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ABSTRACT: The "damped gravity wave" (DGW) approximation occurs when convective momentum dissipation is balanced by the
pressure gradient force of convectively forced gravity waves. While this balance has been used to parameterize large-scale lifting in
limited-domain models of tropical deep convection, its applicability to observed phenomena has not been carefully examined. A scale
analysis indicates that DGW balance can occur in tropical cloud clusters occurring in low shear environments, with horizontal scales of
∼ 100 km or greater and timescales of a day. The DGW balance is then used to explain three well-known properties of tropical deep
convection. First, DGW balance implies that the average mesoscale vertical velocity in cloud clusters will be closer to first baroclinic, with
second baroclinic motions contributing a smaller fraction of the total ascent. The first baroclinic mode is dominant because gravity waves
and momentum diffusion induce a nonlocal velocity response to buoyancy, making ascent over regions of negative buoyancy possible.
Second, a combination of the weak temperature gradient (WTG) and DGW balances yields a form of convective quasi-equilibrium, with
adjustment timescales comparable to those previously estimated. Third, the use of WTG-DGW approximations in an entraining plume
model reproduces the empirical precipitation-buoyancy relationship from Ahmed and Neelin. The sensitivity of precipitation to mean
CAPE is interpreted as a small excursion from the zero buoyancy approximation where the undilute buoyancy and dilution by entrainment
nearly, but not completely, cancel. Overall, these results support viewing cloud clusters as a coupling between deep convection and gravity
waves.

SIGNIFICANCE STATEMENT: Large regions of
tropical thunderstorms, referred to as cloud clusters, can
dissipate winds in the troposphere. The cloud clusters also
force large atmospheric ripples that are known as grav-
ity waves. In this study we show that when we combine
these two consequences of cloud clusters we can explain
three features of the tropics. First, it explains why the
predominant form of vertical motion consists of deep as-
cent throughout the troposphere. Second, it shows that
cloud clusters achieve an equilibrium between the instabil-
ity that amplifies them and the dissipation they create at
timescales that agreewith previouswork. Third, it explains
why tropical precipitation picks up very rapidly once a spe-
cific threshold is met. These results support viewing cloud
clusters as a coupling thunderstorms and gravity waves.

1. Introduction

A major feature of the tropics is the prevalence of
large regions of deep convection. While individual cu-
mulonimbus are usually on the scale of tens of kilome-
ters or less, they can also organize into much larger cloud
clusters (Chang 1970; Zangvil 1975) (see Fig. 1). These
cloud clusters can be comprised of multiple cumulonimbus
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clouds and/or may include one or multiple mesoscale con-
vective systems (MCSs). These regions of deep convection
can be further organized by large-scale weather systems
such as convectively coupled waves and theMadden-Julian
Oscillation, providing an important source of predictabil-
ity (Dias et al. 2018; Janiga et al. 2018; Kim et al. 2018).
Collectively, cloud clusters play a critical role in global
energy transport, and their rainfall affects the livelihood
of nearly half of the global population (Schumacher et al.
2004; Bischoff and Schneider 2014; Edelman et al. 2014).
Observations have shown that both disorganized and or-

ganized convection exhibit deep inflow profiles that mix
free-tropospheric air into updrafts (Kingsmill and Houze
1999; Schumacher et al. 2015; Schiro et al. 2018). These
deep profiles are dominated by the so-called "first baro-
clinic mode" in vertical velocity. In the first baroclinic
mode, ascent increases from the surface, peaks in the
mid-troposphere, and decreases until vanishing near the
tropopause. This vertical velocity profile accounts for
nearly 80% of the large-scale (>100 km in length) ver-
tical velocity variance in the tropics (Tung et al. 1999;
Back et al. 2017; Inoue et al. 2020). While it’s dominance
can be explained by invoking convective quasi-equilibrium
(Emanuel et al. 1994), the details on how this dominance
comes about have not been thoroughly examined.
The mixing that is associated with deep inflow makes

convection sensitive to the concentration of moisture in the
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Fig. 1. Meteosat-10 635 nm image of a cloud cluster over the eastern
north Atlantic that occurred on June 12, 2024.

lower free troposphere (Ahmed and Neelin 2018; Schiro
et al. 2018). This sensitivity is well captured if the convec-
tion is treated as an entraining plume whose buoyancy is
determined by the thermodynamic properties of the bound-
ary layer and the overlying free troposphere (Brown and
Zhang 1997; Ahmed and Neelin 2018; Schiro and Neelin
2019a; Wolding et al. 2022). Application of this plume
buoyancy framework to observations and reanalysis reveals
that rainfall increases steeply and quasi linearly after some
critical buoyancy value is exceeded (Ahmed and Neelin
2018; Ahmed et al. 2020; Adames et al. 2021). While this
linear relationship has been used to parameterize convec-
tion in simple models of tropical motions (Ahmed et al.
2020, 2021; Adames et al. 2021; Ahmed 2021), we still
lack an explanation for it that is based on first principles.
It is well-known that tropical precipitation is directly re-

lated to large-scale vertical motions via the weak temper-
ature gradient approximation (Sobel and Bretherton 2000;
Sobel et al. 2001). However, the details as to how buoyancy
is related to these two are less clear and require a close ex-
amination of the horizontal and vertical momentum equa-
tions. Romps (2012b) suggested that the leading-order bal-
ance in the horizontal momentum equations in convecting
regions is between the pressure gradient force and fric-
tional dissipation. This balance is sometimes referred to
as "antitriptic balance" (Bluestein 1992), the "weak pres-
sure gradient" (WPG) approximation (Romps 2012b), or
the "damped gravity wave" (DGW) approximation (Kuang
2008; Blossey et al. 2009; Wang et al. 2013). In this study
we will refer to it as DGW balance. In this balance, the
large-scale winds steadily flow down the pressure gradient
of the convective region, as in a viscous fluid.
DGW balance has been used as a way to parameterize

large-scale vertical motions in regional cloud-permitting

models (Romps 2012a; Wang et al. 2013; Daleu et al.
2015, 2016; Singh and Neogi 2022). The results of these
studies indicate that it can reasonably simulate large-scale
anomalies in vertical motion and buoyancy. Aside from
this application, the possibility that tropical convecting
regions are in DGW balance has received little attention.
This may be partly due to the fact that antitriptic flow
is considered to be a rare occurrence in the troposphere
(Bluestein 1992), even thoughmany studies have suggested
that cumulus momentum transports in unorganized deep
convection approximately act as friction (Mapes and Wu
2001; Tung and Yanai 2002; Blossey et al. 2009; Kuang
2011; Romps 2014).
In this study, we will examine whether a form of the

DGW appproximation where the friction comes from eddy
diffusion of momentum by convection can be used to better
understand regions of deep convection such as tropical
cloud clusters (Fig. 2). Specifically, we will seek to answer
the following questions:

1. Under what conditions is the DGW approximation
valid?

2. Can the DGW approximation explain the preponder-
ance of the first baroclinic mode in vertical velocity
in the tropics?

3. Can the DGW approximation explain the linear rela-
tionship between buoyancy and rainfall?

This study is structured as follows. Data and methods
are discussed in the next section. The idea that convective
momentum transports act diffusively along with the basic
equations is introduced in section 2. Section 3 shows how
DGW balance can occur through the application of scale
analysis. In Section 5 we employ a simple model to better
understand the adjustment towards and the consequences
of DGW balance on deep convection. In Section 6 we treat
cloud clusters as entraining plumes and show that theDGW
and WTG approximations can explain the precipitation-
buoyancy relation. We summarize this work and offer
conclusions in Section 7.

2. Basic equations

Wewill begin our analysis by considering the basic equa-
tions averaged over a domain that is on the order ∼ 100 km,
a scale typically used to characterize the tropical mesoscale
(Fig 3a; Houze 2004). Domain-averaged variables will be
denoted with an overline (e.g. 𝑢) and double primes denote
deviations from the domain mean (e.g. 𝑢′′). These devi-
ations will correspond to the smaller-scale elements that
exist within the active convection (see Fig. 3b) that are of
a horizontal scale≪ 100 km.
Romps (2014) showed that convective momentum trans-

port in unorganized convection acts as a momentum dif-
fusion for the leading baroclinic modes in vertical motion
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Fig. 2. Schematic showing DGW balance (Eq. (22a)) in a tropical cloud cluster. Purple contours show the anomalous pressure. The blue curved
arrows denote the subdomain-scale eddies. Red and cyan arrows denote small-scale updrafts and downdrafts, respectively. The governing forces in
the horizontal momentum equations are shown as arrows in the lower-left corner.

Table 1. The main variables and definitions used in this study.

Var. Description Units

𝑝 Pressure Pa
𝑇 Temperature K
𝜌 Density s−1

𝐵 Buoyancy m s−2

𝑁 Brünt-Vaisala frequency s−1

𝑓 Planetary vorticity s−1

v Horizontal vector wind m s−1

𝑤 Vertical wind m s−1

𝑀𝑢 Convective updraft mass flux m−1

𝜀 Effective entrainment rate m−1

𝜇𝑐 Eddy exchange coefficient kg m−1 s−1

𝑄1 Apparent heating W s−1

Q Apparent buoyancy source m s−3

𝑐 Gravity wave phase speed m s−1

𝜏𝜖 Convective dissipation timescale s
𝜏𝑔 Gravity wave adjustment timescale s
𝜏𝑟 Convective response timescale s

(see Appendix A), allowing us to write the subdomain-
scale momentum fluxes as:

𝜌𝑢′′𝑤′′ = −𝜇𝑐
𝜕𝑢

𝜕𝑧
(1)

where 𝜌 is the density, 𝑢′′𝑤′′ is the turbulent vertical zonal
momentum flux, 𝜇𝑐 is the eddy exchange coefficient, and
𝑢 is the domain-mean zonal wind. As in the mixing length

hypothesis, 𝜇𝑐 is defined as a mass flux (𝑀𝑢) that is char-
acteristic of the small-scale updrafts (such as those shown
in Fig. 3b) multiplied by the mean free path of parcels.
This mean free path is the inverse of the effective fractional
entrainment rate of the small-scale updrafts (𝜀):

𝜇𝑐 =
𝑀𝑢

𝜀
. (2)

The term 𝜀 actually accounts for the fractional entrainment
and the horizontal pressure gradient force between updrafts
and the environment. For simplicity, we assume that its
properties are similar to the entrainment rate, which is
largest over the boundary layer and tends to decrease with
height (Romps 2010; Hannah 2017; Xu et al. 2021). In
contrast, 𝑀𝑢 increases rapidly in the first few kilometers
above the surface, and slowly decreases throughout the rest
of the troposphere. These results suggest that 𝜇𝑐 can be
treated as independent of height to qualitatively represent
the horizontal accelerations driven by subdomain-scale up-
drafts and downdrafts. These assumptions are similar to
those made by Romps (2014).
After making these assumptions and approximations we

write the momentum, mass continuity and thermodynamic
equations as:

𝐷v
𝐷𝑡

= − 1
𝜌
∇ℎ𝑝

′− 𝑓 k×v+ 𝜇𝑐

𝜌

𝜕2v
𝜕𝑧2 (3a)

𝐷𝑤

𝐷𝑡
= − 1

𝜌

𝜕𝑝′

𝜕𝑧
+𝐵+ 𝜇𝑐

𝜌

𝜕2𝑤

𝜕𝑧2 (3b)
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∇ℎ · 𝜌v = −𝜕𝜌𝑤

𝜕𝑧
(3c)

𝐶𝑝

𝐷𝑇

𝐷𝑡
+𝑤𝑔 =𝑄1 (3d)

where
𝐷

𝐷𝑡
=

𝜕

𝜕𝑡
+𝑢 𝜕

𝜕𝑥
+ 𝑣 𝜕

𝜕𝑥
+𝑤 𝜕

𝜕𝑧
(4)

is the domain-averaged material derivative, v is the hor-
izontal vector wind, 𝑤 is the vertical velocity, 𝜌 is the
density, 𝑝′ is the pressure perturbation from global hydro-
static balance,∇ℎ is the horizontal gradient,

𝐵 = 𝑔
𝑇 ′

𝑇𝑒
(5)

is the buoyancy, defined as the temperature deviation from
the value that satisfies hydrostatic balance (𝑇𝑒), where 𝑇 ′ =
𝑇 −𝑇𝑒,

𝑄1 =𝑄𝑐 +𝑄𝑟 −
𝜕𝑤′′𝑠′′

𝜕𝑧
(6)

is the apparent heating rate (Yanai et al. 1973), where 𝑄𝑐

is the domain-mean latent heat release in convection, 𝑄𝑟

is the radiative heating, an 𝑤′′𝑠′′ is the subgrid-scale flux
of dry static energy (𝑠 = 𝐶𝑝𝑇 +𝑔𝑧).
It will be convenient to write Eq. (3d) in terms of buoy-

ancy. We do this by multiplying Eq. (3d) by 𝑔(𝐶𝑝𝑇𝑒)−1,
yielding the following

𝜕𝐵

𝜕𝑡
+v ·∇ℎ𝐵+𝑤𝑁2 = Q (7)

where

𝑁 =

√︄
𝑔

𝐶𝑝𝑇𝑒

𝜕𝑠

𝜕𝑧
(8)

is the Brünt-Vaisala frequency, and

Q =
𝑔𝑄1
𝐶𝑝𝑇𝑒

(9)

is the diabatic buoyancy source. From here on, the over-
lineswill be dropped and variableswill correspond to∼100
km domain averages unless otherwise stated.

3. Scale analysis

We will now perform a scale analysis on Eqs. (3a)-(3d)
in order to understand when DGW balance is valid. The
independent variables scale as:

(𝑥, 𝑦) = L(𝑥, �̂�) 𝑧 = H𝑧 𝑡 = 𝜏𝑡 (10)

while the zonal, meridional and vertical winds scale as:

(𝑢, 𝑣) = U(�̂�, �̂�) 𝑤 = W�̂�. (11)

The scales U andWcan be related to one another by scaling
Eq. (3c), yielding:

W =
UH
L

. (12)

To keep the discussion in this section as simple as possible,
we assume that the Eulerian tendency of momentum and
the advection terms are of comparable magnitude, imply-
ing that:

𝜏 ∼ L
U
. (13)

Note that in using this scaling we are assuming that the ir-
rotational component of the horizontal flow is comparable
or larger than its non-divergent component. This scaling
implies that the Rossby number Ro = (𝜏𝜁𝑎)−1 (Raymond
et al. 2015), where 𝜁𝑎 = 𝑓 + 𝜁 is the absolute vorticity, is
of order unity or greater.
Since we are interested in the conditions in which the

DGW approximation is satisfied, we will scale the pressure
gradient force as being of the same order as the vertical
diffusion of horizontal momentum. For this, it will be
convenient to define the scaling of 𝑀𝑢 as:

𝑀𝑢 ∼ 𝜌𝜎W𝑢 (14)

where 𝜎 is the area fraction of the domain occupied by
updrafts (Yanai et al. 1973), and W𝑢 is a characteristic
velocity of the subdomain-scale updrafts. With this defi-
nition, the scale of the pressure anomaly is written as:

𝑝′ ∼ 𝜌LU
𝜏𝜀

𝑝′. (15)

where
𝜏𝜖 =

𝜌H2

𝜇𝑐
=

𝜀H2

𝜎𝑊𝑢

(16)

is a convective dissipation timescale.
For Eq. (3b), we are interested in the conditions inwhich

hydrostatic balance is satisfied. Hence, it will be conve-
nient to assume that 𝐵 is of the same order of magnitude as
the vertical pressure gradient force, yielding the following
scaling:

𝐵 ∼ LU
H𝜏𝜖

�̂�. (17)

The scaling of Eq. (7) will be based on the conditions in
which WTG balance is satisfied. As such, we will assume
that the diabatic heating scales as:

Q ∼ W𝑁2Q̂. (18)

With the scales defined we write the nondimensional
momentum equations as:

Re𝑐
𝐷v̂
𝐷𝑡

= −∇̂ℎ𝑝
′− Re𝑐

Ro
k× v̂+ 𝜕2v̂

𝜕𝑧2 (19a)
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Re𝑐
H2

L2
𝐷�̂�

𝐷𝑡
= −𝜕𝑝′

𝜕𝑧
+ �̂�+ H

L
𝜕2�̂�

𝜕𝑧2 (19b)

Re𝑐
𝜏2
𝑔

𝜏2

(
𝜕�̂�

𝜕𝑡
+ v̂ · ∇̂ℎ �̂�

)
+ �̂� = Q̂ (19c)

where

Re𝑐 ≡
𝜏𝜖

𝜏
=
𝜀H𝑀

𝑀𝑢

(20)

is a “convective" Reynolds number, the ratio between
domain-scale acceleration and convective momentum
transports, 𝑀 = 𝜌W is the domain-mean mass flux,

𝜏𝑔 =
L
𝑐

(21)

is the gravity wave adjustment timescale, the timescale
in which gravity waves eliminate temperature anomalies
from the column (Herman and Raymond 2014; Ruppert
and Hohenegger 2018; Adames et al. 2019), and 𝑐 = 𝑁H
is the gravity wave phase speed.
When Re𝑐 ≪ 1 the leading-order balance in the hor-

izontal momentum equation is DGW balance (Fig. 2).
The leading balance in the vertical momentum equation
is hydrostatic balance. These two balances are written in
dimensional form as:

∇ℎ𝑝
′ ≃ 𝜇𝑐

𝜕2v
𝜕𝑧2 (22a)

1
𝜌

𝜕𝑝′

𝜕𝑧
≃ 𝐵. (22b)

Furthermore, if 𝜏𝑔 ≪ 𝜏 the leading-order balance in the
thermodynamic equation is WTG balance:

𝑤𝑁2 ≃ Q. (22c)

These balances are the same as those found by Romps
(2012b), except that we are representing the cloud drag in
terms of a vertical diffusion.
We can show that the conditions in which the DGW ap-

proximation are valid are associated to those of widespread
convection under low vertical wind shear. These condi-
tions are associated with a large bulk Richardson number,
the ratio between parcel-based convective available po-
tential energy (CAPE) and the large-scale kinetic energy
(Weisman and Klemp 1986). For the purposes of scaling,
we assume that the parcel-based CAPE is proportional to
W2

𝑢/2 so that the bulk Richardson number can be defined
as Ri𝐵 = Wu

2/U2. Using Eqs. (20) and (12) we find that
Re2𝑐 ∝Ri−1

𝐵
. Thus, when Re𝑐 is small Ri𝐵 tends to be large.

By taking the horizontal divergence of Eq. (22a), and
invoking Eq. (3c), and combining with Eq. (22b) we

obtain an equation that relates 𝑤 and 𝐵:

𝜕3

𝜕𝑧3

(
1
𝜌

𝜕𝜌𝑤

𝜕𝑧

)
≃ − 𝜌

𝜇𝑐
∇2
ℎ𝐵 (23)

where we have treated 𝜇𝑐 as a constant1. Examination
of Eq. (23) reveals that the domain-mean vertical motion
is not determined by 𝐵, but by its horizontal Laplacian.
Emanuel et al. (1994) found a similar result in their strict
quasi-equilibrium formulation, except the left-hand side of
Eq. (23) is replaced by the tendency in 𝜕2

𝑧 𝜌𝑤.
Previous studies have estimated values of 𝜖 that range

from 10−4 to 10−3 m−1 (Romps 2010, 2014; Hannah 2017;
Becker et al. 2018; Becker and Hohenegger 2021). Deep
convection can have a depth of 10-15 km, hence the scale
H is on the order of 4-5 km 2. When considered together,
the product 𝜖H has a value between 1-10. Thus, it follows
that 𝑀 ≪ 𝑀𝑢 for Re𝑐 ≪ 1. Furthermore, H ≪ L, and Ro
≥ 1 for Eq. (23) to be valid. In other words, 𝜏 ≫ 𝜏𝜖 and
𝜏 ≲ 𝜁−1

𝑎 for DGW balance to hold, and 𝜏 ≫ 𝜏𝑔 for WTG
balance to hold. We can obtain two different scenarios in
which these conditions are satisfied.

a. Tropical Cloud Clusters

The first case to consider is a region of active convec-
tion of 𝐿 ∼ 100 km across where updrafts occupy roughly
a tenth of the domain 𝜎 ∼ 10−1. Several events captured
during the Green Ocean Amazon (GoAmazon) field cam-
paign near Manaus, Brazil (Fig. 3b,c) show updrafts and
downdrafts that peak from 3-10 m s−1. For the purpose of
scaling, we will use a value ofW𝑢 of 10 m s−1. With 𝐻 = 5
km, Eq. (16) thus implies that 𝜏𝜖 ∼ 104 s, or roughly 3
hours. For long-lived tropical cloud clusters with lifetimes
∼ 1 day and weak near-equatorial rotation (𝜁𝑎 ∼ 10−5s−1),
𝜏 ≫ 𝜏𝜖 and Ro∼ 1. We therefore find that for long-lived
cloud clusters Re𝑐 ∼ 0.1, implying that these systems are
in DGW balance.
If the domain-scale winds are on the order of 1 m s−1 it

follows through mass continuity that W ∼ 10−1 m s−1 and
𝜇𝑐 ∼ 103 Pa s from Eq. (2).
From Eq. (15), we find that 𝑝′ ∼5 Pa, and from (18)

we find: 𝐵 ∼ 10−2 m s−2 and 𝑇 ′ ∼ 0.3 K, where we have
assumed an environmental temperature of ∼270 K. If we
scale the convective available potential energy (CAPE =∫
𝐵𝑑𝑧) of the cloud cluster as 𝐵H we obtain a value of
100 J kg−1. Thus, the buoyancy and CAPE are small in
these clusters, consistent with both observations and with
quasi-equilibrium thinking (Emanuel et al. 1994; Singh
and O’Gorman 2013; Ahmed and Neelin 2018; Ahmed
et al. 2020; Adames et al. 2021). Note that the CAPE we

1The parameter 𝜇𝑐 should vary in space since it depends on the the
vertical mass flux of small-scale updrafts and downdrafts. Hence, Eq.
(23) is likely inaccurate outside of the core region of precipitation.

2As shown in the following section, the vertical scale is equal to the
vertical wavelength divided by 2𝜋.
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Fig. 3. (a) Vertical velocity (𝑤) derived from the merged WACR-ARSCL-RWP dataset at the location of the T3 ARM site. (b) Maximum absolute
value of vertical velocity for March 1st and 2nd, 2015.

have defined is an average over a scale of 100 km or so,
and does not correspond to the CAPE of individual parcels
within the cloud cluster.

b. Weak large-scale acceleration near the equator

A second case worth considering is for a domain of
𝐿 ∼ 1000 km that has active convection covering a small
fraction of the domain, so that 𝜎 ∼ 0.01. With 𝐻 = 5 km,
Eq. (16) now implies that 𝜏𝜖 ∼ 1 day. Thus DGW will
be satisfied for timescales ∼ 10 days, or for the near-steady
cloud ensemble. Since we are near the equator the Rossby
number will often be of order unity or larger, satisfying the
other condition required from DGW balance. For horizon-
tal flows on the order of 1 m s−1 we find that W ∼ 10−2

m s−1. This scaling is consistent with the domain sizes
that are employed using WTG or DGW modeling of trop-
ical deep convection (Wang et al. 2013; Daleu et al. 2015,
2016). In such a case 𝜇𝑐 ∼ 102 kg m−1 s−1, an order of
magnitude smaller than the case for tropical cloud clusters.
However, due to the larger domain size the anomalies in
pressure, temperature, and buoyancy are comparable to the
aforementioned case (see Eq. 15).

4. Dominance of the first baroclinic mode and nonlo-
cality

Equation (23) reveals details about DGW balance that
are best elucidated by examining the structure of an
idealized solution. In Fig. 4 we show the circula-
tion associated with a buoyancy given by the equation
𝐵 = 𝐵0 (cos 𝑘𝑥 + 0.05cos3𝑘𝑥) (sin𝑚𝑧 − 2sin2𝑚𝑧), where
𝐵0 = 10−2 m s−2 is an initial buoyancy anomaly, 𝑘 and 𝑚

are the zonal and vertical wavenumbers, which are related
to the horizontal and vertical scales of the last section as
in Adames (2022):

𝑘 =
1
L

𝑚 =
1
H
. (24)

Note that 𝑘 and 𝑚 can also be related to the horizontal and
vertical wavelengths of the system. These wavelengths can
be obtained by multiplying L and H by a factor of 2𝜋. For
simplicity, we have neglected variations in the y-direction.
We have also assumed a Boussinesq atmosphere with rigid
lids at the surface and at the tropopause. The equation was
chosen to highlight how spatial variations in 𝐵 affects the
structure of the circulation.
A salient feature of Fig. 4 is that 𝑤 exhibits a pro-

file that is reminiscent of a first baroclinic mode that is
slightly elevated, even though 𝐵 exhibits a profile that is
dominated by the second baroclinic mode. This result is
due to the vertical differentiation of 𝑤 in Eq. (23). We
can interpret this result in two ways. One way is that 𝑤
responds more strongly to first baroclinic anomalies in 𝐵
than higher vertical modes. We can see this dependence
more clearly after plugging in wave solutions of the form
𝑤 = 𝑤0 exp[𝑖(𝑘𝑥 +𝑚𝑧)] into Eq. (23)—and similarly for
𝐵—to get:

𝑤2
𝑤1

=
𝑚4

1

𝑚4
2

𝐵2
𝐵1

(25)

where the numbered subscripts indicate the first and second
baroclinic mode. By examining Eq. (25) we see that the
amplitude of the second baroclinic 𝑤 is smaller than those
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Fig. 4. (a) Circulation (arrows) associated with buoyancy field in accordance to the DGW approximation (Eq. (23)). The radius and height
are normalized with respect to the system’s horizontal and vertical scale (L and H, respectively). (b) Buoyancy (red) and vertical velocity (cyan)
corresponding to the center of panel (a). (c) As in panel (b) but only showing the positive component of the buoyancy and the vertical velocity that
is associated with it, according to

of the first baroclinic mode by a factor of 16, all else being
equal.
We can also interpret the results in Fig. 4 as 𝑤 respond-

ing nonlocally to fluctuations in 𝐵, as in Kuo and Neelin
(2022). To understand this better, let us consider the posi-
tive and negative contributions to 𝐵 in isolation, as shown
in panels (c) and (d) of Fig. 4. In both panels we see that 𝑤
extends through the depth of the troposphere even though
the contributions to 𝐵 do not. The profiles of 𝑤 and 𝐵 in
Fig. 4b are the sum of panels c and d. Since the upper
tropospheric contribution to 𝐵 is of larger magnitude, it
follows that it dominates the distribution of 𝑤.
Another feature is that the ascending motion is hori-

zontally narrower than 𝐵 as seen in the separation of the
upward-pointing arrows and the shading in Fig. 4a. By
examining Eq. (23) we see that this is a result of the hori-
zontal Laplacian, which accentuates smaller-scale features
in the distribution of 𝐵.
To better understand why Eq. (25) has such a strong de-

pendence on vertical wavenumber, we use the relationship
between the Brunt-Vaisala frequency (𝑁) and the gravity
wave speed:

𝑁 = 𝑐𝑚 =
𝑚

𝑘𝜏𝑔
. (26)

We further use (16) and assume that:

𝑚 =
1
𝐻

=

√︂
𝜌

𝜏𝜖 𝜇𝑐
. (27)

Combining Eqs. (27), (26) and (25) with WTG balance
(Eq. 22c) gives:

Q2
Q1

=
𝜏𝜖 2
𝜏𝜖 1

𝜏2
𝑔1

𝜏2
𝑔2

𝐵2
𝐵1

. (28)

Note that the vertical wave numbers are now implicit in
𝜏𝜖 and 𝜏𝑔. Under DGW balance, 𝜏2

𝑔 is inversely related
to the horizontal Laplacian of pressure – i.e. the conver-
gence of the pressure gradient force – that gravity waves
induce on the cloud cluster. Since the length of 𝜏𝑔 is pro-
portional to 𝑚, it follows from Eq. (25) that that gravity
waves induce a convergence that is four times stronger in
first barolinic motions than in second baroclinic motions.
The other contribution to the vertical wavenumber depen-
dence comes from 𝜏𝜖 , which is four times shorter in second
baroclinic motions than in first. In this case, the shorter
𝜏𝜖 implies that second baroclinic motions are dampened
four times more than first baroclinic motions. Thus, the
dominance of the first baroclinic mode implied by the form
of the DGW approximation shown in Eq. (22a) is due to
the combined effects of gravity wave-driven acceleration
favoring the first mode, and diffusion strongly damping
higher vertical modes.
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5. Adjustment to DGW balance and Convective Quasi-
equilibrium

a. Adjustment to DGW balance

In order to better understand Eq. (23), it is instructive to
consider how the atmosphere adjusts to this balance within
an idealized setting. We will use the Boussinesq and rigid
lid assumptions of the previous section, and assume that
the atmosphere remains in hydrostatic balance, but will
make no assumptions about DGW norWTG balance being
achieved a-priori. If we ignore the horizontal advection
of temperature and momentum, we can write the vertical
momentum and thermodynamic equations as:

𝜕

𝜕𝑡

𝜕2𝑤

𝜕𝑧2 = ∇2
ℎ𝐵+ 𝜇𝑐

𝜌

𝜕4𝑤

𝜕𝑧4 (29a)

𝜕𝐵

𝜕𝑡
= −𝑤𝑁2 +Q (29b)

By combining Eqs. (29a) and (29b), and asssuming a
wave solution of the form 𝑤 = 𝑤0𝑒

𝑖 (𝑘𝑥+𝑚𝑧) , we obtain the
equation for a forced and damped wave:

𝜕2𝐵

𝜕𝑡2
+ 1
𝜏𝜖

𝜕𝐵

𝜕𝑡
+ 𝐵

𝜏2
𝑔

=
𝜕Q
𝜕𝑡

+ Q
𝜏𝜖

. (30)

We can simplify Eq. (30) by first considering its nondi-
mensional form. Following the scale analysis from section
3, we obtain:

𝑁𝑤

𝜕2�̂�

𝜕𝑡2
+Re𝑐

𝜏2
𝑔

𝜏2
𝜖

𝜕�̂�

𝜕𝑡
+ �̂� = Re𝑐

𝜕Q̂
𝜕𝑡

+ Q̂. (31)

The number 𝑁𝑤 = 𝜏2
𝑔/𝜏2 describes the gravity wave-driven

adjustment towards WTG balance (Ruppert and Hoheneg-
ger 2018; Adames 2022). For first baroclinic systems of
scales of 100 km, 𝜏𝑔 is on the order of 30 minutes (Fig.
5). For this and comparable horizontal scales, 𝜏𝑔 is much
shorter than 𝜏𝜖 . As a result, for systems in which Re𝑐 ≪ 1
it follows that 𝑁𝑤 must be even smaller, on the order of
10−3. Furthermore, as stated above, 𝜏𝜀 is on the order of 2-
3 hours, so that 𝜏−2

𝜀 𝜏2
𝑔 ≪ 1. Since we are only considering

the case when Re𝑐 ≪ 1, it follows that the first two terms
on the left-hand side of Eq. (31) are at least two orders of
magnitude smaller than the largest term, while the heating
tendency is roughly an order of magnitude smaller.
If we retain the largest and second-largest terms in Eq.

(30) we obtain the following

𝜕Q
𝜕𝑡

=
𝐵

𝜏2
𝑔

− Q
𝜏𝜖

(32)

From Eq. (32) we see that 𝐵 is a source for Q. How
much 𝐵 increases Q depends on 𝜏2

𝑔 , indicating that the
acceleration is driven by the damped gravity waves. The
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Fig. 5. The timescales 𝜏𝑔 (blue), 𝜏𝜖 (red), and 𝜏𝑟 (yellow) as a

function of the horizontal scale L. Only the first baroclinic vertical mode
is shown, with 𝑐 = 50 m s−1.

second term is the damping of the convective region via
diffusion by the turbulent elements within it. From this
term we see that the convective adjustment timescale in
this framework is 𝜏𝜖 . For the first baroclinic mode, this
timescale is close to the convective adjustment timescale
estimated from Ahmed et al. (2020) as well as commonly-
used values in convective parameterization schemes (e.g.,
Zhang and McFarlane 1995a; Gregory et al. 2000).
More insights onto Eq. (32) can be obtained by exam-

ining the response of convection to a constant 𝐵 anomaly
that is turned on at 𝑡 = 0. In this case, the solution to Eq.
(32) takes the form:

Q(𝑡) = 𝜏𝜖

𝜏2
𝑔

𝐵

(
1− 𝑒

− 𝑡
𝜏𝜖

)
. (33)

As shown in Fig. 6 heating quickly responds to the 𝐵

anomaly. For the case in which 𝜏𝜖 = 2 hours, equilibrium
is approximately achieved in about four hours, so that the
leading-order balance is joint DGW-WTG balance:

𝐵

𝜏2
𝑔

≃ Q
𝜏𝜖

. (34)

It is worth pointing out that Eq. (34) is identical to
the strong friction limit of vertical velocities found by
Hernandez-Duenas et al. (2019) after applying the WTG
approximation.
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Fig. 6. Response to heating (Q) to a 𝐵 anomaly of 10−2 m s−2 that
is turned on at 𝑡 = 0, following Eq. (33). The cyan line shows the case
when 𝜏𝜖 = 2 hours, while the shaded area denotes the range of value that
Q has if we vary 𝜏𝜖 from 30 minutes to 5 hours. A constant value of 𝜏𝑔
of 30 minutes is used. The vertical solid gray line depicts the value of
𝜏𝜖 , which behaves as the convective adjustment timescale under WTG-
DGW balance. The horizontal gray line denotes the equilibrium value
of Q.

b. Convective Quasi-Equilibrium

The DGW approximation yields a form of convective
quasi-equilibrium that is worth elaborating upon. We can
show this by integrating Eq. (34) vertically from the cloud
base to the level of neutral buoyancy. Additionally, we will
also define a "convective response timescale" as 𝜏𝑟 = 𝜏2

𝑔/𝜏𝜖 ,
which yields the following:

⟨Q⟩ ≃ 𝜌CAPE
𝜏𝑟

(35)

where the angle brackets denote a mass-weighted verti-
cal integral (⟨Q⟩ =

∫ 𝑧𝑡

0 𝑄𝜌𝑑𝑧, where 𝑧𝑡 is the tropopause
height).
Equation (35) is reminiscent of the CAPE-based pa-

rameterizations of convection often employed in GCMs
(Zhang andMcFarlane 1995b; Gregory et al. 2000). These
treatments define 𝜏𝑟 as the convective adjustment timescale
since it is also the timescale in which CAPE is removed in
these parameterizations. However, the convective adjust-
ment timescale is 𝜏𝜖 , not 𝜏𝑟 (Eq. (32)). According to Eq.
(35), 𝜏𝑟 describes the sensitivity of convection to fluctu-
ations in CAPE. Furthermore, 𝜏𝑟 is not a constant, but is
dependent on the horizontal and vertical wavenumbers. In
Fig. 5 we see that 𝜏𝑟 ranges from 10 s for spatial scales
of 50 km, to roughly one hour at scales closer to 500 km

for a precipitating region with a first baroclinic profile of
vertical velocity. Thus, preciptation is more sensitive to
small-scale fluctuations in CAPE than to large-scale fluc-
tuations.

6. DGW-WTG balance, Entraining Convective Quasi-
equilibrium and the Precipitation-Buoyancy Rela-
tionship

We will now use the DGW-WTG approximations to un-
derstand how precipitation is related to measures of buoy-
ancy. We will also make connections to the entraining
plume-based tropical precipitation-buoyancy framework
(Ahmed and Neelin 2018; Schiro et al. 2018). We be-
gin by noting that the expression in Eq. (34) can be written
in terms of precipitation by multiplying it by 𝐶𝑝𝑇𝑒/𝑔 and
performing a mass-weighted vertical integral:

𝐿𝑣𝑃 =
1
𝜏𝑟
𝐶𝑝 ⟨𝑇 ′⟩ − ⟨𝑄𝑟 ⟩ −𝐹𝑠 (36)

where ⟨𝑄𝑟 ⟩ is the column-integrated radiative heating rate
and 𝐹𝑠 is the surface sensible heat flux. Only non-negative
values of 𝑃 are allowed in Eq. (36).
From Eq. (36) we infer that precipitation will occur only

if 𝑇 ′ exceeds a threshold value. This value is given by a
column-averaged value of 𝑇 ′ of ≈ −0.007 K if we assume
that ⟨𝑄𝑟 ⟩ +𝐹𝑠 = −100W m−2. Larger 𝑇 ′ values are asso-
ciated with a linear increase in precipitation. This pickup
curve, shown in Fig. 7, is reminiscent the precipitation-
buoyancy relation discussed by Ahmed et al. (2020). The
scaling arguments used in the previous section suggest that
𝜏𝑟 is on the order of 10 minutes. With this timescale, a
tropospherically-averaged temperature anomaly of 0.1 K
yields a precipitation rate of nearly 2000 W m−2 or 60 mm
day−1 (Fig. 7). Thus, only small temperature anomalies
are needed to produce large rainfall rates.
From examination of Eq. (36) one would be tempted to

assume that precipitation is only sensitive to temperature
under DGW-WTG balance. However, it is well known
that the boundary layer moist static energy (MSE) and free
tropospheric moisture play an important role in the onset
and evolution of convection (Lucas et al. 1994; Donner
and Phillips 2003; Ahmed and Neelin 2018). We will now
show how these variables impact the convective quasi-
equilibrium discussed in Section 5 and may explain the
buoyancy field of the DGW approximation.

a. Entraining Convective Quasi-Equilibrium

Consider a cloud cluster that is in WTG and DGW bal-
ances, as in Fig. 2. Since 𝑇 ′ is small, we can follow
Arakawa and Schubert (1974);Moorthi and Suarez (1992),
and Adames et al. (2021) to express it in terms of moist
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Fig. 7. Precipitation as a function of the mean tropospheric temper-
ature anomaly following Eq. (36). A value of ⟨𝑄𝑟 ⟩ +𝐹𝑠 of −100 W
m−2 is used, and 𝜏𝑟 = 15 minutes. The shaded region encompasses the
region where the curve would be at for 𝜏𝑟 values between 3.75 and 60
minutes. The corresponding CAPE value is shown as the top x-axis.

static energy (MSE):

𝐶𝑝𝑇
′ ≃ 1

𝜅

(
ℎ∗− ℎ∗𝑒

)
; 𝜅 = 1+

𝐿2
𝑣𝑞

∗
𝑒

𝐶𝑝𝑅𝑣𝑇
2
𝑒

(37)

where 𝑅𝑣 is the gas constant of water vapor, 𝑞 is the specific
humidity, ℎ = 𝐶𝑝𝑇 + 𝑔𝑧 + 𝐿𝑣𝑞 is the MSE, and asterisks
indicate the saturation value. The subscript 𝑒 refers to the
environment outside the cloud cluster, as in the previous
sections.
Since the cluster experiences dilution fromboth dynamic

and turbulent entrainment (De Rooy et al. 2013), it follows
that ℎ∗ will be less than what is expected from undilute
moist adiabatic ascent. To account for this dilution, we
will follow Wolding et al. (2022) and decompose ℎ∗ into
undilute and dilution components:

ℎ∗ = ℎ∗𝑈 − ℎ∗𝐷 (38)

where ℎ𝑈 is equal to the boundary layer MSE, as in
Emanuel et al. (1994). The dilution of MSE can be calcu-
lated by employing an entraining plume model, as shown
in Appendix B. With these definitions we may define the
undilute temperature anomaly and the temperature reduc-
tion from dilution as:

𝐶𝑝𝑇
′
𝑈 ≃ 1

𝜅

(
ℎ∗𝑈 − ℎ∗𝑒

)
(39a)

𝐶𝑝𝑇
′
𝐷 ≃ 1

𝜅

(
ℎ∗𝑈 − ℎ∗

)
. (39b)

In Appendix B we show that two processes contribute to
ℎ𝐷 . First, the cluster as awhole approximately behaves like
an entraining plume, where the cluster-scale entrainment
comes from horizontal MSE advection from the gravity
wave-driven inflow. Second, since the cluster is unsatu-
rated, the cloudy updrafts within it still experience dilution
from subdomain-scale entrainment. In other words, the
cluster experiences dilution from entrainment at the clus-
ter and cloud scale. With these definitions, we use Eq. (39)
to write Eq. (36) as:

𝐿𝑣𝑃 ≃
𝐶𝑝

(
⟨𝑇 ′

𝑈
⟩ − ⟨𝑇 ′

𝐷
⟩
)

𝜏𝑟
− ⟨𝑄𝑟 ⟩ −𝐹𝑠 . (40)

Figure 8 shows the distribution of 𝑃 for different values
of𝑇 ′

𝑈
and𝑇 ′

𝐷
, arranged in a way that is similar the results of

Ahmed and Neelin (2021) and Wolding et al. (2022). For
small𝑇 ′

𝐷
and large𝑇 ′

𝑈
(top-right corner of Fig. 8) the cloud

cluster would exhibit CAPE values on the order of > 1000
J kg−1, values that we expect to see in thunderstorms using
parcel theory. However, the rainfall rates associated to this
scenario are very large, and may correspond only to the
most extreme precipitation rates in the tropics. More real-
istic precipitation rates align closer to the𝑇 ′ = 0 line, which
also corresponds to radiative-convective equilibrium. This
line corresponds to undilute CAPE (CAPE𝑈) values on the
order of 1000 J kg−1 and a dilution of CAPE (CAPE𝐷) that
is of comparable magnitude. The two components nearly
cancel, so that the actual CAPE of the convective region
shown in Fig. 7 is on the order of 100 J kg−1. That most
precipitation rates occur near the 𝑇 ′ = 0 (CAPE = 0) line
implies that, at scales of∼ 100 km tropical deep convection
is in an entraining convective quasi-equilibrium (Ahmed
et al. 2020, 2021; Duan et al. 2024). It also indicates that
cloud clusters in DGW-WTG balance are small excursions
from the zero buoyancy approximation used by Singh and
O’Gorman (2013).

b. DGW-WTG balance and the precipitation-buoyancy re-
lation

The precipitation in the undilute-dilute phase space from
Fig. 8 is interpreted as the two-dimensional extension
of the precipitation-buoyancy relationship of Ahmed and
Neelin (2018, 2021). The semi-empirical precipitation-
buoyancy relation presented in Eq. (8) of Ahmed et al.
(2020) is:

𝑃 = 𝑎(𝐵𝐿 −𝐵𝑐)H (𝐵𝐿 −𝐵𝑐) (41)

where 𝐵𝐿 is the plume buoyancy averaged over the lower-
free troposphere, 𝐵𝑐 is a critical buoyancy value, H is
the Heaviside step function, and 𝑎 is a constant. It is
important to note that the definition of buoyancy that is
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Fig. 8. Precipitation as a function of undilute temperature anomaly
(𝑇′

𝑈
) and saturation deficit (𝑞+) following Eq. (40). The dashed hori-

zontal line corresponds to 𝑇′ = 0, the line in which the buoyancy of the
region is zero. The corresponding undilute CAPE (CAPE𝑈) and dilu-
tion of CAPE (CAPE𝐷) are shown as the x-axis on the top and y-axis
on the right, respectively.

usually employed in Eq. (41) invokes the MSE of the
plume (or equivalent potential temperature), rather than
the saturation MSE, i.e.:

𝐵 = 𝑔
ℎ− ℎ∗𝑒
𝜅𝐶𝑝𝑇𝑒

. (42)

While this relation was originally obtained semi-
empirically, we can derive it from the basic equations
when we assume that the convection is in WTG-DGW
balance. For the sake of illustration, let us assume that 𝐵𝐿

is approximately equal to its tropospheric-mean value, i.e.
𝐵𝐿 ∼ ⟨𝐵⟩𝜌−1𝑧−1

𝑡 ∼ 𝑧−1
𝑡 CAPE, where 𝑧𝑡 = 15 km. This is

a reasonable approximation if we only take into account
first baroclinic vertical motions. Furthermore, since cloud
clusters have an MSE that can be well below the saturation
value, we must separate it into its saturation and decifit
(ℎ+) components in order to relate Eq. (41) to Eq. (36):

ℎ = ℎ∗− ℎ+ (43)

where ℎ+ is the saturation deficit of the cloud cluster’s
MSE.
To facilitate making the connection between Eq. (41)

and Eq. (36), we are taking 𝑇𝑒 = 260 K, 𝜅 = 2, and 𝜌 = 0.7
to be constants with values roughly equal to their vertical

averages. After making these assumptions and combining
Eqs. (34) and (36) we arrive at the following definitions
for the constants in Eq. (41):

𝑎 ∼
𝐶𝑝𝑇𝑒𝜌𝑧𝑡

𝐿𝑣𝜏𝑟𝑔
; 𝐵𝑐 ∼ − ⟨ℎ+⟩

𝐿𝑣𝜅𝑎𝜏𝑟
. (44)

Using these values and 𝜏𝑟 = 15 m, we find that 𝑎 = 0.12.
From Eq. (B9) we see that ℎ+ decays exponentially with
height, and only depends on the surface ℎ+ and 𝜀. In
Fig. B1 we that the surface ℎ+ tends to have a value
between 0.5−2×104 J kg−1. By assuming a constant value
of surface ℎ+ of 104 J kg−1, and following the discussion
in Appendix B we find that 𝐵𝑐 ≈ −0.017 m s−2. We have
dropped the contributions of ⟨𝑄𝑟 ⟩ + 𝐹𝑠 to 𝐵𝑐 since it is
much smaller than the contribution from ℎ+.
In Fig. 9 we compare the theoretically-derived values of

Eq. (41) with precipitation and buoyancy from ERA5, cal-
culated as inVargasMartes et al. (2023). Further details are
provided in Appendix C. We see that using realistic values
in the definitions of 𝑎 and 𝐵𝑐 yields a pickup curve from
DGW-WTG balance that agrees well with the mean value
of the distribution of points fromERA5 data. Furthermore,
the precipitation picking up at negative 𝐵𝐿 values in Fig.
9 is explained as resulting from 𝐵𝐿 being defined in terms
of ℎ rather than ℎ∗. The missing contribution from ℎ+ is
accounted for in 𝐵𝑐. If 𝐵𝐿 were defined using ℎ∗ instead,
the pickup would occur at near-zero buoyancy. The slope
of the curve is largely determined by 𝜏𝑟 , which can have a
variety of realistic values. The green lines in Fig. 9 show
how the curve would look like if 𝜏𝑟 were increased or de-
creased by a factor of four. While varying 𝜏𝑟 can weaken
the fit between observations and theory, the pickup curve
is steep even when 𝜏𝑟 is substantially varied since it is still
on the order of minutes.
The only significant disagreement between the

reanalysis-based precipitation-buoyancy relation and Eq.
(42) is the near exponential pickup of the precipitation for
𝐵𝐿 values that are slightly smaller than 𝐵𝑐. Some of this
pickup may be due to variations in ℎ+, or from stochastic
variations in 𝐵𝑐 occurring around the DGW-WTG bal-
ance, similar to what Ahmed et al. (2020) found for the
precipitation-moisture relation.

7. Summary and Conclusions

It is well known that deep convection can dissipate mo-
mentum in the free troposphere (Houze Jr 1973; Chang
1977; Mapes and Wu 2001; Lin et al. 2008). Many studies
have invoked its use as a form of friction in the momentum
budget of large-scale tropical circulations (Gill 1980; Lin
et al. 2005; Majda and Stechmann 2008; Kim and Zhang
2021). Furthermore, it became the physical basis behind
the DGW approximation, which has been used to represent
large-scale ascent in regional simulations of deep convec-
tion (Kuang 2008;Wang et al. 2013; Herman andRaymond
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Fig. 9. Base 10 logarithm of the normalized distribution of 𝑃 vs 𝐵𝐿

for ERA5 output over the 15°N−15°S latitude belt. The values of 𝑃 are
binned every mm day−1 while 𝐵𝐿 is binned every 0.0015 m s−2. The
circles show the mean value of the distribution. The light green line
corresponds to the curve obtained from Eq. (41) and (44) using the 𝜏𝑟
value of 15 m used in Fig. 7. Thin dark green lines are as in the light
green line but for 𝜏𝑟 values of 3.75 and 60 minutes.

2014; Daleu et al. 2016). Motivated by these studies, our
study examines the possibility that mesoscale regions of
deep convection may be in DGW balance, i.e., their mo-
mentum balance is characterized by a balance between the
pressure gradient force and dissipation driven by cumulus
momentum transport. These transports are represented as
a vertical momentum diffusion.
Below are the answer to the questions outlined in section

1:

a. When is the DGW approximation valid?

Scale analysis of the basic equations in Cartesian co-
ordinates suggests that DGW balance can occur when a
non-dimensional parameter we refer to as the convective
Reynolds number (Re𝑐, Eq. 20) is much smaller than unity.
This number is small when the timescale of the convective
region is longer than the timescale in which small-scale
turbulence dissipates momentum. We found that this con-
dition could be valid for tropical cloud clusters with hori-
zontal scales on the order of 100 km and timescales close to
a day. The number Re𝑐 can also be small near the equator
at scales of 1000 km when acceleration is weak. This is
the condition that is often assumed when modeling tropi-
cal deep convection in a limited domain (Wang et al. 2013;
Daleu et al. 2015).

b. Can the DGW approximation explain the preponder-
ance of the first baroclinic vertical velocity profile in the
tropics?

Under the DGW approximation, momentum diffusion
by small-scale elements in convection as well as the forced
gravity wave response to convection cause the first baro-
clinic mode to be 16 times stronger than the second baro-
clinic mode, assuming that the buoyancy anomalies of the
two modes are of equal amplitude. This relationship be-
tween ascent and buoyancy makes the vertical velocity
response to buoyancy nonlocal (Fig. 4). Ascent can oc-
cur in regions of negative buoyancy so long as a stronger
positive buoyancy exists at another tropospheric layer.
Given that vertical velocities in the deep tropics largely

reflect those of convection, it follows that the DGW ap-
proximation can explain the preponderance of the first
baroclinic mode in the tropics. It should be noted that
the second baroclinic mode in observations is smaller than
the second mode by a factor of ∼ 4 (Back et al. 2017; Inoue
et al. 2020). If we account for fluctuations in temperature
being stronger in the higher baroclinic modes, then this
difference can be reconciled.

c. Can the DGW approximation explain the linear rela-
tionship between buoyancy and rainfall?

When the DGW approximation is combined with the
weak temperature gradient (WTG) approximation we find
that the cloud clusters are in convective quasi-equilibrium
(Arakawa and Schubert 1974; Yano and Plant 2012).
Unlike conventional forms of quasi-equilibrium the con-
vective adjustment timescale — equal to the dissipation
timescale (𝜏𝜖 ) under the DGW approximation — does
not describe the the sensitivity of precipitation to CAPE.
Rather, this sensitivity is described by the ratio of the
square of the gravity wave adjustment timescale and the
dissipation timescale (𝜏𝑟 = 𝜏2

𝑔/𝜏𝜖 ). At the scale of cloud
clusters 𝜏𝑟 is much smaller than 𝜏𝜖 , rendering rainfall
highly sensitive to CAPE fluctuations. The DGW approxi-
mation also reveals that this sensitivity is tightly related to
gravity waves, as implied by 𝜏𝑔.
Considering the cloud cluster as an entraining plume

yields the precipitation-buoyancy of Ahmed and Neelin
(2018). We can explain the sharp pickup of rainfall after
a critical buoyancy is reached as a result of the small-
ness of 𝜏𝑟 . The critical buoyancy itself arises from the
fact that the 𝑃 − 𝐵 relation uses MSE (or theta-e) of the
cluster, rather than its saturation value. The critical buoy-
ancy accounts for this difference. When this difference is
accounted for, we see that large rainfall rates result from
small positive buoyancy anomalies (Fig. 8), a form of en-
training convective quasi-equilibrium (Ahmed et al. 2020;
Duan et al. 2024). We can also interpret the precipitation-
buoyancy relation as the result of small excursions from the
zero buoyancy approximation (Singh andO’Gorman 2013;
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Singh and Neogi 2022). Since varying amounts of stability
and tropospheric moisture can lead to the same buoyancy
in the entraining plume framework, the results presented
here may also be related to the moisture quasi-equilibrium
discussed by Raymond et al. (2015) and Sessions et al.
(2019), although we do not examine how moisture and
stability are related to the vertical velocity profile.

d. Additional implications

Although we have emphasized how the DGW approx-
imation can help us answer the three questions outlined
in section 1, the results also depend on the system be-
ing in WTG balance. When this balance is satisfied, the
nondimensional number 𝑁𝑤 from (31) is much smaller
than unity, and in the cloud clusters examined here we
found that this number is on the order of 10−3. Using the
definition of 𝑁𝑤 we can redefine 𝜏𝑟 as:

𝜏𝑟 = 𝜏
𝑁𝑤

Re𝑐
. (45)

From this equation we see that the rapid increase in rainfall
after a critical buoyancy is reached is largely due to the
smallness of 𝑁𝑤 .
The implication of this scaling is that the fast adjustment

towards WTG balance rapidly eliminates buoyancy in the
tropics, and hence regions of heavy rainfall are associated
with small buoyancy anomalies. It follows that convective
quasi-equilibrium and the zero-buoyancy approximation
can be interpreted as consequences of WTG balance be-
ing enforced since WTG balance does not allow for large
deviations from this balance. A similar argument can be
made for the preponderance of the first baroclinic mode
by expressing Eq. (28) in terms of 𝑁𝑤 . First baroclinic
gravity waves are much faster than higher order gravity
waves, hence the buoyancy anomalies of the first mode are
quickly damped, leading to profiles that appear first baro-
clinic even when the buoyancy anomalies exhibit a largely
second baroclinic profile (Fig. 4).
The results from Eq. (28) and Fig. 4 indicate that deep

inflow profiles are robust to the vertical structure of the
buoyancy anomaly — in particular, the negative buoyancy
in the lower troposphere. This result suggests that deep
inflow would occur within cloud clusters in DGW bal-
ance with or without well-established cold pools, so long
as a positive buoyancy anomaly exists at higher elevation.
Therefore, given that the deep 𝑤 profile suggests entrain-
ment is occurring through a deep lower tropospheric layer,
a moist lower free troposphere could sustain a region of
convection even in the presence of negative buoyancy per-
turbations in the boundary layer. This interpretation would
also apply to organized deep convective systems occurring
at night in tropical continental regions when a pronounced
layer of convective inhibition (CIN) is present (Schiro et al.
2016). The above is consistent with observational evidence

that MCS occurrence and intensity are highly sensitive to
lower free troposphericmoisture (Schiro andNeelin 2019b;
Schiro et al. 2020).
Lastly, the results presented here could shed some light

onto convective self-aggregation (Held et al. 1993; Brether-
ton et al. 2005; Wing and Emanuel 2014). If we consider
a region of aggregated convection as a cluster that obeys
DGW-WTG balance, it follows that its virtual temperature
must be slightly higher than the surrounding environment.
This is in agreement with Yang (2019), who emphasized
the importance of generation of available potential energy
in aggregated convection. Furthermore, the framework
is also consistent with the view of aggregated convection
being a moist patch surrounded by a drier environment
(see reviews by Wing et al. 2018 and Muller et al. 2022).
If the aggregated convection behaves like an entraining
plume, the high humidity of the aggregate relative to the
surrounding environment should be sufficient to maintain
the buoyancy of convection, as discussed above. Thus,
the two views of convective aggregation are reconcilable
under the DGW-WTG approximation, indicating that ap-
plying this framework to convective self-aggregation could
be viable direction for future research.

e. Caveats

While the use of DGW-WTG balance to understand re-
gions of tropical deep convection yields some promising
results, it still has a few limitations. First, the findings
presented here depend on a large constant eddy exchange
coefficient 𝜇𝑐 in regions of precipitation. Mapes and Wu
(2001) showed that friction can be treated as a function of
the precipitation rate. While their study focuses on a larger
domain that contains cloud cluters, disorganized convec-
tion and cloud-free environment, it is nonetheless likely
that 𝜇𝑐 is a function of the strength of the convection. More
detailed expressions of 𝜇𝑐 will not change the existence
of DGW balance, but it could change the precipitation-
buoyancy relation discussed in Section 6. Since we do not
knowmuch about how 𝜇𝑐 changes with cloud organization
and morphology, it is reasonable to treat it as a constant as
a first step to understand motions under the DGW approx-
imation even though it is also a limitation of this study.
Second, the results of this study were obtained by mak-

ing numerous assumptions, approximations and idealiza-
tions. This makes obtaining tractable results easier, but
makes the application to individual systems more limited.
For instance, the results presented here hinge on having a
value of Re𝑐 that is much smaller than unity, which is also
tied to convection occurring in regions of low shear. It is
not clear how often a small Re𝑐 is seen in regions of ac-
tive convection. Many MCSs exhibit strong vertical wind
shear (Houze 2004), which limits the application of this
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framework on them. More work is needed to better under-
stand the applicability of the DGW-WTG approximation
in tropical convection.

f. Concluding remarks

The results of this study show the importance of grav-
ity waves in tropical convection. They play central roles
in determining the profile of vertical velocity and in the
sensitivity of rainfall to buoyancy anomalies. Thus, our
results support viewing cloud cluster as a coupling be-
tween convection and gravity waves, a view that can be
traced back to the work of Bretherton and Smolarkiewicz
(1989), Nicholls et al. (1991), and Mapes (1993). The
characteristics and strength of this coupling are ultimately
dictated by the enforcement of WTG balance, highlight-
ing more important consequences of this approximations.
While DGW-WTG balance shows promise in explaining
several features of tropical convection, the ideas presented
here require further testing. As discussed above, exam-
ining it within the context of MCSs and convective self-
aggregation seem like worthwhile directions for future re-
search.
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APPENDIX A

On the diffusive properties of subdomain-scale motions

We can understand how convection causes damping of
the large-scale flow by following Romps (2014) and con-
sidering a simplified pair of equations where the only influ-
ence on the large-scale flow is cumulus momentum trans-
port, and the only influence on the convection’s horizontal
winds is an effective entrainment:

𝜕v
𝜕𝑡

=
1
𝜌

𝜕

𝜕𝑧
[𝑀𝑢 (v−v𝑢)] (A1)

𝜕v𝑢
𝜕𝑧

= 𝜀(v−v𝑢). (A2)

Let us consider the case in which both fields exhibit wave
solutions of the form:

𝑣 = 𝑣0 exp(𝑖𝑚𝑧− 𝑖𝜛𝑡). (A3)

By assuming that 𝑀𝑢 and 𝜀 are constants we obtain the
following dispersion relation:

𝜛 = −𝑀𝑢𝑚
2

𝜌

(
𝑚 + 𝑖𝜀
𝑚2 + 𝜀2

)
. (A4)

When we consider the case when 𝜀 ≫ 𝑚, the dispersion
relation simplifies to

𝜛 ≃ − 𝑖𝑀𝑢𝑚
2

𝜌𝜀
(A5)

Equation (A5) implies that the convective momentum
transport acts as a diffusion of momentum. It can be shown
that Eq. (A5) can be obtained by assuming a wave solution
to the following equation:

𝜕v
𝜕𝑡

≃ 𝜇𝑐

𝜌

𝜕2v
𝜕𝑧2 . (A6)

However, we note that this approximation implies that the
treatment of convective momentum as a diffusive process
may be inaccurate for larger vertical wavenumbers.

APPENDIX B

MSE budget of cloud cluster

Within the cloud cluster we have updrafts and regions
of downward motions (downdrafts and clear-air descent),
denoted by the subscripts 𝑢 and 𝑑, respectively. The mean
mass flux of the cluster is the sum of the upward and
downward mass fluxes

𝑀 = 𝑀𝑢 +𝑀𝑑 . (B1)

Since the DGW approximation is valid only when Re𝑐 ≪ 1
(Eq. 20), it follows that 𝑀𝑢 and 𝑀𝑑 must nearly cancel
out, so that 𝑀 ≪ 𝑀𝑢. As in Singh et al. (2019) and Romps
(2021), we write the mass continuity budgets of the as-
cending and descending regions as:

𝜕𝑀𝑢

𝜕𝑧
= 𝑀𝑢 (𝜀− 𝛿) (B2a)

𝜕𝑀𝑑

𝜕𝑧
= −𝑀𝑢 (𝜀− 𝛿) +C𝑔 (B2b)

where 𝜀 and 𝛿 are the fractional entrainment and detrain-
ment rates, respectively, and C𝑔 is the large-scale mass
convergence. The subscript 𝑔 is used to denote that this
convergence is driven by the gravity wave response to the

https://www.arm.gov/research/campaigns/amf2014goamazon
https://www.arm.gov/research/campaigns/amf2014goamazon
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convection in the cluster. This contribution is responsible
for the domain-mean mass flux since adding Eqs. (B2a)
and (B2a) yields 𝜕𝑧𝑀 = C𝑔.
Supposing that descending air occupies most of the area

of the cloud cluster, it follows that ℎ ≃ ℎ𝑑 . Furthermore,
gravity waves will largely homogenize temperatures within
the cluster, so that ℎ∗ ≃ ℎ∗𝑢. If we additionally assume that
the updrafts behave as an entraining plume, we write the
respective MSE budgets of the ascending and descending
regions as

𝜕ℎ∗

𝜕𝑧
= −𝜀(ℎ∗− ℎ) (B3a)

𝜌
𝜕ℎ

𝜕𝑡
+ (ℎ− ℎ𝑒)

𝜕𝑀

𝜕𝑧
H(C𝑔) +𝑀𝑑

𝜕ℎ

𝜕𝑧
= 𝑀𝑢𝛿(ℎ∗𝑢 − ℎ)

(B3b)
where H is the Heaviside step function. Equation (B3a)
is the conventional MSE budget for a steady plume. Equa-
tion (B3b), however, warrants further discussion. From
left to right, the processes shown in Eq. (B3b) are the
MSE tendency, horizontal MSE advection by the large-
scale convergence, vertical MSE advection by descending
motions, and detrainment from cloudy updrafts. These are
the same equations as in Singh et al. (2019). For simplic-
ity, we have not included the turbulent flux of MSE in Eq.
(B3b) since we are largely considering motions above the
boundary layer. We are also excluding the contributions
from radiative heating and ice microphysics to the MSE
budget. We do this to be consistent with previous work,
even though these contributions may be non-negligible.
It will be insightful to add 𝑀𝑢𝜕𝑧ℎ to both sides of Eq.

(B3b). By invoking Eq. (B3a), using the multiplication
rule, and assuming that 𝜀 ≃ 𝛿 (Romps 2014, 2021) we
arrive at the following budget for the lower troposphere:

𝜌
𝜕ℎ

𝜕𝑡
+ 𝜕ℎ𝑀

𝜕𝑧
−ℎ𝑒

𝜕𝑀

𝜕𝑧
+𝑀𝑢

𝜕ℎ+

𝜕𝑧
= 0 (B4)

Examination of the terms in Eq. (B5) reveals that the
second and third terms are much larger than the rest (not
shown). Hence the MSE budget of the cloud cluster is
approximately related to the MSE of the surrounding en-
vironment via the following equation

𝜕ℎ𝑀

𝜕𝑧
≃ℎ𝑒

𝜕𝑀

𝜕𝑧
. (B5)

In the upper troposphere, horizontal MSE advection does
not impact the cloud cluster, and the resulting MSE budget
is written as:

𝜌
𝐷ℎ

𝐷𝑡
= −𝑀𝑢

𝜕ℎ+

𝜕𝑧
(B6)

A close look of the term on the rhs of Eq. (B6) indicates
that it is too small to substantially change ℎ as it rises within
the cloud cluster. Thus, we can assume that the MSE of
the cloud cluster will exhibit a near-constant profile in the
upper troposphere.

Following these results we can vertically integrate the
MSE budget to obtain

ℎ(𝑧) ≃


1
𝑀 (𝑧)

∫ 𝑧

𝑧𝑏

𝜕𝑀

𝜕𝑧′
ℎ𝑒𝑑𝑧

′ 𝑧 ≤ 𝑧𝑚

ℎ(𝑧𝑚) 𝑧 > 𝑧𝑚

(B7)

where 𝑧𝑚 is the height in which the mass convergence is
zero. Equation (B7) is identical to Eq. (1) in Ahmed
and Neelin (2018), implying that the cloud cluster approx-
imately behaves like a plume that entrains environmental
air through its mass convergence. It is worth noting that,
under DGW-WTG balance, the entrainment implied in Eq.
(B7) comes from the horizontal MSE advection that arises
from gravity wave-driven inflow.
We nowwill seek to obtain an explicit expression for ℎ+.

Since ℎ is nearly constant in the upper troposphere, it fol-
lows that 𝜕𝑧ℎ ≃ 0. In the lower troposphere 𝜕𝑧ℎ is nonzero,
but it can be shown to be smaller than 𝜖ℎ+. Thus we can
manipulate Eq. (B6) to obtain the following equation for
ℎ+:

𝜕ℎ+

𝜕𝑧
≃ −𝜀ℎ+ (B8)

which can be integrated vertically to obtain the following
solution:

ℎ+ = ℎ+0𝑒
−𝜀𝑧 (B9)

where ℎ+0 is the near surface value of ℎ
+. In Fig. B1 we

see that ℎ+0 exhibits a value between 1 and 1.5×104 J kg−1

in the TOGA-COARE and DYNAMO data. In contrast,
there is more variation in ℎ+0 in GO-Amazon observations,
with a mode centered near 7.5 ×103 J kg−1. This dis-
tinct distribution in GO-Amazon may reflect differences in
boundary layer dynamics between land and ocean, or may
be a result of the size of the sounding domain. Nonethe-
less, most ℎ+0 values are centered between 0.5 and 2 ×104

J kg−1. The low variability of ℎ+0 may be a reflection of
boundary layer quasi-equilibriummaintaining the ℎ and ℎ∗
nearly fixed (Raymond 1994; de Szoeke 2018). The value
of 104 J kg−1 can be obtained from ℎ+0 ≃ 𝐿𝑣𝑞

∗
𝑒0 (1−RH𝑒)

when 𝑞∗
𝑒0 ≈ 0.02 and when RH𝑒 ≈ 0.8, typical values of

the boundary layer in tropical precipitating regions.
In Fig. B2 we show example profiles of ℎ, ℎ∗, ℎ𝑒 and ℎ∗𝑒.

While theMSEof the cloud cluster and the environment are
the same near the surface, ℎ and ℎ∗ decrease more slowly
in the lower troposphere than ℎ𝑒 and ℎ∗𝑒, allowing the cloud
cluster to exhibit greater buoyancy than the environment.
The temperature anomalies of this profile are on the order
of 1 K, much larger than what would be typical under
DGW-WTG balance. This is because the sounding was
built to exaggerate the difference between the MSE of the
cloud cluster and the environment. In reality, the difference
between the two will be smaller than what is shown in Fig.
B2.
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Fig. B1. Normalized distribution of 1000 hPa ℎ+ obtained from
sounding data from (a) GO-Amazon, (b) TOGA-COARE, and (c) DY-
NAMO northern sounding array. The data is binned at intervals of 2.5
×103 J kg−1.
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Fig. B2. Idealized profiles of ℎ𝑒 (blue) ℎ∗𝑒 (red), ℎ (blue dashed),
ℎ∗ (red dashed). The cloud cluster ℎ is obtained from Eq. (B7), ℎ∗ is
obtained by adding Eq (B9) to ℎ. The environmental profiles ℎ𝑒 and
ℎ∗𝑒 are idealized profiles based on sounding data from the DYNAMO
northern sounding array (Yoneyama et al. 2013).

APPENDIX C

Plume buoyancy calculation

The calculation of the reanalysis-based 𝐵𝐿 shown in
Fig. 9 closely follows Ahmed and Neelin (2018); Ahmed
et al. (2020); Adames et al. (2021) and Vargas Martes et al.
(2023). It is summarized here for completeness. If the
mass flux in Eq. (B7) approximately increases linearlywith
height in the lower free troposphere, Eq. (B7) simplifies
to the following:

ℎ(𝑝) = 1
𝑝0 − 𝑝

∫ 𝑝

𝑝𝑠

𝜕𝑀

𝜕𝑝′
ℎ𝑒𝑑𝑝

′ (C1)

which states that the MSE of the plume at a pressure 𝑝 is
equal to the average environment MSE of the layer beneath
it. Note that we are now integrating in pressure rather than
in height, and 𝑝0 corresponds to the surface pressure. If
we average 𝐵 from Eq. (42) over a lower troposphere layer
ranging from 950-600 hPa we arrive at:

𝐵𝐿 =
𝑔

𝐶𝑝𝜅𝐿𝑇𝐿

(
𝑤𝐵 (ℎ𝐵 − ℎ∗𝐿) −𝑤𝐿 (ℎ∗𝐿 − ℎ𝐿)

)
(C2)

where𝑤𝐵 = 0.3 and𝑤𝐿 = 0.7 are constants. The subscripts
𝐿 and 𝐵 denotes averaging over the 950-600 hPa and 1000-
950 hPa layers, respectively.
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