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Frost heave occurs when the ground swells during
freezing conditions due to the growth of ice lenses
in the subsurface. The mechanics of ice-infiltrated
sediment, or frozen fringe, influences the formation
and evolution of ice lenses. As the frozen fringe
thickens during freezing, progressive unloading can
result in dilation of the pore space and the formation
of new ice lenses. Compaction can also occur as
water is expelled from the pore space and freezes
onto the ice lenses. We introduce a mathematical
model for compaction within frozen fringe to explore
how internal variability influences the fundamental
characteristics of frost heave cycles. At faster freezing
rates, compaction below ice lenses can generate
complex dynamics and chaos when the frozen fringe
follows a consolidation law based solely on the
sediment yield stress. The complex oscillations arise
because a downward water flux below the compacting
zone generates a distributed zone of weakening. We
introduce viscous effects into the compaction law
through a bulk viscosity to determine how the cycles
could be influenced by the creep of ice through
the pore space. Localised zones of decompaction
in the viscoplastic model can prevent the feedback
mechanisms that cause complex oscillations in the
perfectly plastic model.
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1. Introduction
Frost heave occurs when water is drawn out of the pore space in freezing soils to form layers
of segregated ice in the subsurface, causing uplift of the overlying ground. Ice can infiltrate the
pore space below ice lenses to form frozen fringes of sediment (figure 1) [1–6]. The presence of
water below the bulk melting point in the frozen fringe is due to premelting, the formation of
small amounts of water due to interfacial effects, the curvature of pore-throats, or the presence
of impurities [7–9]. Premelting provides the thermomolecular forces that drive the segregation of
ice and soil during frost heave [4,10].

As the frozen fringe grows during freezing, the load supported by contacts between sediment
grains progressively reduces. New ice lenses are thought to form when the effective stress on the
particle matrix vanishes and no forces restrain the ice from cleaving apart sediment grains [1,4].
Ice lenses can form repeatedly through this process during freezing conditions [11,12]. At slow
freezing rates, ice lenses can instead grow steadily to form massive layers of ice, which have been
found in exposed cliffs and sediment cores from permafrost regions [13–15].

Frozen fringes of sediment with interstitial ice and layers of debris-rich ice also exist in
subglacial environments [14,16,17]. The growth of frozen fringe at the base of a glacier is a possible
mechanism for the entrainment of sediment in glacial ice [18,19]. Entrained sediment influences
the rheology of ice and the frictional behaviour between the basal ice and the underlying material
[20–23]. Frozen fringes have been grown in the laboratory under subglacial conditions with a
cryogenic ring shear device (figure 1) [24–26]. Recent experiments in the ring shear have shown
that frozen fringe alters the frictional resistance between ice and the underlying sediment (figure
1b), which has been attributed to the formation of a softer mushy zone beneath a harder layer
of fringe [26]. The evolution of subglacial frozen fringe therefore may influence the dynamics of
ice streams and outlet glaciers that flow primarily through sliding over unconsolidated sediment
[19,21]. The development of high-porosity shear bands during the growth of frozen fringe has
also been observed in laboratory experiments (figure 1c) [24]. Similar shear bands have previously
been found in experimental and theoretical studies of partially molten rocks and may contribute
to the development of fluid-flow pathways [27–30].

Experimental studies of frost heave have generated periodic sequences of ice lenses by pulling
water-saturated porous media through a fixed temperature gradient at a constant speed [31–35].
Previous theoretical work has focused on the idealised case of a constant porosity within
the frozen fringe [4–6,36]. While a constant porosity within the fringe may be a reasonable
approximation for overconsolidated soil, effective stress profiles from these studies suggest that
sediment directly below the ice lens could potentially compact as water is drawn out of the
fringe during freezing. Moreover, the water flux into the fringe caused by ice lens growth could
potentially lead to dilation of the particle matrix. Laboratory experiments have shown that
complex behaviour such as disordered or aperiodic ice segregation can arise from compaction
[35]. Likewise, the frost heave model [4] was modified to include a parameterisation of an
evolving compaction front below the fringe, which gave rise to complex behaviour that captured
the essence of the laboratory experiments [36].

Modelling compaction in permeable media requires positing a relation between the porosity
or material deformation and the effective stress, which is the difference between the stress on
the solid matrix and the fluid pressure. Soil consolidation tests relate the effective yield stress
of the sediment to the void ratio through empirical laws [37–39]. Empirical consolidation laws
have not been experimentally validated in partially frozen sediments and, therefore, it remains
uncertain whether or not they are appropriate for modelling compaction in frozen fringes.
Moreover, mixtures of sediment and ice exhibit a bulk rheology where viscous effects arise
above the sediment yield stress [20]. Alternatively, mixture theories developed for partially
molten rocks assume that a viscous compaction law relates the divergence of the solid velocity
to the pressure difference between the fluid and solid [27,28,40–42]. Constitutive relations that

Page 3 of 26

http://mc.manuscriptcentral.com/prsa

Submitted to Proceedings A

1
2
3
4
5
6
7
8
9
10
11
12
13
14
15
16
17
18
19
20
21
22
23
24
25
26
27
28
29
30
31
32
33
34
35
36
37
38
39
40
41
42
43
44
45
46
47
48
49
50
51
52
53
54
55
56
57
58
59
60



For Review Only

3

royalsocietypublishing.org/journal/rspa
P

roc
R

S
oc

A
0000000

..................................................................

Figure 1. (a) Schematic of a frozen fringe of sediment below an ice lens [4]. The base of the ice lens is denoted by zℓ

and the base of the frozen fringe is at z = 0. (b) Laboratory experiment in a cryogenic ring shear device showing growth

of frozen fringe during shearing of the ice ring over a layer of water-saturated glass beads [26]. The sense of shear is

shown by the arrow and the width of the frozen fringe is ∼1 cm. Although not discernible in the photograph, a mushy layer

of weakly frozen sediment formed near the base of the fringe [26]. (c) Ring shear experiment with Iowa loess showing the

development of high-porosity shear bands below a layer of debris-rich ice [24]. The photo was taken after the ice ring was

removed from the device and detached from the underlying unfrozen sediment. The width of the frozen fringe is ∼5 mm.

incorporate both yielding and viscous effects have been used to model compaction and swelling
in fibre suspensions [43,44].

Here, we develop a model for the compaction and dilation of frozen fringe during frost
heave. We modify the mixture theory approach [40] to reproduce the key elements of frost
heave models in the limit of a constant porosity [4]. While previous frost heave models rely on
integral force balances [4,6], the mixture theory approach taken herein facilitates generalisations
to higher spatial dimensions and alternative material behaviours. After deriving the model
(section 2), we summarise the hierarchy of governing equations that arises from the different
possible assumptions on the compaction law (section 3). We then describe how consolidation
laws and bulk viscosity influence frost heave cycles relative to the constant porosity case (section
4). Finally, we conclude by discussing comparisons with previous work, possible generalisations
of the theory, and avenues of future inquiry (section 5).

2. Model derivation

(a) Mass conservation
We consider a partially frozen mixture (frozen fringe) consisting of ice, water, and sediment
beneath an ice lens (figure 1). We let ϕ denote the porosity, defined here as the volume fraction
of the frozen fringe that is filled with water and ice. We define the ice saturation S as the fraction
of pore space filled with ice. Ice lenses are characterised by regions where the ice completely
saturates the pore space and sediment particles have been expelled so that S = ϕ= 1. While
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we restrict ourselves to the one spatial dimension in the vertical direction z, the mixture theory
approach generalises to three spatial dimensions [40]. The base of the frozen fringe z = 0 is defined
to be where the ice saturation vanishes (S = 0), marking the boundary between the frozen fringe
and the underlying water-saturated sediment. We let z = zℓ denote the position of the ice lens,
which is equivalent to the frozen fringe thickness in this coordinate system (figure 1).

We let vi denote the ice velocity, vs the sediment velocity, and vw the water velocity.
Conservation of mass for the ice, sediment, and water are given by

∂

∂t
[ρiϕS] +

∂

∂z
[ρiϕSvi] = Γ (2.1)

∂

∂t
[ρs(1− ϕ)] +

∂

∂z
[ρs(1− ϕ)vs] = 0 (2.2)

∂

∂t
[ρwϕ(1− S)] +

∂

∂z
[ρwϕ(1− S)vw] =−Γ, (2.3)

respectively, where Γ is the freezing rate, ρi is the density of ice, ρs is the density of sediment,
and ρw is the density of water. We will assume a constant ice velocity vi for consistency with
previous models of frost heave that assumed a rigid ice skeleton [4,6]; we show that deviations
from a constant ice velocity are expected to be negligible for the parameters explored herein (see
Appendix). The water flux relative to the sediment motion is defined by

q= ϕ(1− S)(vw − vs). (2.4)

Mass balance for the total water content is obtained by summing (2.1) and (2.3) to obtain

∂ϕ

∂t
+

∂

∂z
[ϕSvi + q + ϕ(1− S)vs] = 0, (2.5)

where we have made the approximation (1/ρi)− (1/ρw)≈ 0. The relative (scaled) density
difference between ice and water, (ρw − ρi)/ρw, will be neglected herein although the relevant
terms can be retained as shown in [6].

Jump conditions across the boundary between the ice lens and frozen fringe lead to a simplified
relationship between the water flux and solid velocities. We assume that the ice saturation S and
porosity ϕ jump to 1 at the ice lens z = zℓ and that the ice velocity vi is continuous across this
boundary. We integrate (2.2) and (2.5) across the jump at the ice lens to obtain

żℓ = v−s (2.6)

q− = (1− ϕ−S−)(vi − v−s ), (2.7)

where f− = limz→z−
ℓ
f(z). Using the definition of the water flux (2.4), we sum the mass balance

equations (2.1)-(2.3) after dividing by the densities to obtain the constraint

∂q

∂z
+

∂

∂z

[
(1− ϕS)vs + ϕSvi

]
= 0, (2.8)

where we have again made the approximation (1/ρi)− (1/ρw)≈ 0. We integrate the flux
constraint at the ice lens (2.8) and use (2.7) to find that

q= (1− ϕS)v∗, (2.9)

where we have defined the ice velocity relative to the sediment velocity to be

v∗ = vi − vs, (2.10)

which we will refer to as the heave rate [4].
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To illuminate the roles of the heave rate and ice velocity, we rewrite the ice lens evolution
equation (2.6) as

żℓ = vi − v∗(zℓ), (2.11)

which shows that the heave rate at z = zℓ corresponds to the growth rate of the ice lens thickness
when the upper surface of the ice lens moves at the ice velocity. Therefore, a positive heave rate
at the ice lens causes the ground surface to swell over time due to the growth of segregated ice.

The lens evolution equation (2.11) also shows that the ice velocity vi is analogous to the pulling
speed in previous studies [4,35]. For this reason, we will often refer to the ice velocity as the
pulling speed below. Assuming a constant ice velocity vi, we rewrite the mass balance equation
(2.2) in terms of the heave rate as

∂ϕ

∂t
+ vi

∂ϕ

∂z
=− ∂

∂z
[(1− ϕ)v∗] , (2.12)

which shows that the ice velocity vi is associated with advection of the sediment.
The primary mass-balance equations that we use in the remainder of the derivation are the

water flux (2.9), the ice-lens evolution (2.11), and the porosity evolution (2.12), which are all
written in terms of the heave rate v∗. Therefore, before continuing with the momentum balance,
we first describe the relationships between the heave rate, freezing rate, and ice velocity. We
integrate (2.1) and use (2.11) to obtain the ratio

v∗(zℓ)
vi

=

∫zℓ
0

Γ dz − d

dt

[∫zℓ
0

ρiϕS dz

]
[
ρiϕSvi

]
z=zℓ

. (2.13)

The ratio (2.13) shows that the heave rate is positive when the net freezing rate exceeds the rate
of ice mass change within the fringe, which results in growth of the ice lens. On the other hand,
equations (2.11) and (2.13) imply that the frozen fringe grows (żℓ > 0) whenever the rate of ice
mass change within the fringe exceeds the difference between the net freezing rate and the ice
flux into the lens. In the limit of a constant porosity and time-independent ice saturation, equation
(2.1) shows that the ice velocity (pulling speed) equals the net freezing rate relative to the ice mass
directly below the lens.

(b) Momentum conservation
In deriving the momentum balance, we follow previous formulations for partially molten
mixtures [40,41]. We show below that this formulation is consistent with previous frost heave
models that have been formulated with integral force balances in the vertical direction [6,18]. We
denote the water pressure by pw and the normal stress in the vertical direction on the ice and
sediment phases by σi and σs, respectively. Momentum balance for the partially frozen mixture
is given by

∂

∂z
[−ϕSσi] + Fi = ϕSρig (2.14)

∂

∂z
[−(1− ϕ)σs] + Fs = (1− ϕ)ρsg (2.15)

∂

∂z
[−ϕ(1− S)pw] + Fw = ϕ(1− S)ρwg, (2.16)

where Fi, Fs, and Fw are interfacial forces on the ice, sediment, and water, respectively [40,45].
While we assume that the ice skeleton is rigid (σi = pi) for the parameters explored herein, the
derivation generalises to the case of deforming ice (Appendix).
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We set the interfacial force on the water Fw to be

Fw =−d(vw − vs) + pw
∂

∂z
[ϕ(1− S)] (2.17)

d=
µ[ϕ(1− S)]2

k
, (2.18)

which, along with (2.16), results in Darcy’s law

q=− k

µ

(
∂pw
∂z

+ ρwg

)
, (2.19)

where k is the permeability, µ is the viscosity of water, and g is gravitational acceleration.
We choose the interfacial force on the ice and sediment to be

Fi = pw
∂

∂z
[ϕS] + (pi − pw)

∂

∂z
[ϕS] (2.20)

Fs = d(vw − vs) + pw
∂

∂z
[1− ϕ] + (pi − pw)

∂

∂z
[1− ϕS], (2.21)

so that all of the interfacial forces balance. The interfacial forces (2.20)-(2.21) mirror the magma
dynamics formulation [40], with the addition of terms proportional to the pressure difference
between ice and water (pi − pw) that represent thermomolecular forces related to premelting at
the ice-water interface [4]. In particular, the interfacial force (2.20) can be written as Fi = pi

∂
∂z [ϕS],

which represents the ice pressure acting normal to the unfrozen material interface. Equation (2.14)
implies that the interfacial force Fi results in a cryostatic ice pressure gradient in the rigid ice limit
(σi = pi), which is consistent with the conceptual model of a rigid ice skeleton (figure 1).

We sum the momentum balance equations for the unfrozen component (2.15)-(2.16) and use
Fs + Fw =−Fi to obtain the force balance

∂

∂z
[(1− ϕ)σs − ϕ(1− S)pw] + pi

∂

∂z
[1− ϕS] = ρsg(1− ϕ) + ρwgϕ(1− S). (2.22)

We define the effective stress on the sediment particles to be

N = (1− ϕ) (σs − pw) , (2.23)

which will be related to porosity through a compaction law below (section 2(c)). Using the
definition (2.23), the bulk momentum equation (2.22) becomes

∂N

∂z
=− ∂

∂z
[(1− ϕS)pw] + pi

∂

∂z
[1− ϕS]− ρsg(1− ϕ)− ρwgϕ(1− S). (2.24)

We derive a boundary condition for the effective stress below the ice lens from a jump
condition across the interface. The ice momentum balance (2.14) implies

pi
∂

∂z
[1− ϕS] =− ∂

∂z
[ϕSpi]− ϕSρig. (2.25)

Noting that the effective stress (2.23) jumps to zero at the ice lens, we integrate equation (2.24)
across the jump and use (2.25) to obtain

N− = (1− ϕ−S−)(p−i − p−w). (2.26)

Equation (2.26) represents the thermomolecular force acting on the unfrozen material below the
ice lens.

We isolate the thermomolecular effects by rewriting the momentum balance (2.24) as

∂N

∂z
=−(1− ϕS)

∂pw
∂z

− (pi − pw)
∂

∂z
[ϕS]− ρsg(1− ϕ)− ρwgϕ(1− S), (2.27)

which is consistent with the integral force balance in previous models [6]. We determine the
thermomolecular term by using the generalized Clausius-Clapeyron equation,

pi − pw = ρiL
Tm − T

Tm
+ (pm − pw)

ρw − ρi
ρw

, (2.28)
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Figure 2. Nondimensional empirical relations, which depend on the parameters listed in table 1. (a) Porosity ϕ as a

function of the yield stress Np from the consolidation law (2.41). The porosity ϕc = 0.42 denotes the threshold where

lens nucleation occurs according to (3.14) in the perfectly plastic compaction model. The corresponding effective stress

threshold is Nc = 0.05, or a dimensional stress of 3.4 kPa according to the scale in table 1. (b) Ice saturation S (2.46) as

a function of undercooling temperature θ. (c) Relative permeability k (2.47) as a function of the ice saturation S.

where T is the temperature, L is the latent heat, and (Tm, pm) are a reference temperature
and pressure [46,47]. To determine the temperature T , we will adopt a frozen-temperature
approximation for simplicity below (section 2(e)). The term involving the relative density
difference between ice and water in (2.28) is small and will be neglected [6].

We combine the water flux expression (2.9) and Darcy’s law (2.19) to obtain the identity

∂pw
∂z

=−
[
ρwg +

µ

k
(1− ϕS)v∗

]
. (2.29)

Using (2.28) and (2.29) in the momentum balance (2.27), we obtain

∂N

∂z
=

µ

k
(1− ϕS)2v∗ −

(
ρiL

Tm − T

Tm

)
∂

∂z
[ϕS]− (ρs − ρw)g(1− ϕ). (2.30)

Similarly, the expression (2.26) for the effective stress below the ice lens becomes

N− = (1− ϕ−S−)

(
ρiL

Tm − T−

Tm

)
. (2.31)

(c) Compaction laws
We consider compaction laws of the form

N =Np(ϕ) +N∗ (2.32)

where Np is a plastic yield stress that depends only on the porosity and N∗ is an additional
stress that allows for unloading (N → 0). We explain why the additional term N∗ is necessary for
unloading and consider two different options below.

Soil consolidation tests relate the void ratio e= ϕ/(1− ϕ) to the effective stress through
empirical relations of the form

e(Np) = e0 − b log(Np/N0), (2.33)

where e0 is the void ratio at a reference load of N0 = 1 kPa and b is an empirical constant [38].
We choose typical parameter values for normal consolidation of subglacial till with e0 = 0.8 and
b= 0.15 (table 1). Other empirical relations between porosity and effective stress that hold for
overconsolidation (unloading-reloading line) or shearing (critical state line) can be incorporated
in this framework [37,39]. The empirical relation for porosity is obtained from (2.33) via ϕ(Np) =

e(Np)/[1 + e(Np)]. While the porosity approaches unity in the limit Np → 0, this is associated
with a singularity in the gradient of the consolidation law, |ϕ′(Np)| →∞ (figure 2). Thus, small
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changes in the effective stress result in large changes in the porosity in the limit Np → 0, which
influences the nucleation of ice lenses.

Previous models of frost heave with constant porosity assume that new ice lenses nucleate
when the total effective stress reaches zero, N → 0, within the fringe [1,4,6]. When the effective
stress reaches zero, no forces restrain ice from cleaving apart the particle matrix and a new ice lens
forms. We demonstrate below (section 3(e)) that the plastic yield stress Np cannot vanish due to
the presence of the gradient singularity in the empirical law (2.41). Therefore, we must consider
other mechanisms that allow for unloading. For example, we could assume that a tensile stress
N∗ =−Nc is generated by small, ice-filled cracks in accordance with previous work [48,49]. In
this case, the total effective stress will vanish once a threshold porosity ϕc = ϕ(Nc)< 1 is reached
(figure 2). We assume that crack propagation causes the nucleation of a new ice lens in this case.
For simplicity, we will consider a constant value of Nc = 3.4 kPa, which is a small fraction of the
effective stress scale described below (table 1). For example, this threshold would correspond to
a flaw of size ∼5 cm when the fracture toughness is 103 Pa m1/2 (e.g., Kaolinite clay) or ∼0.5 mm
when the fracture toughness is 102 Pa m1/2 (e.g., silica microspheres) [48].

An alternative mechanism to cracking is viscous infiltration, which is motivated by the
consideration of ice leaving the pore space upon consolidation or entering the pore space upon
dilation. The movement of ice through pores imposes a time scale in response to stress variations
that is not captured by the plastic consolidation law (2.33). Because ice deforms viscously over
long time scales [50,51], we generalise the stress N∗ to include a viscous term,

N∗ =−Nc + (1− ϕ)ζ
∂v∗
∂z

, (2.34)

where ζ is the bulk viscosity of the mixture [40]. While ζ could depend on the porosity or ice
saturation, we will assume that it is constant for simplicity. The effective stress (2.32) with the
viscous contribution (2.34) mirrors a debris-rich ice rheology where viscous deformation occurs
above the sediment yield stress [20]. While the ice is approximated as rigid in our formulation
(Appendix), we assume that the bulk mixture deforms viscously because the presence of ice in
the pore space potentially limits the rate of sediment consolidation. The combination of viscous
compaction and plastic consolidation appears in other applications where there is both yielding
and rate-dependent behaviour such as in the compaction or swelling of fibre (e.g., cellulose)
suspensions [43,44]. We show below that including either the constant tensile stress or viscous
stress in the compaction law (2.32) allows for the generation of ice lenses (N → 0).

(d) Scaling
We scale the effective stress by the threshold [N ] needed for ice to overcome the curvature of
the pore throats and infiltrate the sediment. This threshold is determined by the Gibbs-Thomson
effect to be

[N ] =
2γiw
rp

, (2.35)

where γiw is the interfacial energy and rp is the pore-throat radius [6,18]. Owing to the Clausius-
Clapeyron relation (2.28), the temperature Tf where ice begins to infiltrate is

Tf = Tm

(
1− [N ]

ρiL

)
, (2.36)

which is the temperature at the base of the fringe (z = 0). With the values in table 1, ice infiltrates
at Tf = 273.09 K. With these considerations, we scale the variables according to

[z] =
[N ]

(ρs − ρw)g
, [v] =

[k](ρs − ρw)g

µ
, [t] =

[z]

[v]
, [T ] =

Tm[N ]

ρiL
. (2.37)

We scale both the ice velocity vi and heave rate v∗ by the same velocity scale [v], which depends
on the permeability scale [k] that is described below (section 2(e)).
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Physical parameters Scales Nondimensional parameters

ρi 917 kg m−3 [N ] 68 kPa α 6
ρw 1000 kg m−3 [z] 4.62 m β 0.5
ρs 2500 kg m−3 [v] 15.5 m yr−1 a 68
g 9.81 m s−2 [t] 0.3 yr b 0.15
L 3.34×105 J kg−1 [k] 6× 10−14 m2 c 1.9
γiw 0.034 J m−2 [T ] 0.06 K e0 0.8
µ 1.8×10−3 Pa s − − λ [0, 4]

rp 10−6 m − − Nc [0, 0.5]

Tm 273.15 K − − Nf [1.6, 2]

ζ [0, 1013] Pa s − − vi [0.012, 0.074]

δ [0, 18.5] m − − − −

Table 1. Values for physical parameters, scales, and nondimensional parameters. Ranges are provided for the

parameters that are varied between numerical experiments.

We shift the temperature to coincide with zero at the base of the fringe by defining the (scaled)
undercooling temperature

θ=
Tf − T

[T ]
. (2.38)

Without renaming the other nondimensional variables, the momentum balance (2.30) scales to

∂N

∂z
=

1

k
(1− ϕS)2v∗ − (1 + θ)

∂

∂z
[ϕS]− (1− ϕ). (2.39)

The porosity evolution equation (2.12) and lens evolution equation (2.11) take the same forms
under this scaling, while the effective stress beneath the ice lens (2.31) becomes

N− = (1− ϕ−S−)(1 + θ−). (2.40)

We scale both the yield stress and the viscous stress in the compaction law (2.32) by [N ].
Likewise, the empirical consolidation law (2.33) scales to

e(Np) = e0 − b log(aNp) (2.41)

where a= [N ]/N0. The viscous stress (2.34) scales to

N∗ =−Nc + λ2(1− ϕ)
∂v∗
∂z

(2.42)

where we have defined the parameter

λ=
δ

[z]
. (2.43)

The parameter λ relates the length scale set by infiltration [z] to the classical viscous compaction
length δ, which is here defined by

δ=

√
[k]

µ
ζ. (2.44)

In our formulation, the compacting phase (soil) is not viscous whereas in the magma dynamics
formulation [40] an additional term involving the viscosity of the compacting phase appears in
the length scale δ (2.44). Example parameter values are provided in table 1.
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(e) Constitutive relations
We require constitutive relations for the permeability and ice saturation, which depend on
the undercooling temperature θ. For comparison with previous studies, we assume a frozen-
temperature approximation with constant gradient,

θ= cz, (2.45)

where c= |dTdz |[z]/[T ] is the nondimensional temperature gradient [4,36]. We set c= 1.9, which
corresponds to a temperature gradient of 25 K/km with the scales in table 1. This geothermal
temperature gradient is motivated by conductive cooling, for example, beneath a glacier of
thickness 1 km with a surface temperature near −25◦C. Higher temperature gradients that
are appropriate for (subaerial) permafrost and laboratory experiments are considered in the
discussion. This simplification allows us to focus on the mechanical effects of compaction on the
frost heave cycles. Models that instead solve the full energy balance to determine the temperature
evolution have also been developed [5,6].

Empirical relations for the saturation and permeability are given by

S(θ) =max(0, 1− |1 + θ|−β) (2.46)

k(S) = (1− S)α, (2.47)

where the permeability law has been scaled by [k] (table 1). The permeability scale [k] can vary
over several orders of magnitude and, therefore, strongly influences the time scale [t] (2.37) [52,53].
We choose typical values for the exponents α= 6 and β = 0.5 [18]. The empirical laws (2.46)-
(2.47) imply that the permeability decreases as the ice saturation increases and that the pore
space becomes increasingly saturated with ice at larger undercooling temperatures (figure 2). In
particular, the permeability decreases and the ice saturation increases beneath the ice lens as the
fringe grows under a constant temperature gradient.

3. Governing equations
Now we state the final governing equations and then consider the simplified cases of perfectly
plastic compaction (λ= 0) and constant porosity. We then discuss the boundary conditions and
the ice lens nucleation conditions. The full model involves solving for the heave rate to evolve
the fringe thickness (żℓ = vi − v∗) and the effective stress to evaluate the nucleation condition
(N = 0). We discuss below how the degree of coupling between these steps depends on the choice
of compaction law.

(a) Viscoplastic compaction
We combine the mass and momentum balances to derive a coupled set of partial differential
equations for the yield stress and the heave rate. The heave rate is determined from equation
(2.39) to be

v∗ =
k

(1− ϕS)2

[
∂N

∂z
+ (1 + θ)

∂

∂z
[ϕS] + 1− ϕ

]
. (3.1)

Substituting the heave rate (3.1) and compaction law N =Np +N∗, with N∗ determined by (2.42),
into the mass balance equation (2.12), we obtain

∂

∂t
[1− ϕ] + vi

∂

∂z
[1− ϕ] =

∂

∂z

[
D(ϕ, S)

∂Np

∂z

]
+ F (ϕ, S) +H(v∗), (3.2)
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where we have defined the effective diffusivity and forcing functions

D(ϕ, S) =
(1− ϕ)

(1− ϕS)2
k (3.3)

F (ϕ, S) =
∂

∂z

[
D(ϕ, S)

(
(1 + θ)

∂

∂z
[ϕS] + 1− ϕ

)]
(3.4)

H(v∗) =
∂

∂z

[
D(ϕ, S)

∂

∂z

[
λ2(1− ϕ)

∂v∗
∂z

]]
. (3.5)

For a general constitutive relation ϕ= ϕ(Np), equation (3.2) can be written as a nonlinear
advection-diffusion equation for the yield stress,

|ϕ′(Np)|
(
∂Np

∂t
+ vi

∂Np

∂z

)
=

∂

∂z

[
D(ϕ, S)

∂Np

∂z

]
+ F (ϕ, S) +H(v∗), (3.6)

where coupling with the heave rate occurs through the forcing function H . When viscous effects
are included (λ> 0), equation (3.6) is coupled to an elliptic equation for the heave rate that follows
from rearranging (3.1),

− ∂

∂z

[
λ2(1− ϕ)

∂v∗
∂z

]
+

(1− ϕS)2

k
v∗ =

∂Np

∂z
+ (1 + θ)

∂

∂z
[ϕS] + 1− ϕ. (3.7)

The full viscoplastic compaction problem is to solve the coupled equations (3.6)-(3.7) for (Np, v∗)

subject to the boundary conditions on the yield stress and heave rate discussed below (section
3(d)). In this way, there is a two-way coupling between the effective stress and the heave rate in
the full viscoplastic model. In the following sections, we simplify the full governing equations
(3.6)-(3.7) by considering the limits of perfectly plastic compaction (λ= 0) and constant porosity
(ϕ′(Np) = 0).

(b) Perfectly plastic compaction
We consider the simplified case where viscous effects are neglected in the full problem (3.6)-(3.7),
which corresponds to the limit λ→ 0 where the effective stress simplifies to N ≡Np(ϕ)−Nc. In
this limit, the heave-rate forcing term H (3.5) vanishes so that we only need to solve the advection-
diffusion equation (3.6) for the yield stress. The heave rate can then be calculated directly from
(3.7) upon setting λ= 0. Therefore, there is a one-way coupling between the effective stress and
heave rate when viscous effects are neglected. The limit λ→ 0 represents a singular perturbation
of the full model (3.7). We describe how the boundary conditions change in this limit relative to
the full problem below (section 3(d)).

The assumption of perfectly plastic compaction has consequences for ice lens nucleation when
a logarithmic consolidation law is adopted. The gradient singularity in the consolidation law,
|ϕ′(Np)| →∞ as Np → 0 (figure 2a), results in pure advection in equation (3.6). While the limit of
pure advection is consistent with the conceptual model of a rigid ice lens forming as ϕ→ 1, the
singularity prevents N = 0 from being attained exactly unless there is a preexisting tensile stress
Nc > 0 as discussed previously (section 2(c)).

(c) Constant porosity
As a final simplification, we also consider the case of a constant porosity for comparison with
previous theoretical studies that adopted this assumption [4–6,36]. In the context of our model, the
constant porosity assumption can be viewed as an approximation for overconsolidated soil where
the void ratio is insensitive to changes in stress from unloading or reloading (ϕ′(Np)≈ 0). The
tensile stress Nc is not necessary for unloading to occur in the constant porosity model. Moreover,
equation (2.12) implies that the heave rate is spatially uniform when the porosity is constant.
Therefore, we set N ≡Np, neglecting viscous stresses and the preexisting tensile stress. In this
limit, we obtain an ordinary differential equation for the lens evolution, żℓ = vi − v∗(zℓ).
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Figure 3. (a) Effective stress below the ice lens as a function of the undercooling at the ice lens θ(zℓ). The effective stress

is calculated from equations (2.41) and (3.11) with a root-finding algorithm. (b) Porosity below the ice lens corresponding

to the effective stress in (a). Compaction below the ice lens increases with the undercooling θ(zℓ). For reference, an

undercooling of θ= 70 corresponds to a dimensional temperature change of Tf − T ≈ 4.2 K with the scale in table 1.

The effective stress below the ice lens Np = (1− ϕS)(1 + θ), i.e. (2.40), can be expressed as

Np(zℓ) = 1 +

∫zℓ
0

∂

∂z
[(1− ϕS)(1 + θ)] dz (3.8)

because (1− ϕS)(1 + θ) = 1 at the base of the fringe. Setting λ= 0, we integrate (3.7) and use (3.8)
to obtain an expression for the heave rate,

v∗(zℓ) =
1−Nf +

∫zℓ
0

1− ϕ+ (1− ϕS)
∂θ

∂z
dz∫zℓ

0

1

k
(1− ϕS)2 dz

, (3.9)

where Nf =Np(0) is a prescribed effective stress at the base of the fringe. The boundary condition
Nf is the load borne by particle contacts at the uppermost extent of water-saturated sediments and
as such can be identified with the basal effective stress in studies of glacier mechanics [54,55]. The
heave rate (3.9) is consistent with previous models that assumed a constant porosity [4,6,18,36].

To evaluate the lens initiation conditions (N = 0) as described below (section 3(e)), we integrate
the force balance (2.39) to obtain the effective stress profile at z for a given lens position zℓ,

Np(z) =Nf +

∫z
0

[
1

k
(1− ϕS)2v∗(zℓ)− ϕ(1 + θ)

∂S

∂z′
− (1− ϕ)

]
dz′. (3.10)

Thus, the heave rate and lens initiation condition can be determined as functions of the porosity
ϕ, fringe thickness zℓ, and basal effective stress Nf from equations (3.9) and (3.10) a priori in the
constant porosity model. In contrast to the compaction models, the heave rate (3.9) and stress
profile (3.10) do not directly depend on the pulling speed vi.

(d) Boundary conditions
In the advection-diffusion equation (3.6), we prescribe Dirichlet conditions on the yield stress Np

so that the model reduces to the constant porosity model (section 3(c)) in the absence of porosity
variations. We ascribe the effective stress condition below the ice lens (2.40) to the yield stress at
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z = zℓ,

Np(zℓ) = (1− ϕS)(1 + θ). (3.11)

The boundary condition (3.11) implies that compaction occurs below the ice lens as the
undercooling increases. In a fixed temperature gradient, the porosity below the ice lens becomes
a function of the fringe thickness (or undercooling) alone due to this boundary condition and can
be obtained numerically with a root-finding method (figure 3). At the base of the fringe (z = 0),
we prescribe a constant effective stress

Np(0) =Nf , (3.12)

following previous studies [6,18]. The boundary condition (3.12) results in a fixed porosity at the
base of the fringe, ϕf = ϕ(Nf).

When viscous effects are included (λ> 0) in the compaction relation (2.42), we must also
supply boundary conditions on the elliptic equation for the heave rate (3.7). As we have ascribed
the stress conditions to the yield stress, we assume that the viscous stresses vanish at the
boundaries,

∂v∗
∂z

= 0 (3.13)

below the ice lens (z = zℓ) and at the base of the fringe (z = 0). This choice is consistent with the
constant porosity model where v∗ is spatially uniform, as well as the requirement that the viscous
stresses should vanish below the fringe in the ice-free sediment. However, it is possible that a
portion of the total effective stress below the lens, N(zℓ) = (1− ϕS)(1 + θ), could be ascribed to
viscous stresses, although we cannot currently constrain such a partitioning. The perfectly plastic
limit λ→ 0 (section 3(b)) represents a singular perturbation of the elliptic equation (3.7) where
gradients in the heave rate at the boundaries are determined by the yield stress alone.

(e) Ice lens nucleation
We assume that a new ice lens will initiate at a position zn and a discrete point in time tn when
the total effective stress N =Np +N∗ reaches zero [1,4]. Thus, the position of the active ice lens
jumps in time, {

N(zn, t
−
n ) = 0

zℓ(t
+
n ) = zn

, (3.14)

where t−n and t+n denote before and after the jump, respectively. Likewise, we define the maximum
lens position via zℓ(t

−
n ) = zm. We refer to zm as the maximum fringe thickness and zn as the

incipient fringe thickness. The jumps in frozen fringe thickness (zm − zn) correspond to the
spacing between successive ice lenses.

Immediately after an ice lens nucleates, we must specify a stress field on the new domain
[0, zn] that satisfies the boundary conditions (3.11)-(3.13). Here, we assume that the sediment is
advecting with the pulling speed (ice velocity) immediately after nucleation. In the discussion, we
describe how dynamic cracking models and experiments could further constrain the behaviour
of frozen fringe during lens nucleation (section 5). Therefore, we neglect the material derivative
in (3.6) so that the yield stress immediately after lens nucleation is determined by the elliptic
equation

− ∂

∂z

[
D(ϕ, S)

∂Np

∂z

]
= F (ϕ, S) +H(v∗) (t= t+n ), (3.15)

which is coupled to the elliptic equation for the heave rate (3.7) when λ> 0. Thus, the stress profile
immediately after lens initiation only depends on the new lens position zn, which is consistent
with the constant porosity model (3.10). By adopting the nucleation conditions (3.14)-(3.15), we
only resolve the dynamics below the new (active) ice lens at any point in time. We assume that
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Figure 4. Evolution of the (a) ice lens position and (b) heave rate for the constant porosity model with the pulling speed

vi = 0.03 and effective stress at the base of the fringe Nf = 2. The maximum time is tmax = 1000. (a) Ice lenses are

periodically generated for these values of the pulling speed and effective stress. The maximum fringe thicknesses are

denoted by blue stars and the incipient fringe thicknesses are denoted by red stars. (b) The heave rate is monotonically

decreasing over time. (c) Stress profiles at the maximum fringe thickness zm (blue) and incipient fringe thickness zn (red)

at the time noted by the vertical dashed line in the time series. The ice lens nucleates at zn because N(zn) = 0 when

the fringe thickness reaches its maximum. During the next cycle, the fringe starts at the incipient thickness zn.

the old ice lens stops growing because the water supply from below the fringe has been cut off by
a new impermeable layer of ice.

4. Results
We solve the governing equations (3.6)-(3.7) subject to the boundary conditions (3.11)-(3.13),
nucleation conditions (3.14)-(3.15), and lens evolution equation (2.11) with the finite element
package FEniCS [56–58]. The code for solving the problem and reproducing the figures is openly
available (https://github.com/agstub/compaction-frost) and will be archived in a citeable form
with Zenodo in the final version.

The primary parameters in the scaled problem are the ice velocity vi, the effective stress
boundary condition at the base of the fringe Nf , and the bulk viscosity parameter λ. We first
consider the case of constant porosity as a reference solution (section 4(a)). We then explore how
perfectly plastic compaction (λ= 0) can generate complex oscillations in the frost heave cycles
that depend on vi and Nf (section 4(b)). Finally, we explore how viscous effects (λ> 0) can inhibit
the feedbacks that lead to complex oscillations in the perfectly plastic model (section 4(c)).

(a) Constant porosity
As a reference solution for the compaction problems, we first consider the constant porosity
problem as described in section 3(c) and in previous work [4]. In the constant porosity limit,
equation (2.1) shows that the ice velocity vi (pulling speed) is proportional to the net freezing rate.
To facilitate comparisons between the models, we set the pulling speed to vi = 0.03 and the stress
boundary condition to Nf = 2 because ice lenses are generated repeatedly for these parameter
values in all of the models (e.g., figure 4a). The constant porosity model predicts that the heave
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Figure 5. Evolution of the (a) ice lens position and (b) heave rate for the perfectly plastic compaction model (λ= 0) with

the same parameters as in figure 4. The pulling speed is vi = 0.03 and the effective stress at the base of the fringe is

set to Nf = 2, which corresponds to a porosity of ϕf = 0.325. The maximum time is tmax = 1000. (a) Ice lenses are

periodically generated for these parameter values. (b) The heave rate decreases over time throughout the fringe for these

parameters. (c) Stress profiles at the maximum fringe thickness (blue) and incipient fringe thickness (red) at the time

noted by the dashed vertical line in the time series. (d) Porosity profiles at the maximum and incipient fringe thicknesses.

Dilation (ϕ> ϕf ) occurs throughout most of the fringe while compaction (ϕ< ϕf ) occurs below the ice lens.

rate decreases over time (figure 4b). As the frozen fringe thickens over time, the ice lens growth
slows because the permeability decreases as the ice saturation increases at higher undercooling
temperatures below the lens (figure 2). Thus, the rate of water supply to the growing ice lens
diminishes over time in accordance with the relation (2.9). The frozen fringe eventually reaches a
maximum thickness zm and a new ice lens nucleates at zn (figure 4c).

When the incipient fringe thickness zn is large enough, the fringe will continue to grow again
in the next cycle and the process will repeat. Otherwise, the frozen fringe will approach a steady
state (v∗ = vi) where a single ice lens grows steadily. The onset of oscillations and the stability of
steady solutions in the constant porosity problem have been described previously [4–6]. Here, we
instead focus on the qualitative behaviour of the frost heave cycles rather than the conditions that
produce the oscillations. In the following sections, we explore how internal variability driven by
compaction below the ice lens can lead to more complex dynamics.

(b) Plastic model
Now, we explore the behaviour of the perfectly plastic model by solving (3.6)-(3.7) with λ= 0

as described in section 3(b). We set the tensile stress that allows for lens nucleation by crack
propagation to Nc = 0.05, which corresponds to a porosity threshold of ϕc = 0.42 (figure 2a). We
first examine the model behaviour for different values of the pulling speed vi at a fixed value of
effective stress boundary condition, Nf = 2. We will then explore the effect of varying the stress
boundary condition.
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Figure 6. Evolution of the (a) ice lens position and (b) heave rate for the plastic compaction model (λ= 0) along with

a comparison between vertical profiles from two different cycles (c,d). The pulling speed is vi = 0.038 and the effective

stress at the base of the fringe is set to Nf = 2, which corresponds to a porosity of ϕf = 0.325. The maximum time

is tmax = 3000. (a) A multi-modal limit cycle in the fringe thickness arises for these parameter values, displaying eight

distinct modes. (b) The heave rate below the ice lens displays an overall increasing trend, although there are cycles with

non-monotonic behaviour. The mean heave rate within the fringe decreases over time as in the constant porosity model

(figure 4) and the plastic compaction model at lower pulling speeds (figure 5). The minimum heave rate becomes negative

for sustained periods of time, corresponding to a downward water flux due to compaction below the ice lens. (c) Stress

profiles at the maximum fringe thickness for two successive cycles at the times noted by the dashed vertical lines in the

time series. (d) Porosity profiles corresponding to the stress profiles in panel (c). Enhanced compaction at the larger fringe

thickness (black line) leads to enhanced dilation below the compacting region.

For small values of the pulling speed (e.g., vi = 0.03), periodic ice lens generation occurs in
the perfectly plastic model in a similar manner to the constant porosity model (figure 5a). Time
series of the maximum, minimum, and mean heave rate show that the heave rate decreases over
time throughout the fringe as in the constant porosity model (figure 5b). Vertical profiles of the
effective stress and porosity show that bulk dilation (ϕ> ϕf ) occurs as the growing ice lens draws
water into the fringe (figure 5c,d). New ice lenses nucleate where the porosity is maximized within
the fringe. On the other hand, compaction (ϕ< ϕf ) occurs directly below the ice lens due to the
enhanced load (3.11) supported by particle contacts (figure 5d).

Compaction below the ice lens increases as the fringe thickens at larger pulling speeds. This
enhanced compaction generates complex multi-modal cycles in the fringe thickness and heave
rate. For example, a limit cycle with eight distinct modes is found at vi = 0.038 (figure 6a). In
this regime, the heave rate below the ice lens increases over time, corresponding to accelerated
growth of the ice lens. Meanwhile, the heave rate often becomes negative within the fringe, which
corresponds to a downward water flux (equation 2.9; figure 6b). Both of these behaviours arise
because water is expelled out of the pore space due to the enhanced compaction below the ice lens
(figure 6c,d). As in the constant porosity model, the mean heave rate decreases over time during
each cycle because the mean permeability decreases as the fringe thickens. Thus, the overall rate
of water supply to the ice lens still diminishes over time despite the different ways that this is
accommodated within the fringe between the models.
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Figure 7. Recurrence relations between an incipient fringe thickness (zjn) and the next incipient fringe thickness (zj+1
n )

for a range of pulling speeds around the transition to complex oscillations. The fixed points of the mapping zj+1
n = f(zjn)

are shown as red squares along with a slope of magnitude unity (dashed line) that characterises the stability. Blue lines

show cobweb diagrams produced by iterating the interpolated map f two hundred times. (a) The fixed point is stable when

vi = 0.037, corresponding to a single-mode limit cycle. (b) The fixed point becomes unstable and a bimodal limit cycle

arises near vi = 0.0375. The fixed point remains unstable at higher pulling speeds. (c) The value vi = 0.038 corresponds

to the 8-mode limit cycle shown in figure 6. (d) Around vi = 0.0385, the mapping f exhibits a discontinuity at zjn ≈ 10

and chaotic behaviour arises.

The downward water flux causes porosity enhancement and weakening of the fringe in a
spatially distributed zone below the compacting region (figure 6c,d). This weakening causes ice
lenses to nucleate closer to the active ice lens. Thicker incipient fringes are inherently weaker and
will not grow as large as the maximum thickness from a preceding cycle. Conversely, a thinner
incipient fringe can grow to a maximum thickness that is larger than the preceding cycle before
the downward water flux from enhanced compaction causes nucleation. These feedbacks give
rise to the alternating behaviour in the multi-modal limit cycles (figure 6a).

To characterise the transition to multi-modal oscillations, we examine the recurrence relation
between an incipient fringe thickness zjn and the next incipient fringe thickness zj+1

n (figure 7).
We approximate the mapping zj+1

n = f(zjn) by running the model for a range of initial conditions
(zjn) until a new ice lens nucleates (zj+1

n ) and interpolating the results. When vi = 0.037, there is a
stable fixed point that corresponds to a single-mode limit cycle. The fixed point becomes unstable
at higher values of vi, resulting in multi-modal oscillations and increasing disorder (figure 7b-
7d). The recurrence relations show that the loss of stability is related to nucleation closer to the
active ice lens (i.e., zj+1

n increases), which is caused by the downward water flux from enhanced
compaction below the ice lens at faster pulling speeds. Chaotic oscillations arise around vi =

0.0385 (figure 7d).
The effective stress at the base of the fringe was Nf = 2 in all of the preceding examples (figures

4-8). To explore how the dynamics depend on this boundary condition, we construct bifurcation
diagrams of the jumps in fringe thickness zm − zn (ice lens spacing) relative to the pulling speed
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Figure 8. Frozen fringe thickness jumps zm − zn (ice lens spacing) for different values of the effective stress boundary

condition Nf . Disorder increases as the effective stress at the base of the fringe becomes larger. For each value of the

effective stress boundary condition, unstable fringe growth (no periodic lenses) eventually occurs at higher values of the

pulling speed vi beyond what is shown in each panel. The value of the pulling speed vi where multi-modal oscillations

begin is sensitive to the effective stress at the base of the fringe Nf .

vi for various values of Nf (figure 8). At smaller values of the effective stress condition (Nf ≲ 1.6),
multi-modal oscillations occur while the branches of the bifurcation diagram remain continuous
(figure 8a). At higher values of the effective stress condition (Nf ≳ 1.7), the bifurcation diagrams
become increasingly disordered (figure 8b-8d). A region of period doubling always precedes the
more complex behaviour, which is a common route to chaos for discrete maps [59].

Disorder increases when the effective stress at the base increases because the frozen fringe must
grow to a larger thickness before unloading can occur. In other words, the effects of enhanced
compaction become more pronounced at larger Nf (figure 8). Likewise, the transition to multi-
modal oscillations occurs at faster pulling speeds vi for lower values of the effective stress
condition Nf because the fringe must become sufficiently thick before the enhanced compaction
influences the cycles. At pulling speeds beyond what is shown in figure 8, the water expelled from
the pore space is distributed over an increasingly wider zone and the fringe growth effectively
outpaces the weakening effective stress (N → 0). Therefore, the fringe growth becomes unstable
and no ice lenses nucleate in the limit of large vi. This behaviour contrasts with the constant
porosity model where periodic behaviour persists at large vi because the heave rate and effective
stress are independent of the pulling speed (section 3(c)).
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Figure 9. Evolution of the (a) ice lens position and (b) heave rate for the viscoplastic compaction model with the viscosity

parameter λ= 4. The pulling speed is vi = 0.012 and the effective stress at the base of the fringe is set to Nf = 2.

The maximum time is tmax = 4000 and there is no tensile stress associated with cracking (Nc = 0). (a) Ice lenses are

periodically generated for these values of the pulling speed and effective stress. (b) The heave rate decreases over time

throughout the fringe for these parameters. (c) Plastic yield stress (Np) profile at the maximum fringe thickness at the

time noted by the dashed vertical line in the time series. (d) Viscous stress (N∗) profile at the maximum fringe thickness.

Viscous decompaction (N∗ < 0) drives ice lens nucleation at the position denoted by the horizontal dashed lines.

(c) Viscoplastic model
We now explore the effects of viscosity in the compaction law by setting λ> 0 in the full model
(3.6)-(3.7). In this case, the compaction stress N∗ (2.42) depends on the divergence of the solid
velocity as in previous poroviscous mixture models [40]. We first consider the case where there
is no tensile stress associated with cracking (Nc = 0) so that unloading (N → 0) occurs solely
through viscous decompaction. The width of the decompacting zone is sensitive to λ (2.43)
because it primarily depends on the viscous compaction length scale δ (2.44). We set λ= 4, which
corresponds to a viscous compaction length scale δ that is four times greater than the length scale
set by infiltration [z]. For the parameters chosen herein, this corresponds to a bulk viscosity of
ζ = 1013 Pa s (table 1), which is in the range of values for glacial ice [51,60].

Viscous decompaction provides the tensile stress necessary for unloading (N → 0) to occur
when λ= 4 (figure 9). At small values of the pulling speed (e.g., vi = 0.012), repeating single-
mode cycles occur in a similar manner to the constant porosity model. Likewise, the heave rate
decreases over time throughout the fringe (figure 9a,b). Decompaction occurs in a localised zone
within the fringe where the next ice lens nucleates (figure 9d). The plastic yield stress (Np) is two
orders of magnitude greater than the viscous stress (N∗) for these parameters (figure 9c).

At faster pulling speeds (e.g., vi = 0.02), the effects of enhanced compaction below the ice
lens begin to emerge (figure 10). In this regime, viscous decompaction occurs in a localised
area below the compacting zone. A first nucleation event occurs directly below the compacting
zone. The stress profile immediately after the first nucleation event is unstable (N < 0) and this
immediately results in the nucleation of a second ice lens at a lower position within the fringe
(figure 10c,d). This immediate second unloading event occurs because the region of enhanced
compaction is cut off after nucleation and the instantaneous stress adjustment results in a transfer
of viscous stresses to lower positions of the fringe where bulk dilation was building up during
the cycle (figure 10c,d). The second nucleation event happens instantaneously in the model and
corresponds to an ice lens of infinitesimal thickness. In this scenario, we envision that ice would
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Figure 10. Evolution of the (a) ice lens position and (b) heave rate for the viscoplastic compaction model with the viscosity

parameter λ= 4. The pulling speed is vi = 0.02 and the effective stress at the base of the fringe is set to Nf = 2. The

maximum time is tmax = 4000 and there is no tensile stress associated with cracking (Nc = 0). (a) Pairs of ice lenses

are periodically generated for these values of the pulling speed and effective stress. A first ice lens nucleates at a large

fringe thickness and this is immediately followed by a second nucleation event at a smaller fringe thickness. (b) The heave

rate is monotonically decreasing over time throughout the fringe for these parameters. (c) Plastic yield stress (Np) profiles

at the maximum fringe thickness at the time noted by the dashed vertical line in the time series. The solid line shows the

stress profile for the maximum fringe thickness (zm ≈ 16.1) and the dashed line shows the stress profile for the incipient

fringe thickness (zn ≈ 14.7). The incipient stress profile (dashed) has a region where N < 0, which immediately results

in the nucleation of a new ice lens at zn ≈ 3.9. (d) Viscous stress (N∗) profiles corresponding to the profiles in (c).

Viscous decompaction (N∗ < 0) drives ice lens nucleation at the positions denoted by the horizontal dashed lines.

nucleate continuously for a small but finite length of time until an impermeable ice layer forms
that cuts off water flow towards the active ice lens.

We have not found any other modes of oscillation in the viscoplastic problem when λ> 1.
The lack of multi-modal or chaotic oscillations is due to the localised nature of decompaction
below the ice lens. In particular, the removal of the compacting zone through nucleation of
the first, unstable ice lens ultimately results in nucleation where bulk dilation was building
up at lower positions within the fringe. Nucleation at higher positions within the fringe is
effectively prevented, shutting down the instability in the recurrence relation that leads to
complex oscillations in the perfectly plastic model (figure 7). This behaviour contrasts to the
perfectly plastic model where the weakening occurs in a widely distributed zone below the ice
lens, which allows for the feedbacks that lead to complex oscillations (figures 6c,d). In the viscous
regime, the localised decompaction allows the oscillations to persist at large values of vi as with
the constant porosity model. This behaviour contrasts with the perfectly plastic regime where
unstable fringe growth eventually occurs at fast ice velocities.

We examine how the oscillations vary over a range of λ to characterise the transition between
viscous and perfectly plastic behaviour. The tensile stress associated with crack propagation is
set to Nc = 0.05 to allow for unloading when the viscous effects are negligible. We calculate the
jumps in frozen fringe thickness zm − zn (ice lens spacing) with the parameters vi = 0.038 and
Nf = 2, which correspond to a multi-modal limit cycle in the perfectly plastic model (figure 6).
The transition from complex oscillations in the plastic regime to paired nucleation events in the
viscous regime occurs sharply at λ≈ 0.31 (ζ ≈ 6× 1010 Pa s) for these parameters (figure 11).
These results confirm that viscous decompaction effectively shuts down the instability that leads
to the complex oscillations in the perfectly plastic model.
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Figure 11. Frozen fringe thickness jumps zm − zn (ice lens spacing) for different values of the viscosity parameter λ.

Points are coloured to highlight the distinct modes at each value of λ. The pulling speed is set to vi = 0.038 and the

effective stress at the base of the fringe is set to Nf = 2, corresponding to the 8-mode limit cycle from the perfectly plastic

model (λ= 0) shown in figure 6. A sharp change in behaviour occurs at λ≈ 0.31 due to the onset of viscous effects.

5. Discussion
The model developed herein shows that compaction below ice lenses influences the magnitude
and duration of frost heave cycles. In the compaction models, we have found that the heave
rate below the ice lens does not necessarily correspond to the mean heave rate within the fringe,
which leads to substantial differences relative to the constant porosity model. At fast freezing
rates, enhanced compaction below the ice lens causes a downward water flux and a zone of
distributed weakening (dilation) in the perfectly plastic model. This weakening causes ice lenses
to nucleate at higher positions within the fringe, which can lead to variations in ice lens spacing
between successive cycles. When viscous effects are present, localised decompaction can cause
the nucleation of an ice lens directly below the compacting zone, which effectively cuts off the
compacting zone from the rest of the fringe and subsequently causes nucleation at lower positions
within the fringe where bulk dilation occurs. These localised viscous effects can prevent the
feedbacks that lead to multi-modal oscillations in the perfectly plastic model.

The nondimensional results in this study can be considered in the context of different temporal
and spatial scales. In particular, the time scale [t] (2.37) is primarily controlled by the permeability
scale [k], which can vary over many orders of magnitude [52,53]. With a permeability scale of
[k] = 6× 10−14 m2 (table 1), heave rates are on the order of 10 cm/yr and new ice lenses form over
a period of ∼50 yr (e.g., figures 4-6). With a lower permeability of [k] = 10−14 m2, heave rates are
on the order of 1 cm/yr and new ice lenses form over a period of ∼300 yr. Sediment permeability
is therefore expected to strongly influence the rates of ice accretion and sediment entrainment in
subglacial environments, as well as the magnitude of frost heaving in cold regions.

The maximum frozen fringe thickness is influenced by the temperature gradient, which we
set to 25 K/km here to coincide with conductive cooling beneath an ice sheet. In the examples
herein, the maximum frozen fringe thickness reaches tens of metres. Frozen fringe thicknesses on
the order of tens of metres could be associated with debris-rich ice beneath cold-based glaciers
[16,61] or permafrost. While observations of subglacial permafrost are sparse [62], subaerial
permafrost can be hundreds of metres thick [63,64]. Higher temperature gradients can arise in
permafrost regions, especially the near-surface active layer that is strongly influenced by seasonal
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temperature variations (e.g., >1 K/m) [65], as well as in laboratory experiments (e.g., >1 K/cm)
[35]. These higher temperature gradients result in stronger undercooling over smaller length
scales, which causes ice lens nucleation at smaller fringe thicknesses and shorter time scales than
those found in this study [36]. Likewise, the temperature gradient parameter c (table 1) likely
influences the ice velocities (or freezing rates) where the transition to complex oscillations occurs.

A similar transition to multi-modal oscillations and chaos was found at faster freezing rates
in theoretical and experimental studies of freezing colloidal suspensions [35,36]. While the
compacting region is located directly below the ice lens in our model, an evolving compaction
front was situated below the frozen fringe in the colloidal suspension model. Disorder increases
with the effective stress boundary condition at the base of the fringe in our study, whereas
disorder increased with the cohesive strength of the particle matrix in the colloidal suspensions
model [36]. A larger effective stress at the base of the fringe and a higher cohesive strength
of the particle matrix both require a larger fringe thickness to develop before lens nucleation
occurs, which could explain the common trends of increasing disorder between these studies.
Development of a simplified model that accounts for dilation and compaction within the fringe
in a similar fashion as the colloidal suspension model [36] could help to further characterise
the transitions and trends found herein. Despite the differences between the models and the
mechanisms that lead to the complex oscillations, both our perfectly plastic model and the
colloidal suspension model [36] show that compaction can strongly influence the fundamental
characteristics of frost heave cycles.

We explored two different mechanisms for lens initiation that were associated with the
propagation of ice-filled cracks and, alternatively, cleaving of the particle matrix by viscous
intrusion. Propagation of ice-filled cracks within fine-grained sediment has previously been
proposed as a mechanism for nucleating ice lenses even when a frozen fringe is absent [48,49].
While numerous laboratory experiments support the crack propagation mechanism [34,66–71],
some experiments show ice lenses separated by undisturbed sediment with no clear evidence
of cracking [12,32]. Further exploration of comprehensive dynamic cracking models would be
valuable for elucidating the patterns observed in laboratory experiments and the conditions
under which cracking is a viable mechanism for ice lens nucleation [72].

We have found that an alternative mechanism for lens nucleation by viscous decompaction
can be modelled by including a bulk viscosity in the compaction law that is the same order of
magnitude as the viscosity of glacial ice. However, the viscous decompaction mechanism can lead
to the absence of the complex dynamics that have been found in some laboratory experiments
[35,36]. Ultimately, these different nucleation mechanisms and compaction laws will need to be
evaluated experimentally in the laboratory in relation to the basic characteristics of frost heave
cycles as well as the stability of ice lens and frozen fringe growth under different thermal regimes.

The model developed herein can be generalised to higher spatial dimensions by following the
mixture theory approach [40]. The primary computational challenge in extending the model to
higher dimensions is that the water flux divergence (2.8) cannot be integrated, which requires the
solution of an additional coupled equation. This generalisation would be useful for modelling
horizontal variations in effective stress or temperature that could be related to differential frost
heave and patterned ground formation in the Arctic [49,73,74], as well as the polygonal cracking
structures that have been observed in laboratory experiments [33,68,69]. Moreover, we expect that
the development of high-porosity shear bands that were found in the ring shear experiment could
be analysed with a two-dimensional model in a similar fashion to previous studies on partially
molten rocks (figure 1c) [27–30].

We assumed that the ice was rigid in our analysis for comparison with previous models
and quantified the validity of this approximation in the case of a purely vertical force balance
(Appendix). However, the validity of this assumption is unclear under shearing conditions
when the ice skeleton could presumably be deformed. For example, deforming debris-rich ice
is especially common in subglacial environments [16,20]. The model developed herein can be
extended to include the effects of deforming ice by generalising the ice momentum balance (2.14)
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to include deviatoric stresses via flow laws that are appropriate for glacial ice [50,51,60]. This
generalisation would be valuable for modelling the effects of ice deformation on fringe evolution
and the mechanics of sliding at glacier beds [18,22,24,26].

6. Conclusions
Here, we introduced a mathematical model for the mechanics of partially frozen sediment that
accounts for compaction and dilation during frost heave. The model follows a similar structure
to mixture theories that were previously developed for partially molten rocks. The primary
differences in our model are that the compaction law incorporates plastic yield stresses from soil
consolidation while the interfacial forces allow for rigid ice skeletons and premelting effects. We
explored the fundamental characteristics of frost heave cycles generated by pulling frozen fringe
through a fixed temperature gradient for perfectly plastic and viscoplastic compaction laws. In the
perfectly plastic model, the ice lens spacing can vary between cycles at faster pulling speeds. A
transition to complex oscillations and chaos is associated with the formation of a distributed zone
of dilation, or weakening, from the downward water flux due to enhanced compaction directly
beneath the ice lens. Viscous effects prevent these feedbacks from occurring by introducing
localised zones of decompaction. These comparisons show that the physics of compaction within
the frozen fringe exert strong control on the magnitude and duration of frost heave cycles. In
addition to generalising the model to higher spatial dimensions and deforming ice, future work
should focus on constraining ice lens nucleation conditions and compaction laws for frozen fringe
to further elucidate the mechanics of ice segregation in freezing soils.

Acknowledgements. We thank the editor and referees for reviewing the manuscript. This research was
funded by the Office of Polar Programs, U.S. National Science Foundation (2012958, 2013987).

Appendix. Rigid ice approximation
To quantify the validity of the rigid ice assumption (i.e., constant vi), we consider the effects of
viscous ice deformation where the normal stress is given by σi = pi − 2η ∂vi

∂z for a constant ice
viscosity η. Under this assumption, equation (2.14) becomes

Φ

(
−2η

∂2vi
∂z2

+
∂pi
∂z

+ ρig

)
= 2η

∂vi
∂z

∂Φ

∂z
, (6.1)

where we have defined the ice volume fraction Φ(z) = ϕ(z)S(z). We decompose the pressure
gradient via ∂pi

∂z =−ρig + ∂p̃
∂z where p̃ is the perturbation from the cryostatic pressure. Without

renaming the variables, equation (6.1) scales to

−∂2vi
∂z2

=
1

Φ

∂vi
∂z

∂Φ

∂z
− ν

∂p̃

∂z
, (6.2)

where ν = [p][z]/(2η[v]) with [p] being the pressure perturbation scale, which we leave arbitrary
for now. Setting vi(zℓ) = V for a given ice velocity at the lens V , the solution to (6.2) is

vi(z) = V + ν

∫zℓ
z

1

Φ(s)

[∫s
0
Φ(s′)

∂p̃

∂s′
ds′

]
ds. (6.3)

Integrating the inner integral in (6.3) by parts and using Φ(0) = 0 results in

vi(z) = V + ν

∫zℓ
z

p̃(s)− 1

Φ(s)

[∫s
0
p̃(s′)

∂Φ

∂s′
ds′

]
ds. (6.4)

We assume that the ice mass increases monotonically towards the lens (Φ′(z)> 0) and thereby
apply the mean value theorem to the inner integral in (6.4) to obtain

vi(z) = V + ν

∫zℓ
z

p̃(s)− p̃(ξ(s)) ds, (6.5)
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where ξ(s)∈ (0, s) for each value of s. Using the triangle inequality, we estimate from (6.5) that

max |vi − V | ≤ 2νzℓ max |p̃|. (6.6)

The inequality (6.6) quantifies the maximum deviation of the ice velocity from a constant value
V (i.e. the rigid ice solution) as a function of the parameter ν = [p][z]/(2η[v]), the fringe thickness
zℓ, and the magnitude of the pressure perturbation p̃. For example, with a pressure perturbation
scale of [p] = 10 kPa (i.e., a fraction of [N ] = 68 kPa) and ice viscosity of η= 5× 1014 Pa s, the
parameter ν ≈ 9× 10−5 for the length scale [z] = 4.62 m and velocity scale [v] = 15.5 m/yr (table
1), which suggests that the rigid ice approximation is appropriate for these parameters.
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