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In the ocean, submesoscale flows tend to undergo several hydrodynamic instabilities. In particular,8

Inertial Instability (InI) and Ekman-Inertial Instability (EII) are known to develop in geostroph-9

ically balanced barotropic flows whose lateral shear is larger in magnitude and opposite in sign10

to the Coriolis parameter. Although these instabilities share some elements, their dynamical na-11

ture can lead to fundamental differences. However, the current analytical description of EII is12

one-dimensional, which makes it difficult to compare against InI in a more realistic scenario. To13

overcome this limitation, we conduct two-dimensional numerical simulations of both InI and EII in14

a submesoscale jet and explore the induced vertical flow, the growth rate, and the energetics of each15

instability. Furthermore, we investigate the sensitivity of our results to variations in the minimum16

Rossby number of the jet. We find that EII grows faster than InI and induces stronger vertical17

flow, especially near the surface. Both instabilities radiate inertial waves away from the current,18

and these waves predominantly propagate across the anticyclonic side of the jet. Finally, when the19

instabilities weaken, the fluid reaches a stable state that is remarkably similar in both cases. This20

study highlights the similarities and differences between InI and EII and provides further insight into21

the mechanism behind EII that makes it capable of outcompeting other submesoscale instabilities.22

I. INTRODUCTION23

The dynamics of the ocean are shaped by physical processes of different temporal and spatial scales, as well as by the24

complex interactions between them [1, 2]. In recent decades, special attention has been drawn to the submesoscale, an25

ocean scale characterized by flows with horizontal scales of 0.1− 10 km, vertical scales of 0.001− 1 km, and temporal26

scales of hours to days [3, 4]. The increasing availability of high-resolution computational models and remote sensing27

instruments led to the emergence of the submesoscale as a field of study and demonstrated its remarkable relevance28

in connecting larger scales such as the mesoscale and smaller scales such as the microscale.29

Submesoscale flows induce relatively strong vertical velocities, making them essential for transporting momentum,30

heat, gases, and nutrients between the surface and the interior of the ocean [5–10]. For this reason, submesoscale flows31

play a crucial role not only in ocean dynamics, but also in the global climate system and the sustenance of marine32

life. Moreover, such intense vertical flows provide a path for dissipation of kinetic energy by transferring energy from33

large to small scales in a process known as a forward cascade of energy [3, 11, 12]. In the mesoscale, most of the34

kinetic energy is stored in the form of jets and eddies that are approximately in geostrophic and hydrostatic balance.35

Their kinetic energy tends to experience an inverse cascade, i.e., energy transfers from smaller to larger scales, and36

they tend to be robust to disturbances without experiencing significant dissipation. As such, submesoscale flows are37

proving to be an essential link to closing the kinetic energy budget of the ocean [13].38

The submesoscale is characterized by Rossby numbers (Ro = ζ/f , where ζ is the vertical vorticity and f is the39

Coriolis parameter) of O(1) [3, 14]. This regime makes submesoscale jets particularly prone to becoming dynamically40

unstable. Observational data from a survey conducted offshore of the Gulf Stream, with a resolution of O(1 km),41

evidenced the ubiquity of the Ro ∼ 1 regime in the upper ocean [15], where several submesoscale instabilities can42

develop [16–23]. In particular, when submesoscale barotropic flows in geostrophic balance satisfy the condition43

Ro < −1, small perturbations draw energy from the lateral shear of the flow and can grow enough to break the44

balance. This process is known as Inertial Instability (InI) and has been thought to play an important role in45

submesoscale dynamics [22, 24, 25]. In fact, linear stability analysis in infinite and uniform domains in the inviscid46

regime predicts that plane wave-like perturbations grow at a rate of |f |
√
−1− Ro. Note that this type of analysis47

implicitly assumes that there is no interaction between different modes; in reality, such interactions could lead to48

much faster growth rates shortly after the onset of the instability [26].49
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Under the same conditions for InI development, along with the fact that the flow undergoes a sudden change in50

the surface wind stress, Grisouard and Zemskova [27] revealed the existence of what could be considered either a51

particular manifestation of InI, or a new submesoscale instability: the Ekman-Inertial Instability (EII). Similarly to52

InI, EII develops in submesoscale flows with Ro < −1, and similarly to an Ekman layer, it is triggered by a tangential53

stress on the surface.54

Despite the similarities previously described, there are several features that make EII a distinct instability capable55

of competing against and even grow faster than other common submesoscale instabilities. Indeed, one of the main56

differences between EII and InI is found in their respective triggering mechanisms. InI typically develops from57

perturbations in the interior of the flow, and hence, it is often described by vertical modes and studied using plane-58

wave linear stability analysis. In contrast, the perturbation that causes EII is a mismatch between surface and interior59

tangential stresses, which in turn propagates toward deeper layers of the flow via viscous tangential fluxes. This results60

in a very different growth rate for both instabilities. Namely, traditional linear stability analysis shows that InI grows61

exponentially, with the growth rate reduced by viscosity [e.g., 25, 28]. On the contrary, for a fluid layer at a given62

depth and a fast enough surface disturbance, EII exhibits a super-exponential growth rate in the first stage of its63

development when viscous stresses provide momentum from above. The EII growth rate then rapidly decreases and64

reaches a minimum below the inertial value, when said layer now provides momentum to the layer below. Eventually,65

the EII growth rate slowly tends toward the exponential growth rate of InI. As a result, a fundamental difference is66

found in the sources of energy and the effects of the turbulent viscosity in each instability. The only source of energy67

for InI is in the lateral shear of the flow, whereas viscous effects counteract its development throughout the entire68

process. On the contrary, in EII viscous stresses initially provide kinetic energy to a given layer of fluid, enhancing69

the development of EII during its early stages [27]. In later stages, viscous stresses then revert to their more standard70

behavior of slowing down the growth of the perturbations.71

The analytical solution of Grisouard and Zemskova [27] for EII applies to a one-dimensional column of fluid.72

Consequently, this description neglects horizontal variations of the Rossby number, which implies an endless source73

of unstable flow since the Rossby number would indefinitely satisfy the condition Ro < −1. In a more realistic74

scenario, as the instability develops, the Rossby number will vary across the flow, and the mixing of stable and75

unstable flow will eventually cause the instability to weaken and fade away. In order to account for this effect, an76

additional dimension must be included. This work aims to expand our current understanding of EII with a detailed77

analysis of the similarities and differences with the closely-related InI, using an idealized model of a two-dimensional78

submesoscale current. Although in the real ocean submesoscale instabilities take place in more complicated scenarios,79

a more realistic model would make it difficult to disentangle EII from other submesoscale processes. Also, Grisouard80

and Zemskova [27] found that EII has the potential to grow significantly faster compared with InI, but also with81

instabilities for which baroclinicity is a key ingredient, such as symmetric or baroclinic instability. It could play a82

key role before these other instabilities have had time to act. As the wind stress often changes at the ocean surface,83

a study to examine the effects of EII is relevant, especially as these processes occur on such small spatio-temporal84

scales that might make it difficult to observe in the ocean.85

The structure of this paper is as follows. In section II, we introduce the details of our numerical setup and the86

growth rate and energetics analysis performed on our data. Section III presents the results of a sample simulation,87

followed by a discussion on their sensitivity to variations in the Rossby number. We discuss the limitations and future88

perspectives of our study and summarize our findings in section IV.89

II. METHODOLOGY90

A. Numerical Setup91

We set up a jet-like current of typical half-width L = 1 on an f -plane Cartesian (x̂, ŷ, ẑ, with ẑ pointing92

vertically upward) nondimensional domain of horizontal length Lx = 16 and height H = 1. The jet flows in the ŷ93

direction. Strictly speaking, the domain is two-and-a-half-dimensional, namely, there can be a non-zero velocity in94

the y-direction, but we set all y-derivatives to zero. Since we loosely draw inspiration from the mixed layer of the95

upper ocean, as a first step approach, our model uses the equations of motion for a constant-density flow, which is a96

rough approximation thereof. Also, at least in the case of EII, lateral buoyancy gradients are laterally advected like97

passive tracers, and do not play a leading role in the dynamics [27]. The unit time scale is the inverse of the Coriolis98

parameter 1/f = 1. Then, the nondimensionalized equations of motion take the form99

Dv

Dt
+ f ẑ × v +∇ϕ = Ek∇2v and ∇ · v = 0, (1)100
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FIG. 1. Top view of numerical setup showing regions of anticyclonic and cyclonic vorticity ζ = ∂xv, with the shape of the
current modeled as in Eq. (2).

where v = ux̂+ vŷ + wẑ is the velocity field and its Cartesian components, ϕ includes the pressure deviations from101

hydrostatic balance divided by the fluid density, as well as the centrifugal potential, and Ek = ν/fH2 is the Ekman102

number, with ν the kinematic viscosity. Note that as mentioned above, f = 1 in our nondimensional unit system, but103

we keep its symbol to keep track of the Coriolis terms.104

The initial state of the current is modeled as a Gaussian function given by105

v|t=0 = −v0e
−x2/2ŷ, (2)106

where v0 = −Romine
1/2 is the amplitude of the current. Note that Romin = min(Ro), with Ro = ∂xv/f in our two-107

dimensional model. This current is a crude model for submesoscale jets that are generated during the frontogenesis108

process, typically due to strain from mesoscale eddies [3]. Once generated, these jets are prone to instabilities, two of109

which are the focus of this study. A sketch of the current is depicted in Figure 1.110

We apply a constant wind stress τ in the direction of the initial current, that is,111

∂zu|z=0 = 0 and ∂zv|z=0 = τ. (3)112

It is important to note that the numerical setup in both cases is almost identical; the only difference is in the value113

of the wind stress, with τ = 0 in InI simulations and τ = 1 in EII simulations.114

Because the initial interior viscous stress is zero (no vertical shear of the initial current), the EII case is equivalent115

to a “step response”, where the wind goes from zero to some finite value instantaneously at t = 0. The bottom116

boundary conditions, namely, at z = −1, for horizontal and vertical velocities are free-slip and rigid-lid, respectively.117

In the horizontal direction, we impose periodic boundary conditions.118

We solve the equations of motion using Dedalus, a highly flexible computational framework suitable for optimal119

parallelized simulations that solves partial differential equations using spectral methods [29]. The computational120

domain consists of a Fourier basis with nx = 2048 grid points in the horizontal direction and a Chebyshev basis with121

nz = 128 grid points in the vertical direction. We use dealiasing scale factors of 3/2 for each axis. Our simulations122

use a fixed time step ∆t = 10−3 and a second-order, two-stage Runge-Kutta integrator. The total simulation time is123

Tf = 40π, that is, twenty inertial periods.124

We conduct an analysis of the similarities and differences between InI and EII that result from variations in the125

minimum Rossby number, with Romin ∈ {−1.1, . . . ,−1.9} increasing by 0.1 in each simulation. We keep the Ekman126

number constant, namely Ek = 10−3. Variations of this parameter would likely affect the vertical scale of each127

instability, but this work is focused on the comparison of other dynamical features. Finally, the numerical setup128

described above is characterized by a bulk Reynolds number Re = Ro/(δ2Ek) ≈ 103, where δ = H/L is the aspect129

ratio of the jet.130
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B. Growth rate and energetics131

We calculate the growth rate of the perturbations in each instability, namely,132

σ =
1

2

1

⟨w2⟩
d⟨w2⟩
dt

, (4)133

where ⟨·⟩ represents an integral over the full volume.134

In a homogeneous fluid, the total kinetic energy K =
〈
|v|2/2

〉
is also the total energy of the system. To evaluate135

how much of the total energy is dissipated due to InI and EII, we calculate the energy budget of the flow, namely,136

d ⟨K⟩
dt

= Ek
〈
∇2(|v|2/2)

〉︸ ︷︷ ︸
Diffusion D

−Ek
〈
|∇v|2

〉︸ ︷︷ ︸
Dissipation ε

, (5)137

where D and ε represent kinetic energy diffusion and dissipation, respectively. Note that because we calculate the138

energy budget over the full volume of the flow and owing to the boundary conditions, there is no contribution from139

the advective and pressure terms.140

C. Near-Inertial Oscillations141

Our periodic boundary conditions in the horizontal directions and background rotation allow for volume-averaged142

near-inertial oscillations of the horizontal velocity field. In order to better visualize the flow that is solely induced by143

the development of InI and EII, we remove the signal of such oscillations by plotting data in the frame of reference144

of the volume mean flow and subtracting such mean from the horizontal velocity field. In other words, we define the145

mean along-x displacement as x̂ =
∫ t

0
⟨u⟩dt′. Then, at each time step, we interpolate our data into a primed frame146

of reference defined by x′ = x − x̂. Finally, we subtract the mean flow that comprises the oscillating flow from the147

horizontal velocity field to obtain u′ = u− ⟨u⟩. Note that, by construction, the flow that we remove in this process is148

homogeneous in space. Given the absence of internal shear and the free-slip boundary conditions at the bottom, the149

removed oscillations diffuse and dissipate little to no energy, and therefore have little to no impact on the time-mean150

values of D and ε. They do introduce some oscillations in the time series in the case of EII as will be discussed below.151

Likewise, since the oscillations are confined to the horizontal plane, the calculation of σ is also unaffected by them.152

Note that we only apply this procedure to facilitate the reading of certain plots in which the oscillating flow could153

obscure other features of interest.154

III. RESULTS155

This section starts with a detailed analysis of a sample simulation characterized by Romin = −1.5. We select this156

value to allow for significant development of both InI and EII. Subsequently, we present our discussion around the157

effects on the dynamics and energetics of each instability resulting from variations of Romin, which is essentially the158

amplitude of the lateral shear of the initial current.159

A. Sample case160

1. Vertical Pumping161

One of our main interests is the vertical velocity w induced by each instability, as it would be crucial for the vertical162

transport of physical properties in the ocean, particularly in the submesoscale. In Figure 2, we show snapshots of163

w at four different times that are selected to represent the onset, an intermediate stage, the weakening, and the164

return to a stable state of both InI and EII. Each panel also shows regions of marginally stable flow, where locally165

−0.99 < Ro < −0.7, and unstable flow, where locally Ro < −1. The contours of Ro seem to follow the structure of166

the vertical flow.167

Several differences are immediately distinguishable. First, note from the time stamps that EII takes significantly168

less time than InI to start and then reach its maximum development, which is a direct consequence of the much faster169

initiation and development of the instability. Furthermore, panels (a)–(d) show that the magnitude of the pumping170
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FIG. 2. Evolution of the vertical flow w (blue/red shades) induced by InI and EII at Romin = −1.5, visualized in the reference
frame of the inertial oscillation. Translucent gold shades indicate marginally stable flow (−0.99 < Ro < −0.7), and translucent
turquoise indicate unstable flow (Ro < −1).

induced by EII, hereafter called Ekman-Inertial pumping, is also larger than that of InI. In particular, panel (b)171

highlights that the Ekman-Inertial pumping is more intense near the surface, where the triggering stress is applied.172

We can also see from the gold and turquoise shades that fluid parcels closest to the surface are displaced the farthest,173

which is another distinctive feature of EII. On the other hand, as shown in panel (a), the vertical flow induced by InI174

exhibits a modal structure that is consistent with a normal mode two wavenumber, where the flow velocity magnitudes175

reach the maximum values around z = −0.25 and z = −0.75. Note from panels (e)–(h) that, at the end of both176

instabilities, wave packets are emitted away from the unstable regions.177

To better visualize the time evolution of these waves, Figure 3 shows Hovmöller diagrams of w at z = −0.5. Despite178
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FIG. 3. Evolution of the vertical flow induced by InI and EII at z = −0.5 and for Romin = −1.5, visualized in the reference
frame of the inertial oscillation. Contours of Ro = −0.7 and Ro = −1 are shown in gold (dashed line) and turquoise (solid
line), respectively.

the fact that Ekman-Inertial pumping is stronger near the surface, we found that the fundamental features of the flow179

do not change significantly across different depths, so we choose a common level for both instabilities to facilitate the180

subsequent analyses.181

Figure 3 shows that both instabilities radiate internal waves. They do so preferentially from the anticyclonic flanks,182

where the generating disturbance takes place. They also radiate preferentially away from this region, and are less183

likely to cross the cyclonic flank of the jet. We can form a hypothesis as to why by considering the dispersion relation184

of internal waves of angular frequency ω in a rotating, unstratified fluid such as ours. This relation is ω2 = F 2 sin2 θ,185

where F = f
√
1 + Ro is the effective Coriolis frequency, and θ is the angle of the phase planes with respect to the186

direction of the rotation vector. There are two conditions for this dispersion relation to accept propagating solutions:187

First, F must be real, i.e., 1 + Ro must be positive and the flow stable. Second, we must have ω < F , with F > f188

(F < f) on the (anti)cyclonic flank of the jet, and F = f outside of it. Therefore, the cyclonic flank traps waves189

for which f < ω < F . On the anticyclonic flank, where the instability occurred, waves whose frequency is in the190

band F < ω < f tend to be expelled out of it, or to reflect off of it when propagating from elsewhere. Validating191

these hypotheses would require a detailed analysis of the interactions between the waves and the mean flow, which192

we reserve for future studies.193

2. Growth rate σ194

Figure 4 highlights the differences in temporal evolution of growth rate σ for InI and EII for the sample simulation195

as hinted by the Hovmöller diagrams of vertical pumping in Figure 3. Although both instabilities start with the196

same initial conditions, EII grows fast enough to significantly exceed the value of the inertial growth rate even at197

the first point of the timeseries. In the case of InI, the growth rate plummets to zero at t/2π ≈ 0.5 to subsequently198

increase, until it saturates at t/2π ≈ 2. Past this time, we have normal growth, during which the flow exhibits a199

modal structure (cf. Figure 2(a)) where all of its components grow in unison. This suggests that a transient growth200

behavior is observed for InI at 0 < t/2π ≤ 2, which is defined to be the intermediate state between the initial growth201

rate and the long-term growth rate (i.e., exponential normal mode growth rate) [26, 30]. Note that identifying a202

“transient growth rate” according to this definition is irrelevant for EII, since there is no modal long-term behavior.203

One could describe EII as a self-extinguishing form of transient growth, where different levels of the water column204

grow at different rates [27]. We can see this behavior in Figure 2(b), where the instability has grown first in the upper205
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FIG. 4. Time series of the growth rate of InI and EII for the simulations with Romin = −1.5. The black line indicates the value
of σref = f

√
−1− Romin.

layers, as shown by a downwelling that is more intense near the surface of the flow and shifted to the right, where the206

instability has advected it. Since the initial growth rate is generally larger than the normal mode growth rate, the207

transient growth rate is expected to decrease over time. However, in the case of EII, the growth rate decreases much208

slower over the initial period, thus allowing the rapid development of instabilities and strong vertical flow as seen in209

Fig. 2(b) and Fig. 3(b).210

The growth rate of InI exceeds the growth rate of EII around t/2π = 1.2. At t/2π ≈ 2, the InI growth rate211

reaches its maximum of about 0.5. Note that the growth rate of perturbations in an inviscid, infinite-domain shear212

would be σref = f
√
−1− Romin ≈ 0.7. Previous studies [25, 28] of InI in a barotropic jet have found that, in flows213

with a finite Reynolds or Ekman number, i.e., in the presence of viscosity as in our case, the spatial structure of the214

fastest-growing mode and its associated growth rate depend on the value of Re (or Ek) and that of the aspect ratio of215

the jet δ = H/L. In particular, the vertical wavenumber k = 2π/H of the fastest-growing InI mode and its associated216

growth rate increase with Re. Likewise, the growth rate is a monotonically increasing function of the aspect ratio217

δ. In all cases, σref is an upper bound for the value of the actual growth rate. Therefore, we attribute our lower InI218

growth rate compared to σref to the presence of viscous effects, vertical boundaries, and the finite lateral extent of the219

jet. The growth rate then starts decreasing slightly due to the slow viscous diffusion of the jet but remains relatively220

constant, and perturbations grow exponentially, according to linear theory. The instability starts saturating at about221

t/2π = 7.5, past which it abruptly drops to zero. After this point, similarly to EII, the growth rate remains close to222

zero.223

3. Energetics224

The energy budget of the system is calculated as in Eq. (5) for InI and EII, and each term is individually plotted225

in Figure 5. As each instability develops, some kinetic energy is naturally lost to dissipation. Note that in both cases,226

the minimum of the energy rate of change is reached once the instabilities start to weaken, that is, after their growth227

rate has also reached its minimum (see Figure 4), allowing enough time for the flow to dissipate kinetic energy. The228

most remarkable difference, however, is in the diffusion term of the energy budget; although it is negligible in InI, it229

shows an oscillating behavior in EII. Such oscillations result from the combined effect of the wind stress applied at230

the surface and the near-inertial oscillation described in section IIC. Indeed, the wind stress is applied by inducing231

vertical shear in the horizontal flow in the direction along the current, and the near-inertial oscillation is constantly232

changing direction, in particular along the current. Therefore, whenever the direction of the oscillation is the same233

(opposite) as the direction of the surface forcing, the diffusion of kinetic energy increases (decreases), resulting in a234

local maximum (minimum) in the diffusion curve of Figure 5. A similar response to surface winds was reported by235

Crawford and Large [31], in which an off-resonant interaction between inertial currents and steady-direction winds236
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FIG. 5. Energy Budget of InI and EII at Romin = −1.5.

leads to a decrease in kinetic energy while a resonant interaction between inertial currents and winds rotating at the237

inertial frequency maximizes the kinetic energy.238

Figure 6 shows the time-averaged spatial distribution of kinetic energy diffusion (panels (a) and (b)), as well as239

its horizontally-averaged temporal evolution (panels (c) and (d)). As expected, the first row of Figure 6 shows that240

kinetic energy is primarily diffused in the region around the jet for both InI and EII, and the diffusion caused by EII is241

particularly localized in the upper layers of the domain, where the wind stress continuously supplies momentum from242

above. On the other hand, panel (d) shows diffusion being alternately enhanced and diminished by the interaction243

between the near-inertial oscillations and the wind stress at the surface, while in panel (c), the absence of surface244

forcing leads to nearly negligible diffusion at the top of the domain.245

4. Vorticity statistics246

As both instabilities develop, the induced horizontal flow mixes cyclonic (stable) and anticylonic (unstable) flow,247

leading to changes in the vorticity field. In Figure 7, each histogram represents the distribution of the local Rossby248

numbers at different times over the course of the simulations. We exclude the range −0.1 < Ro < 0.1 since the flanks249

of the current are characterized by Ro = 0 at all times, but this is due to the Gaussian shape of the current, not the250

instabilities themselves. Note that the symmetry associated with the initial state of the current is eventually broken.251

In the early stages of each instability, we observe a large peak at Ro = −1. Over time, it shifts to a narrow peak252

around −1 < Ro < −0.7, indicating that once the instabilities have subsided, much of the flow ends up close to the253

stability threshold. The main difference between the two is yet again in the timing: the process is much faster with254

EII than with InI, that is, stabilization occurs within t/2π = 12 in InI and t/2π = 6 in EII, which correspond to255

the times when kinetic energy rate of change reaches a steady state (Fig. 5) and the growth rate of perturbations is256

approximately zero (Fig. 4). After these times, we also do not find unstable flow in the Hovmöller diagrams of w (see257

turquoise lines in Fig. 3). Subsequently, both distributions remain in such a marginally stable state, with the EII258

maximum distribution slowly drifting towards higher values of Ro. While the post-instability evolution of the flow259

is beyond the scope of this work, we hypothesize that this drift is similar to the drift towards smaller values of Ro260

that we can see for the cyclonic distributions, and that these drifts are due to viscous diffusion smoothing out sharp261
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FIG. 6. Kinetic energy diffusion D over the course of evolution of InI and EII at Romin = −1.5. (a,b) Temporally-averaged D
over the entire simulation time and (c,d) spatially-averaged D over the entire horizontal domain.

velocity gradients.262

B. Varying the minimal Rossby number263

We investigate how the growth rates of EII and InI are affected by variations in Romin, i.e., changes in lateral shear264

of the flow. Figure 8 shows a time series of the growth rates, each line corresponding to a different experiment. While265

defining the InI growth rate is more straightforward because of its long-term modal growth, it is not obvious what266

value should be selected to be the representative growth rate from the EII experiments. Time series curves in Figure267

8 reveal that the EII growth rate is more akin to that of transient growth in that it has an inherent time dependence268

and does not have the single value corresponding to the fastest-growing normal mode long-term behavior. In our269

simulations for both InI and EII, the initial growth rate is due to the non-normality of the initial condition, and the270

value is the same because all simulations have the same noisy initialization. Across all Romin and for both InI and EII,271

the initial growth rate then reduces due to viscous forces at a similar rate for each instability type until t/2π ≈ 0.4,272

indicated by the time series curves for each of InI- and EII-type simulations collapsing. Right after t/2π = 0.4, the273

InI growth rate is suppressed to zero, whereas the EII growth rate sustains significantly positive values across all274

simulations. We also note that the EII growth rates across the different values of Romin start diverging from each275

other around t/2π = 0.5, which could indicate the end of an initial “adjustment” stage similar to the transient growth276

stage of InI. Therefore, we define the time period t/2π ≤ 0.4 as the initial transient state and do not consider it in277

our analysis. It is important to note that unlike InI, for which a long-term growth rate can be defined, EII growth278

rate continues to decrease to zero throughout the time series. A different time can be chosen to define the end of279

the initial transient period, but the results in terms of the EII growth rate sensitivity to Romin are qualitatively the280

same. For each Romin, we define the growth rate of InI to be the maximum growth rate after this transient initial281

period, which reveals the modal growth rate corresponding to the flat regions of the time series. As mentioned above,282
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FIG. 7. Histograms of Ro at every inertial period, for a simulation with Romin = −1.5. To facilitate visualization, we do not
show the sampling corresponding to the range −0.1 < Ro < 0.1.

defining a single value for EII growth rate is more complicated. In this paper, we choose the growth rate values at283

t/2π = 0.5, acknowledging that this choice is somewhat arbitrary.284

Interestingly, while the qualitative behavior of the EII growth rate remains rather similar across different values of285

Romin, the InI time series reveal a shorter phase of linear growth rate as Romin becomes more negative. The relative286

dependence on Romin is even more evident in Figure 9, which shows the maximum growth rate of each experiment287

as a function of Romin. Additionally, we show the theoretical maximum growth rate of InI, σref, predicted by linear288

stability analysis. Because of viscous forces, InI growth rate is less than σref for all values of Romin, similarly to what289

we observe in Figure 4. Notably, EII growth rate exceeds that of InI for all Romin by a factor of 1.5 − 6 and even290

exceeds σref except for in the case of our most unstable jet with Romin = −1.9. The growth rates of both EII and InI291

increase with smaller (more unstable) Romin, but InI maximum growth rate varies more with Romin than that of EII.292

Note that in EII, the imposed wind stress acts as the main triggering perturbation, and hence its growth rate might293

be more sensitive to other factors, such as the viscous forces responsible for its propagation.294

IV. DISCUSSION AND CONCLUSIONS295

The results of our idealized two-dimensional simulations qualitatively agree with some of the predictions by296

Grisouard and Zemskova [27], showing a significantly faster growth rate of EII compared to the growth rate of297

InI. Even though we find that EII growth rate exceeds that of InI by a factor of 1.5−6, not by orders of magnitude as298

expected from the one-dimensional study [27], this primary difference still has dynamical consequences that become299

apparent in 2D, such that perturbations induce both horizontal and vertical flows that lead to turbulent motions and300

eventually extinguish the instability. The main conclusions of this work can be summarized as follows:301

• EII grows faster than InI in the case of our step response to wind stress. The growth rate of EII is more302

time-dependent in contrast with a more easily identifiable long-term modal growth rate of InI.303

• EII induces stronger horizontal and vertical flows and does so much earlier than InI.304

• In both cases, the induced vertical flow is fast and strong enough to radiate inertial waves.305

• In both instabilities, kinetic energy is lost to viscous dissipation and the emitted wave field. Additionally, the306

continuous surface forcing applied in EII diffuses kinetic energy throughout the entire simulation, but it does307

not significantly affect the global energy budget.308
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FIG. 8. Time series of growth rates for experiments with different Romin. We use markers to identify the time series from our
sample Romin = −1.5 case and different colorbars to distinguish between the InI and EII experiments.

FIG. 9. Maximum growth rate for each instability, calculated after the transient state (t/2π ≥ 0.5), as function of Romin. The
black line corresponds to σref = f

√
−1− Romin.

• EII manifests itself preferentially near the surface, while InI does so in the interior of the flow.309

• Both instabilities reach a similar stable state, where most of the flow tends to remain close to the instability310

threshold Ro = −1. This process occurs faster in EII than in InI.311

In short, despite their common features, EII and InI have substantial differences that were not obvious from the one-312

dimensional analysis of Grisouard and Zemskova [27]. There are also important effects that our setup is not capturing,313

such as variations in the direction along the current and three-dimensional turbulence. Nevertheless, our work provides314

valuable information on the circulation induced in a plane across the current that results in vertical transport of ocean315

properties and can be more significant in EII than the one reported for other submesoscale instabilities.316

Another limitation of our study is the assumption of homogeneous fluid, which is motivated by our focus on EII,317

whose main sources of kinetic energy are the lateral shear of the geostrophic current and the vertical shear provided318

by the surface forcing. This setup is also representative of the near-surface ocean mixed layer, where submesoscale319

instabilities are important. While this allows us to reveal the most basic dynamics of EII, a stratified environment320

would permit other submesoscale processes such as frontogenesis [32], mixed layer instabilities [16], or gravitational321

and/or symmetric instabilities [18]. Their effects might interfere with those of EII, resulting in either an enhancement322

or a reduction of vertical stratification and vertical velocities in the upper ocean. Nonetheless, Grisouard and Zemskova323

[27] suggest that, even in the presence of stratification, EII could grow faster and dominate over other submesoscale324
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baroclinic instabilities. They also propose that EII could advect lateral density gradients like passive tracers and325

have a direct impact on the potential energy budget of a front. This is consistent with results from Grisouard [22], in326

which changes in the kinetic and potential energy of density fronts could not be explained by symmetric instability,327

even when it was supposed to dominate. Instead, the simulations featured unexpected strong signs of InI, as well as328

leading-order variations in the potential energy budgets of the fronts. In hindsight, those could have been signs of329

EII.330

For simplicity, we only consider the case of a constant wind stress along the current that starts at t = 0, or331

“infinitely” quickly, and is sustained throughout the simulation. Our motivation is that wind conditions can change332

much faster than surface currents, and trigger an EII-induced flow much faster than InI that grows in the interior of333

the domain. Nevertheless, how abrupt the surface forcing must be in order to trigger EII, and for it to outcompete InI334

or any of the aforementioned instabilities should be further investigated, as well as the sensitivity of EII to changes335

in the magnitude and direction of the wind.336

In this study, we keep the Ekman number constant, which in dimensional quantities translates into keeping a fixed337

eddy viscosity ν. Since viscous fluxes are responsible for propagating the surface perturbation into the interior in the338

case of EII, we would expect variations in Ek to impact the vertical extent of the induced flow and its corresponding339

ability to dissipate kinetic energy. In this case, InI may become dominant below a “critical” depth given that it340

already starts within the interior of the flow. Such a hypothesis is testable using the configuration presented here,341

but is not the focus of this work.342

The internal waves generated by both instabilities are of special interest. As shown in Figure 3, the most intense343

pumping is not centered in the domain. Instead, it develops mainly within the anticyclonic region, where the prop-344

agation of radiated waves is also enhanced, especially in EII. We can compare this situation with stratified, rotating345

flows where the buoyancy frequency N is significantly larger than f . This situation is commonly observed deeper in346

the ocean, in fronts and eddies with small Rossby numbers. There, internal waves can only propagate if F < ω < N ,347

which implies the following differences between the strongly stratified case and ours. To begin with, in the stratified348

case, (anti)cyclonic vorticity raises (lowers) the lower bound of the propagative band locally, but its upper bound349

remains N . In our unstratified case, (anti)cyclonic vorticity raises (lowers) the upper bound of the propagating band,350

while the lower bound remains zero. Consequently, in the stratified case, regions of (anti)cyclonic vorticity expel waves351

for which f < ω < F (trap waves for which F < ω < f) [33, 34]. Conversely, in our unstratified case, within the same352

frequency band, regions of (anti)cyclonic vorticity trap (expel) waves. By definition, the oceanic mixed layer tends to353

be well-mixed, with spatiotemporal variations. For example, it is more mixed at night, due to convective cooling, or354

during weather events. Whether internal waves propagate in a strongly stratified fluid or not must be determined on355

a case-by-case basis.356

The fact that both instabilities emit internal waves shows that kinetic energy is exchanged between the original357

current that is initially in geostrophic balance and the wave field. A thorough analysis of such energetic interactions358

requires separating the balanced flow from the wave field, which can be achieved using several techniques, but is still359

a challenging task in fluid dynamics. Therefore, we will reserve the implementation of a Lagrangian filter that allows360

us to accurately conduct this separation and investigate the corresponding wave-mean flow interactions for a future361

study.362

Finally, we wish to reiterate that our study aims to characterize the most basic dynamical features of EII by363

comparing it with InI. Although submesoscale instabilities have been directly measured in the past [15, 20, 35, 36],364

comparing the results presented here with observational data may be a premature step, given that our current365

understanding of EII is still relatively shallow. Therefore, we prefer to reserve such comparisons for future studies.366

Intermediate steps could consist in numerical studies that use a less idealized setup, for example, three-dimensional367

large-eddy simulations.368
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