydrologic forecasting:
Progresses, challenges, and emerging opportunities. Hydrology and Earth System Sciences 16, 3863—3887. d0i:10.5194/hess-16-3863-2
012.

Lorenz, E.N., Emanuel, K.A., 1998. Optimal Sites for Supplementary Weather Observations: Simulation with a Small Model. Journal of Atmo-
spheric Sciences 55, 399—414. doi:10.1175/1520-0469(1998) 055<0399: 0SFSW0>2.0.C0;2.

Lu, J., Lu, Y., Nolen, J., 2019. Scaling limit of the stein variational gradient descent: The mean field regime. SIAM Journal on Mathematical
Analysis 51, 648-671.

Madariaga, R., 1998. Study of an oscillator of single degree of freedom with dieterich-ruina rate and state friction, laboratoire de géologie, ecole
normale supérieure. Unpublished Notes , 643-696.

Maeda, T., Obara, K., Shinohara, M., Kanazawa, T., Uehirao, K., 2015. Successive estimation of a tsunami wavefield without earthquake source
data: A data assimilation approach toward real-time tsunami forecasting. Geophysical Research Letters doi:10.1002/2015GL065588.

Marone, C., 1998. Laboratory-derived friction laws and their application to seismic faulting. Annual Review of Earth and Planetary Sciences 26,
643-696.

Noda, H., Dunham, E.M., Rice, J.R., 2009. Earthquake ruptures with thermal weakening and the operation of major faults at low overall stress
levels. Journal of Geophysical Research: Solid Earth 114.

Oba, A., Furumura, T., Maeda, T., 2020. Data assimilation-based early forecasting of long-period ground motions for large earthquakes along the
Nankai Trough. Journal of Geophysical Research: Solid Earth doi:10.1029/2019JB019047.

Reichle, R.H., 2008. Data assimilation methods in the earth sciences. Advances in Water Resources 31. doi:10.1016/j.advwatres.2008.01.
001.

Rojas, O., Dunham, E.M., Day, S.M., Dalguer, L.A., Castillo, J.E., 2009. Finite difference modelling of rupture propagation with strong velocity-
weakening friction. Geophysical Journal International 179, 1831-1858.

Ruina, A., 1983. Slip instability and state variable friction laws. Journal of Geophysical Research 88.

Stordal, A.S., Karlsen, H.A., Nevdal, G., Skaug, H.J., Valles, B., 2011. Bridging the ensemble kalman filter and particle filters: the adaptive
gaussian mixture filter. Computational Geosciences 15, 293-305.

Stordal, A.S., Lorentzen, R.J., 2014. An iterative version of the adaptive gaussian mixture filter. Computational Geosciences 18, 579-595.

Stordal, A.S., Moraes, R.J., Raanes, P.N., Evensen, G., 2021. p-kernel stein variational gradient descent for data assimilation and history matching.
Mathematical Geosciences 53, 375-393.

Van Leeuwen, P.J., Kiinsch, H.R., Nerger, L., Potthast, R., Reich, S., 2019. Particle filters for high-dimensional geoscience applications: A review.

Quarterly Journal of the Royal Meteorological Society 145, 2335-2365.

H.A. Diab-Montero, A.S. Stordal, P.J. van Leeuwen, F.C. Vossepoel: Preprint submitted to Elsevier Page 27 of 27


http://dx.doi.org/10.1002/qj.699
http://dx.doi.org/https://doi.org/10.1029/2021JB023726
http://dx.doi.org/10.5194/hess-16-3863-2012
http://dx.doi.org/10.5194/hess-16-3863-2012
http://dx.doi.org/10.5194/hess-16-3863-2012
http://dx.doi.org/10.1175/1520-0469(1998)055<0399:OSFSWO>2.0.CO;2
http://dx.doi.org/10.1002/2015GL065588
http://dx.doi.org/10.1029/2019JB019047
http://dx.doi.org/10.1016/j.advwatres.2008.01.001
http://dx.doi.org/10.1016/j.advwatres.2008.01.001
http://dx.doi.org/10.1016/j.advwatres.2008.01.001

