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6 A B S T R A C T7

8

To develop a numerical method for global geophysical fluids, we usually need to choose a9

spherical grid and numerical approximations to represent the partial derivative equations. Some10

alternatives include the use of finite differences or finite volumes with latitude-longitude or11

reduced grids. Each of these cases has some advantages and also some limitations. This paper12

presents a comparison between two methods and numerical tests with a composite model using13

them side by side. The first is a well-known method for latitude-longitude grids that was used14

from 75𝑜𝑆 until 75𝑜𝑁 . The second is a recently developed scheme for reduced grids that was15

used only in the polar regions. The similarity between these two methods allows a smooth16

transition in these two regions. Numerical tests with the composite model indicated order 217

of convergence, prevention of grid-imprinting errors, and a combination of the advantages18

of both schemes. The composite model has numerical properties that may lead to efficient19

implementations with massive parallel computation.20

21

1. Introduction22

The behavior of a global model for geophysical fluids depends on the alternatives selected for the continuous23

equations considered and the discrete operators used to calculate approximations to their solutions [1, 2, 3]. One of the24

alternatives are methods with Eulerian framework, grid-point orientation, explicit time integration, and local finite-25

difference or finite-volume expressions [4, 5, 6, 7, 8]. Each method in this group may use a different grid, employ a26

distinct process to select discrete operators, and present different advantages or limitations.27

Latitude-longitude grids have many symmetries and do not need interpolations, but the concentration of points in28

polar regions may lead to limited computational efficiency. Winninghoff [9] showed that C-staggered grids provide29

a better representation of the dispersion of gravity waves in explicit methods with approximations with few points.30

Sadourny [4], Arakawa and Lamb [5] presented explicit schemes for latitude-longitude C-staggered grids with several31

conservative properties and consistent approximations. However, the concentration of points in the polar regions causes32

a strong limitation for the size of the time-step allowed by the CFL condition in these explicit methods (Courant-33

Friedrichs-Lewy condition).34

Cubed-sphere and Voronoi grids do not have intense concentration of points and do not need interpolations, but35

cells with bad alignment of edges may induce stronger errors. Ringler et al. [6] proposed an explicit method with many36

conservative properties and C-staggered grids without concentration of points, including Voronoi and cubed-sphere37

grids. Nonetheless, some approximations may become non-consistent (errors may not decrease as the grid resolution38

increase), and cells with a bad alignment of edges may cause grid-imprinting errors [10, 11].39

Reduced grids have many local symmetries and avoid strong concentration of points, but the curvature of latitude40

lines near polar points may produce larger errors. Shuman [12] and Dey [13] showed that polynomial approximations41

are not consistent in polar regions of reduced grids. Purser [14] proposed trigonometric discrete operators consistent42

in these areas. Bénard and Glinton [7] presented a method with non-staggered reduced grids with high consistency43

order. However, this method does not have conservative properties, and some numerical tests may indicate short wave-44

length errors in polar regions. Lima and Peixoto [8] proposed a scheme with C-staggered reduced grids, consistent45

approximations, and conservation of mass. Nonetheless, this method has less conservative characteristics than the46

schemes presented by Ringler et al. and Sadourny.47

The objective of this study is to describe a composite model combining a latitude-longitude method covering a48

large area of the sphere and a reduced-grid scheme describing only the polar regions. On one hand, Sadourny [4]49
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method is consistent, avoids grid-imprinting, and has several conservative properties (at the cost of a strong limitation50

in polar regions). On the other hand, the scheme proposed by Lima and Peixoto [8] is consistent, has some conservative51

properties, avoids grid-imprinting, and allows larger time-steps (at the cost of not preserving some characteristics). As52

an alternative, we will use this scheme with a reduced grid only where the Sadourny method has its computational53

limitation. Both methods share several properties in the process used to select their discrete operators. This similarity54

allows a smooth transition between the two regions.55

Section 2 describes the continuous equations, the grid, and the approximations employed by each method. Sections56

3 and 4 show numerical tests with the composite model and the final remarks.57

2. Continuous and discrete equations58

2.1. Continuous equations59

We will consider the vector-invariant form of non-linear shallow water equations on the sphere [5, 15, 6, 8]. This60

system of equations describes a layer with incompressible fluid moving around a sphere with influence of topography,61

gravity, and rotation [16, 17].62

Coordinates are the moment, 𝑡 ∈ [𝑡0, 𝑡end], latitude, 𝜑 ∈ [−𝜋∕2, 𝜋∕2], and longitude, 𝜆 ∈ [−𝜋, 𝜋]. Prognostic63

variables are the layer thickness, ℎ(𝜆, 𝜑, 𝑡), zonal component of velocity, 𝑢(𝜆, 𝜑, 𝑡), and meridional component of64

velocity, 𝑣(𝜆, 𝜑, 𝑡).65

The continuous solutions have to satisfy given initial conditions, ℎ(𝜆, 𝜑, 𝑡0), 𝑢(𝜆, 𝜑, 𝑡0), 𝑣(𝜆, 𝜑, 𝑡0), and the following66

system with one Partial Derivative Equation for each prognostic variable,67

𝜕𝑡ℎ = −∇ ⋅ ℎ𝑢, (1)
𝜕𝑡𝑢 = +(𝜁 + 𝑓 )𝑣 − 𝜕𝑥(𝐾 + Φ), (2)
𝜕𝑡𝑣 = −(𝜁 + 𝑓 )𝑢 − 𝜕𝑦(𝐾 + Φ). (3)

Auxiliary objects are gravity, 𝑔, sphere angular rotation velocity, Ω, sphere radius, 𝑎, zonal vector �⃗�(𝜆, 𝜑),68

meridional vector, 𝑗(𝜆, 𝜑), velocity vector, 𝑢 = 𝑢�⃗� + 𝑣𝑗, altitude direction, �⃗�(𝜆, 𝜑), topography, 𝑏(𝜆, 𝜑), horizontal69

Coriolis function, 𝑓 (𝜑) = 2Ω sin(𝜑), relative vorticity, 𝜁 = �⃗� ⋅∇×𝑢, kinetic energy, 𝐾 = (𝑢2+𝑣2)∕2, and geopotential,70

Φ = 𝑔(ℎ + 𝑏).71

Differential operators are divergence, ∇ ⋅ 𝑢 = (𝜕𝜆𝑢 + 𝜕𝜑(𝑣 cos𝜑))∕(𝑎 cos𝜑), relative vorticity, �⃗� ⋅ ∇ × 𝑢 =72

(𝜕𝜆𝑣− 𝜕𝜑(𝑢 cos𝜑))∕(𝑎 cos𝜑), zonal derivative, 𝜕𝑥ℎ = 𝜕𝜆ℎ∕(𝑎 cos𝜑), meridional derivative, 𝜕𝑦ℎ = 𝜕𝜑ℎ∕𝑎, and partial73

derivatives, 𝜕𝜆, 𝜕𝜑, and 𝜕𝑡.74

2.2. Reduced grids and C-staggering75

We will use grids determined by one free parameter related to its resolution and some extra restrictions. The76

resolution is selected by the number of rows, 𝑅, given as any power of 2 greater than or equal to 64. There are 1677

cells around the polar points. The grids have some reduction lines between 75𝑜 and the poles and a regular latitude-78

longitude structure from 75𝑜𝑆 until 75𝑜𝑁 . With this separation, the latitude-longitude region represents 96.5% of the79

spherical surface.80

Following, we describe the steps used to create these grids. First, we take a regular latitude-longitude grid with 𝑅81

rows and 16 columns. Next, we split each cell by two in the rows where the ratio between the cell’s zonal length and its82

meridional length is greater than 0.5. Then, this splitting process is repeated in such a way that the maximum number83

of cells in a row is always less than or equal to 2𝑅, the transition lines have a factor 2 in the number of cells on each84

side, and there are at least 2 rows between consecutive transition lines.85

We used 16 polar cells, and the transition for 2𝑅 cells at 75𝑜, but other options could also be selected. Alternatives86

using a number between 12 and 20 polar cells and the transition for 2𝑅 between 70𝑜 and 80𝑜 provided similar results87

in the numerical tests.88

The discrete variables have a 𝐶-staggered positioning at each cell. Discrete thickness, ℎ𝑖(𝑡), are at the latitude-89

longitude center of each cell, {𝑋𝑖, 𝑖 ∈ }. Discrete zonal velocity, 𝑢𝑒(𝑡), are at the midpoint of meridional edges,90

{𝑋𝑒, 𝑒 ∈ }. Discrete meridional velocity, 𝑣𝑛(𝑡), are at the midpoint of zonal edges, {𝑋𝑛, 𝑛 ∈  }. Relative vorticity,91

𝜁𝑤(𝑡), are at the vertices, {𝑋𝑤, 𝑤 ∈ }. Figure 1 show the variable positions for some cells. Black lines indicate the92

cells around each center point. Red lines represent the dual cells around each vertex.93
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(a) Points at polar cells (b) Points near a reduction

Figure 1: Position of discrete variables near the polar cells (a) or reduction rows (b). Black and red circles represent
centroids, 𝑋𝑖, or vertices, 𝑋𝑤. Blue and green squares indicate the midpoint of meridional edges, 𝑋𝑒, or midpoint of
zonal edges, 𝑋𝑛. Black lines represent the edges. Red dashed lines portray the dual cells around each vertex.

2.3. Approximations in space94

The semi-discrete solutions have to satisfy initial conditions, {ℎ𝑖(𝑡0), 𝑖 ∈ }, {𝑢𝑒(𝑡0), 𝑒 ∈ }, {𝑣𝑛(𝑡0), 𝑛 ∈  },95

and one Ordinary Differential Equation for each discrete prognostic variable,96

𝜕𝑡ℎ𝑖 = −[∇ ⋅ ℎ𝑢]𝑖, (4)
𝜕𝑡𝑢𝑒 = +[(𝜁 + 𝑓 )𝑣]𝑒 − [𝜕𝑥(𝐾 + Φ)]𝑒, (5)
𝜕𝑡𝑣𝑛 = −[(𝜁 + 𝑓 )𝑢]𝑛 − [𝜕𝑦(𝐾 + Φ)]𝑛. (6)

These terms between brackets are discrete approximations calculated with variables in a neighborhood of each point.97

Following, we will define some auxiliary objects, describe the approximations used by the Sadourny method with98

conservation of total energy [4], and indicate the adaptations used by the C-staggered trigonometric scheme [8].99

The auxiliary measures are the area of each main cell, 𝐴𝑖, area of each dual cell, 𝐴𝑤, length of each main edge,100

Δ𝑥𝑛 or Δ𝑦𝑒, and length of each dual edge, Δ𝑥𝑒 or Δ𝑦𝑛. Some terms will receive an index with the name of a cardinal101

direction to indicate the corresponding position in relation to the reference point of each expression. For instance, in102

the definition of ℎ̃𝑒, the reference point is the edge mid-point 𝑋𝑒, and ℎeast
𝑖 is the thickness at the first center point 𝑋𝑖103

in the east direction.104

1. Divergence and vorticity105

Averages of thickness are polynomial interpolations with 2 points. Vorticity and divergence are expressions106

related to Gauss’ theorem using polynomial line quadratures with 1 point. Coriolis function, 𝑓𝑤, absolute107

vorticity, 𝜉𝑤, and potential vorticity, 𝑞𝑤, are calculated at vertices.108

ℎ̃𝑒 = 0.5ℎeast
𝑖 + 0.5ℎwest

𝑖 , (7)
ℎ̃𝑛 = 0.5ℎnorth

𝑖 + 0.5ℎsouth
𝑖 , (8)

ℎ̃𝑤 = 0.25ℎnorthwest
𝑖 + 0.25ℎnortheast

𝑖 + 0.25ℎsouthwest
𝑖 + 0.25ℎsoutheast

𝑖 , (9)

[∇ ⋅ ℎ𝑢]𝑖 = 1
𝐴𝑖

[−(ℎ̃𝑢Δ𝑦)west
𝑒 + (ℎ̃𝑢Δ𝑦)east

𝑒 + (ℎ̃𝑣Δ𝑥)north
𝑛 − (ℎ̃𝑣Δ𝑥)south

𝑛 ], (10)

𝜁𝑤 = 1
𝐴𝑤

[−(𝑣Δ𝑦)west
𝑛 + (𝑣Δ𝑦)east

𝑛 − (𝑢Δ𝑥)north
𝑒 + (𝑢Δ𝑥)south

𝑒 ], (11)

𝜉𝑤 = 𝜁𝑤 + 𝑓𝑤, (12)
𝑞𝑤 = 𝜉𝑤∕ℎ̃𝑤. (13)

The trigonometric scheme uses the same approximations in meridional direction, but zonal interpolations and109

zonal quadratures are trigonometric expressions with 6 or 5 points, respectively, to achieve consistency [8]. Cells110

near polar points or reduction rows require some adaptations. For instance, vorticity at the polar point has 16111

edges, and divergence near a reduction has 5 edges.112
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2. Kinetic energy and directional derivatives113

Kinetic energy, 𝐾𝑖, is a linear combination using the square of normal velocity of each edge. Topography, 𝑏𝑖,114

and geopotential, Φ𝑖, are calculated at centers. Directional derivatives are polynomial finite differences with 2115

points.116

𝐾𝑖 = 1
4𝐴𝑖

[(𝑢2Δ𝑥Δ𝑦)west
𝑒 + (𝑢2Δ𝑥Δ𝑦)east

𝑒 + (𝑣2Δ𝑥Δ𝑦)north
𝑛 + (𝑣2Δ𝑥Δ𝑦)south

𝑛 ] , (14)

Φ𝑖 = 𝑔(ℎ𝑖 + 𝑏𝑖), (15)

[𝜕𝑥(𝐾 + Φ)]𝑒 = 1
Δ𝑥𝑒

((𝐾 + Φ)east
𝑖 − (𝐾 + Φ)west

𝑖 ), (16)

[𝜕𝑦(𝐾 + Φ)]𝑛 = 1
Δ𝑦𝑛

((𝐾 + Φ)north
𝑖 − (𝐾 + Φ)south

𝑖 ). (17)

The trigonometric method calculates an interpolation of velocity first and then a square. Meridional interpo-117

lations and derivatives are polynomial with 2 points. Zonal interpolations and derivatives are trigonometric118

expressions with 6 or 4 points, respectively. Cells around the polar point use a small adaptation to calculate �̃�𝑖.119

Their meridional interpolation has one 𝑣𝑛 point on each side of the pole.120

�̃�𝑖 = trigonometric interpolation for 𝑢𝑒 with 6 points, (18)
�̃�𝑖 = 0.5𝑣north

𝑛 + 0.5𝑣south
𝑛 , (19)

𝐾𝑖 = (�̃�2𝑖 + �̃�2𝑖 )∕2, (20)
[𝜕𝑥(𝐾 + Φ)]𝑒 = trigonometric derivative for (𝐾𝑖 + Φ𝑖) with 4 points. (21)

3. Coriolis objects and rotated velocity component121

Coriolis terms are linear combinations of products using vorticity, rotated velocity components, and the averages122

of thickness.123

̃(ℎ𝑣Δ𝑥)𝑤 = 0.5(ℎ̃𝑣Δ𝑥)west
𝑛 + 0.5(ℎ̃𝑣Δ𝑥)east

𝑛 , (22)
̃(ℎ𝑢Δ𝑦)𝑤 = 0.5(ℎ̃𝑢Δ𝑦)north

𝑒 + 0.5(ℎ̃𝑢Δ𝑦)south
𝑒 , (23)

[𝜉𝑣]𝑒 = 1
2Δ𝑥𝑒

[𝑞north
𝑤

̃(ℎ𝑣Δ𝑥)
north
𝑤 + 𝑞south

𝑤
̃(ℎ𝑣Δ𝑥)

south
𝑤 ], (24)

[𝜉𝑢]𝑛 = 1
2Δ𝑦𝑛

[𝑞west
𝑤

̃(ℎ𝑢Δ𝑦)
west
𝑤 + 𝑞east

𝑤
̃(ℎ𝑢Δ𝑦)

east
𝑤 ]. (25)

The trigonometric scheme calculates interpolations first and a product later. Meridional interpolations are124

polynomial with 2 points, and zonal interpolations are trigonometric with 6 points.125

�̃�𝑛 = zonal trigonometric interpolation for 𝑢𝑒 and then a meridional interpolation, (26)
�̃�𝑒 = zonal trigonometric interpolation for 𝑣𝑛 and then a meridional interpolation, (27)
𝜉𝑛 = trigonometric interpolation for 𝜉𝑤 with 6 points, (28)
𝜉𝑒 = 0.5𝜉north

𝑤 + 0.5𝜉south
𝑤 , (29)

[𝜉𝑢]𝑛 = 𝜉𝑛�̃�𝑛, (30)
[𝜉𝑣]𝑒 = 𝜉𝑒�̃�𝑒. (31)

The composite model uses the expressions from Sadourny in the region from 75𝑜𝑆 until 75𝑜𝑁 , where the grid126

has a regular latitude-longitude structure, and the expressions from the C-staggered trigonometric method from 75𝑜127

until the polar points, where the grid has reduction rows. Considering these definitions, the right side of the system of128

equations described by 4, 5, and 6 is completely determined. The only unknown objects are the prognostic variables. At129

the transition between the two schemes, the discrete divergence and vorticity have a small adaptation. The expression130

calculated with the results of each line integral remains the same, but each line integral is calculated accordingly to the131

scheme employed at the corresponding edge.132

This method is consistent everywhere, has conservation of mass, has global integral of relative vorticity equal to133

zero, and avoids problems of almost stationary short gravity waves. In the region between 75𝑜𝑆 and 75𝑜𝑁 , the kinetic134

energy does not affect the variation of relative vorticity. Total energy is affected only by interactions that may occur135
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in polar regions. Most approximations have symmetrical coefficients. Each cell in the polar regions uses calculations136

with 3 points in meridional direction and 7 at zonal direction. In the region with regular grid, the calculations at each137

cell use 3 points in each direction.138

2.4. Explicit discrete integration in time139

Consider a vector-valued function 𝑌 (𝑡) with one coordinate for each prognostic variable {ℎ𝑖(𝑡), 𝑖 ∈ }, {𝑢𝑒(𝑡), 𝑒 ∈140

}, {𝑣𝑛(𝑡), 𝑛 ∈  }, and a function 𝐹 (𝑌 (𝑡), 𝑡) representing the corresponding expressions at the right side of the system141

of equations given by 4, 5, and 6. Using these objects, the system of Ordinary Differential Equations is written as142

𝑌 ′ = 𝐹 (𝑌 , 𝑡), (32)
𝑌 (𝑡0) = given. (33)

We used a Runge-Kutta method with 3 stages and order 2 to approximate the solution of this system of equations.143

Consider a regular set of moments 𝑡𝑘 = 𝑡0 + 𝑘Δ𝑡, and a corresponding set of approximations for 𝑌 at each of these144

moments, 𝑌𝑘. Each time step is calculated using two intermediate objects,145

𝑌 ∗ = 𝑌𝑘 + 𝐹 (𝑌𝑘, 𝑡𝑘)Δ𝑡∕2, (34)
𝑡∗ = 𝑡𝑘 + Δ𝑡∕2, (35)

𝑌 ∗∗ = 𝑌𝑘 + 𝐹 (𝑌 ∗, 𝑡∗)Δ𝑡∕2, (36)
𝑡∗∗ = 𝑡𝑘 + Δ𝑡∕2, (37)

𝑌𝑘+1 = 𝑌𝑘 + 𝐹 (𝑌 ∗∗, 𝑡∗∗)Δ𝑡. (38)

This method for time integration is the same used by Lima and Peixoto [8]. It is an adaptation of the scheme146

proposed by Wicker and Skamarock [18]. The adapted version maximizes the allowed size of time steps in the147

oscillation problem.148

The composite model has an option to apply a controlled filter in space after each timestep. The filter parameter is149

a number 𝜇 ∈ [0, 1]. The filtering is an interpolation with order 2 of consistency that multiplies the shortest wave in150

the grid by a factor 1 − 𝜇. For instance, if 𝜇 = 0.1 them the shortest wave is multiplied by 0.9. The longest waves are151

always multiplied by one. In the region from 75𝑜𝑆 until 75𝑜𝑁 , the transformation uses Shapiro’s filter with order 2 in152

zonal and meridional directions [19]. In the area from 75𝑜 until the polar point, the zonal transformation is replaced153

by a trigonometric expression also with order 2 [8]. For any fixed value of 𝜇, this filter does not affect the convergence154

order and becomes wicker as the grid resolution increases. When the filter is applied, the equation 38 is replaced by155

the two following calculations,156

𝑌 ∗∗∗ = 𝑌𝑘 + 𝐹 (𝑌 ∗∗, 𝑡∗∗)Δ𝑡, (39)
𝑌𝑘+1 = Filter(𝜇, 𝑌 ∗∗∗). (40)

3. Numerical tests157

3.1. Tests for acumulation of errors158

This subsection presents two numerical tests over five or six days using the composite method. The first test159

considers a steady situation with velocity field across polar regions and large thickness (test case 2 with 𝛼 = 𝜋∕4 from160

cite{WDH+92}). Figure 2 shows thickness, velocity, and thickness error after 5 days of simulation without filtering161

and with grid resolution of 256 rows. There is no indication of short-wavelength errors in the transition regions (75𝑜𝑆162

and 75𝑜𝑁) or polar areas in this configuration. When the grid resolution is not very high and the simulation period is163

not long, we do not need to use a filter.164

The second example uses a situation with instability triggered after one week [20, 21]. Figure 3 shows the potential165

vorticity after 6 days and the maximum error during the simulated period with filter 0.1. Colors indicate the predicted166

results and the black lines represent the reference solution. Level curves in the simulated field have only small167

differences when compared to the reference lines. The error stays close to zero for a period and then starts to increase.168

When the grid resolution increases, the near-to-zero period lasts longer.169
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(a) Thickness and velocity field (b) Thickness error (ℎ − ℎref)

Figure 2: Example considering an equilibrium field with polar wind and large thickness without any filter. Item (a)
shows the approximation calculated after 5 days. Item (b) represents the corresponding errors. There is no indication
of grid-imprinting errors.

(a) Potential vorticity after 6 days (b) Error in maximum potential vorticity

Figure 3: Example describing an instability process with filter 𝜇 = 0.1. Item (a) uses black lines to indicate the reference
solution and colors represent the calculated approximation after 6 days. After 5 days, the level curves are almost equal
to the reference solution (not shown). After 6 days, some regions have a small difference. Item (b) shows the variation
in the maximum value of potential vorticity. The error increases later when the grid is refined.

3.2. Tests for stability and number of calculations170

This subsection describes the results obtained with two tests with 30 days of simulation, and compares the number171

of calculations for the composite model or the two methods alone. The first test is the steady example with velocity172

across polar regions and large thickness [15]. Figure 4 indicates the thickness error during the simulation for different173

grid resolutions in the situation (a) without any filter or (b) with filter 𝜇 = 0.1. Grid resolution increases with factor 2174

at each consecutive curve. Marks in the vertical axis represent a multiplication with factor 4. Without a filter, the error175

decays with order 2 in the beginning of the simulation, but there is an instability process triggered sooner as the grid176

resolution increases. With filter 𝜇 = 0.1, the error decays with order 2 and the instability is prevented.177

The second test uses a low-resolution grid with an almost steady situation [8]. The initial pulse is represented by 10178

grid rows. Figure 5 shows the simulated field after 30 days in the situation (b) without filter or (b) with filter 𝜇 = 0.1.179

Without filter, the pulse amplitude is almost preserved. With a filter, the amplitude decayed by a half. There is no180

indication of decomposition creating strong gravity waves.181

The third test compares the number of calculations in the composite model and in the situation when each of its182

two methods is used alone in the entire sphere. Figure 6 shows (a) the total processing time and (b) the average time183

for each time step at each grid cell considering a simulation with one single processing core. Sadourny method [4]184

uses a complete latitude-longitude grid, has slope 4 in the total processing time for different grid resolutions, and the185

average cost at each cell is smaller. The trigonometric C-staggered method [8] uses a reduced grid, has slope 3 in the186

total processing time, and the average cost at each cell is larger. The composite model uses reductions only above 75187
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(a) Thickness error without filter (b) Thickness error with filter 𝜇 = 0.1

Figure 4: Example with polar wind and large thickness without any filter (a) or with filter 𝜇 = 0.1 (b). Each curve
indicates the error with a different grid. Without filtering, the method has non-linear instability. With the controlled
dumping, the model has second order of convergence.

(a) Initial values (b) Without filter (c) With filter 𝜇 = 0.1

Figure 5: Example considering a constant field with low resolution. Without a filter, the amplitude is almost preserved
after 30 days (b). With the limited dumping, the signal is partially preserved, but the amplitude is smaller (c). In both
situations, there is no indication of deterioration as strong gravity waves.

degrees, has slope 3 in the total processing time, and the average cost at each cell is similar to the cost of the Sadourny188

method.189

(a) Total processing time (b) Average processing time at each cell
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Figure 6: Comparison of the number of calculations used by the Sadourny method (Sad75), the trigonometric scheme
with C-staggered reduced grid (TrigC) and the model using these two schemes side by side (Composite). The composite
model has a total number of calculations a little smaller than the trigonometric method and an average number of
calculations for each step in each cell a little larger than the Sadourny scheme.
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4. Final remarks190

This study compared two numerical methods with different grids and proposed a composite model employing each191

scheme in a region on the sphere. Sadourny method is used in a regular latitude-longitude grid region from 75𝑜𝑆192

until 75𝑜𝑁 , covering more than 95% of the spherical surface. The trigonometric C-staggered scheme is employed in a193

reduced grid from 75𝑜 until the polar points.194

The composite model uses grid-point finite-difference or finite-volume approximations, explicit second-order time195

integration, local approximations with second order of consistency (error of local approximations decreases with order196

2 when the grid resolution increases), has a good representation of gravity waves propagation, conserves total mass,197

has a structure to cancel artificial influences in the total energy in the latitude-longitude region, avoids grid imprinting198

errors, allows the use of a consistent filter to prevent short-wavelength instability, and presented second order of199

convergence in the numerical tests.200

Future steps in this subject may include the implementation of this composite model with distributed memory, tests201

with higher resolution latitude-longitude grid in local regions, and alternatives for 3-dimensional global hydrostatic202

models.203
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