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ABSTRACT: Many data assimilation methods require knowledge of the first two moments of the

background and observation errors to function optimally. To ensure the effective performance of

such methods, it is often advantageous to estimate the second moment of the observation errors

directly. We examine three different strategies for doing so, focusing specifically on the case of a

single scalar observation error variance parameter 𝑟. The first method is the well-known Desroziers

”diagnostic check” iteration. The second method, described in Karspeck (2016), generates a

point estimate of 𝑟 by taking the expectation of various observation-space statistics and using an

ensemble to model background error statistics explicitly. The third method is an approximate

Bayesian scheme that uses an inverse-gamma prior and a modified Gaussian likelihood. All three

methods can recover the correct observation error variance when the observation error is Gaussian.

We also demonstrate that it is often possible to estimate 𝑟 even when the observation error is not

Gaussian, or when the forward operator mapping model states into observation space is nonlinear.

The Desroziers method is found to be most robust to these complications; however, the other two

methods perform similarly well in most cases and have the added benefit that they can be used to

estimate 𝑟 before data assimilation. We conclude that further investigation is warranted into the

latter two methods, specifically into how they perform when extended to the multivariate case.
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SIGNIFICANCE STATEMENT: Observations of the Earth system (e.g. from satellites, ra-31

diosondes, aircraft, etc.) each have some associated uncertainty. In order to use observations to32

improve model forecasts, it is important to understand the size of that uncertainty. This study33

compares three statistical methods for estimating how large observation errors tend to be, all of34

which can be continuously implemented whenever new observations are used to correct a model.35

Our results suggest that all three methods can improve forecast outcomes, but that, if observations36

are believed to have highly biased or skewed errors, care should be taken in choosing which to use37

and interpreting its results. Future studies should investigate robust methods for estimating more38

complicated types of errors.39

1. Introduction40

A common challenge across a range of scientific disciplines is generating a best estimate of the41

state of some system given multiple sources of information about it. The atmosphere and oceans42

are notable examples of such systems — where the associated state is described by values of43

temperature, pressure, salinity, fluid motion, etc. over a large domain — but many more instances44

of the state estimation problem exist across geoscience and engineering. Data assimilation performs45

state estimation by combining forecasts from a numerical model with observations of the system.46

In order to work effectively, many data assimilation methods require knowledge of the second47

moments of the background and observation errors. These are usually given by the background48

error covariance matrix B and the observation error covariance matrix R, respectively. Tandeo et al.49

(2020) describes a range of issues that can occur if either or both of B or R is specified incorrectly50

during data assimilation. In particular, they show that the values used for each matrix during data51

assimilation must match the true uncertainty in the background and observations in order to obtain52

an analysis that is closest to the true state and free of extraneous noise. In practice, the exact53

values of B and R can never be exactly known, just as the true state can never be exactly known.54

Accordingly, a large body of data assimilation research is dedicated to modeling the background55

and observation errors in conjunction with estimating the state; see challenges outlined recently in56

Walsworth et al. (2023). The present article focuses on methods for modeling R, specifically in the57

case of uncorrelated scalar observations. Additionally, we leverage large ensemble sizes for each58
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model and forego any adaptive inflation strategies to avoid issues associated with estimating R and59

B concurrently.60

The ”observation error” that is usually considered for data assimilation purposes is, in reality,61

the result of multiple distinct sources of error. These include 1) errors in the accuracy/precision62

of observing instruments; 2) ”representativeness” errors that arise from the truncation of scales63

when discretizing the system of interest; and 3) errors in the forward operator ℎ, which relates the64

model state to observations (Janjić et al. 2018). Note that ℎ is often itself linear or linearized about65

some point; in either case, we use H to denote the corresponding tangent linear operator for ℎ. In66

practice, it is difficult to separate the observation error into distinct components, so we generally67

treat it as a single random variable, whose covariance matrix is R.68

Estimation of R during data assimilation is almost always accomplished by examining innovation69

statistics, defined as the difference between ingested observations and their corresponding model70

estimates before and after data assimilation. Dee (1997) uses background innovations to estimate71

model and observation error statistics based on a simple iterative maximum likelihood approach.72

Desroziers and Ivanov (2001) introduces an alternate iterative scheme that relies on both background73

and analysis innovations to estimate error statistics. Perhaps the most widely known method for74

jointly estimating background and observation error statistics is the posterior ”consistency check”75

described in Desroziers et al. (2005) (hereafter D05). The key result is that, if background and76

observation error statistics are properly specified to begin with, taking statistical expectations of77

different products of background and analysis innovations allows one to recover those correct error78

statistics. Even if the initially specified background and observation error statistics are not correct,79

this process can be iterated to create continuously evolving estimates of B and R as more and80

more observations are assimilated. Ménard et al. (2009) describes the convergence of this iterative81

approach when either or both of the background and observation error variance are incorrectly82

specified. The D05 scheme has been implemented for data assimilation systems of complexity83

ranging from simple idealized models to complex models used for operational environmental84

prediction. Additionally, the scheme can be used either in an ”offline” way — accumulating a large85

number of observations from which to create a single, time-independent estimate of error statistics86

— or in an ”online” way, in which the estimation is done intermittently as new observations are87

ingested to allow the estimates to vary over time. In the latter case, it is useful to apply some88
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temporal smoothing to the time series of estimates to reduce the effects of sampling noise from89

one estimate to the next (Li et al. 2009; Miyoshi et al. 2013). Finally, a related but distinct90

approach to the D05 method is to take the expectation of only background innovations to estimate91

the total innovation variance HBHT +R, and then use an ensemble to directly estimate HBHT,92

the background error variance projected into observation space. The difference between these two93

estimates provides an estimate of R. This is the method described in Karspeck (2016) (hereafter94

K16). We make the connection between the D05 method and the K16 method explicit in section 3.95

All of the above methods yield point estimates of R, sometimes without an accompanying96

measure of the uncertainty surrounding the estimate. An alternative approach is to parameterize97

variances and correlations in R and use Bayes’ Theorem to maintain a distributional estimate for98

the parameters that becomes updated recursively as new observations are ingested. To do so, it99

is necessary to specify an initial prior distribution for the parameter or parameters. Stroud and100

Bengtsson (2007) (hereafter SB07) uses an inverse-gamma prior distribution to model an inflation101

parameter for R. Inverse-gamma distributions are an attractive choice for modeling variance pa-102

rameters because they only support positive values, removing the need for heuristics to prevent an103

estimated variance from taking on negative values (Gharamti 2018). However, SB07 simultane-104

ously scales the model error covariance matrix Q with the same inflation parameter, effectively105

fixing the Q to always be a constant scalar multiple of R. Stroud et al. (2018) provides a more106

general framework for Bayesian parameter estimation that allows for Gaussian or nonparametric107

prior distributions. In section 3, we introduce a variation of the Stroud et al. (2018) method that108

takes advantage of an inverse-gamma prior without imposing any of the additional assumptions109

made by the SB07 method.110

The objective of this paper is to compare three different methods for estimating a scalar obser-111

vation error variance: the D05 method, the K16 method, and the Bayesian inverse-gamma method112

described below. The remaining sections are organized as follows. Section 2 provides an overview113

of the data assimilation framework we use and defines notation for the remainder of the paper.114

Section 3 describes the three observation error variance estimation methods in detail. Section 4115

introduces the models and experimental setups we use to compare the three methods, and Section 5116

discusses the results of those experiments. Conclusions and final thoughts are presented in Section117

6.118
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2. Overview of Ensemble Data Assimilation and Notation119

Consider a discrete-time model for the evolution of some geophysical system, given by the120

equation121

x𝑘 = 𝑀 (x𝑘−1) +𝜂𝑘 , (1)

where x𝑘 denotes the model state at time 𝑘 , 𝜂𝑘 is the model error, and 𝑀 represents the system122

dynamics. At each time, a 𝑝-dimensional observation y𝑜
𝑘

of the system is taken. Let Y𝑜
𝑘
=123

{y𝑜
𝑘
,y𝑜
𝑘−1, . . .y

𝑜
1,y

𝑜
0} denote the collection of all observations ingested up until the current time. To124

compare the model state to observations, it is necessary to consider it in observation space. Let ℎ125

be the forward operator that accomplishes this; we then have126

y𝑜𝑘 = ℎ(x𝑘 ) + 𝜖𝑘 , (2)

where 𝜖𝑘 is the observation error at time 𝑘 . We use an ensemble of model simulations X =127

{x1,𝑘 ,x2,𝑘 , . . .x𝑁𝑒−1,𝑘 ,x𝑁𝑒,𝑘 } to estimate the model state at each time. The mean of X before data128

assimilation (the background mean) is x𝑏
𝑘
, and the ensemble mean after assimilation (the analysis129

mean) is x𝑎
𝑘
. Likewise, the background error covariance matrix associated with the ensemble is130

B𝑘 . Ensemble model states can be projected into observation space with the forward operator ℎ:131

Z = {z1,𝑘 ,z2,𝑘 , . . .z𝑁𝑒−1,𝑘 ,z𝑁𝑒,𝑘 } (3)

z𝑖,𝑘 = ℎ(x𝑖,𝑘 ), 1 ≤ 𝑖 ≤ 𝑁𝑒 . (4)

Note that y𝑜 is used when dealing with real observations whereas z will be used to denote model132

state variables projected into observation space. We can also consider the ensemble means and133

background error covariance matrix in observation space:134

z𝑏𝑘 = E(z𝑘 |Y𝑜
𝑘−1), (5)

z𝑎𝑘 = E(z𝑘 |Y𝑜
𝑘 ), (6)
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B𝑧
𝑘
= cov(z𝑘 |Y𝑜

𝑘−1). (7)

Next, we define the background and analysis innovations, as well as the analysis increment:135

d𝑜𝑏,𝑘 = y𝑜𝑘 − z𝑏𝑘 , (8)

d𝑜𝑎,𝑘 = y𝑜𝑘 − z𝑎𝑘 , (9)

d𝑎𝑏,𝑘 = z𝑎𝑘 − z𝑏𝑘 , (10)

which describe the departures of model states from observations. The covariance matrix for d𝑜
𝑏,𝑘

is136

called S𝑘 (that is, S𝑘 = cov
(
d𝑜
𝑏,𝑘

|Y𝑜
𝑘−1

)
). D05 show that, if the covariance matrices R and HB𝑘H𝑇

137

are correctly specified, then138

E(d𝑜𝑏,𝑘 (d
𝑜
𝑏,𝑘 )

𝑇 ) = S𝑘 (11)

where again H is the tangent linear operator for ℎ.139

For the experiments presented in this paper, we impose that all observation errors are independent140

and identically distributed, so that estimation of R amounts to estimating a single observation141

error variance 𝑟. Similarly, we will use 𝑠 and 𝑏𝑧 to represent scalar versions of S and Bz for142

single observations. All experiments use the National Center for Atmospheric Research (NCAR)143

Data Assimilation Research Testbed (UCAR/NSF NCAR/CISL/DAReS 2024). DART is a data144

assimilation software framework that supports multiple data assimilation methods for a range of145

idealized and real models. In particular, data assimilation is done using the Ensemble Adjustment146

Kalman Filter (EAKF; Anderson 2001) implemented via the parallel filtering algorithm described147

in Anderson and Collins (2007).148

3. Methodology149

We examine three different methods for estimating the scalar observation error variance 𝑟. Each150

method relies primarily on statistics generated during ensemble data assimilation to adaptively151
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estimate 𝑟. For simplicity, we drop the time index 𝑘 from all further equations and illustrate how152

each method functions at a single time.153

a. The Desroziers Diagnostic154

D05 shows that the relationship155

E(d𝑜𝑏 (d
𝑜
𝑎)𝑇 ) = R (12)

holds if the matrix156

HK = HBH𝑇
(
HBH𝑇 +R

)
(13)

agrees with the true background and observation error covariances (that is, if the matrices HBH𝑇
157

and R are well-specified). This diagnostic check is often recast as an iterative scheme, where a158

sample version of the above expectation is computed periodically or whenever new observations159

are assimilated. In particular, given d𝑜
𝑏

and d𝑜𝑎, we form a new estimate 𝑟𝐷 :160

𝑟𝐷 =
1
𝑝

(
d𝑜𝑏

)𝑇 d𝑜𝑎, (14)

where again 𝑝 is the dimension of d𝑜
𝑏

(which can also be viewed as the number of scalar161

observations assimilated). To mitigate potential issues of sampling deficiency in computing 𝑟𝐷 ,162

we use the exponential smoothing procedure described in Miyoshi et al. (2013): whenever the next163

estimate 𝑟𝐷
𝑘+1 is computed, we choose a smoothing parameter 0 ≤ 𝜅 ≤ 1 and let164

𝑟𝐷𝑘+1 = 𝜅𝑟
𝐷
𝑘 + (1− 𝜅)𝑟𝐷𝑘+1. (15)

The Desroziers scheme is the only one of the three estimation methods that requires analysis165

innovations; therefore, the most current 𝑟 estimate is computed after data assimilation, and cannot166

be used until the next cycle. Finally, we note that D05 also provides expectation-based estimates167

of 𝑠 and 𝑏𝑧:168

𝑠𝐷 =
1
𝑝

(
d𝑜𝑏

)𝑇 d𝑜𝑏, (16)

𝑏𝑧,𝐷 =
1
𝑝

(
d𝑜𝑏

)𝑇 d𝑎𝑏 . (17)
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From these equations, it is clear that we can write169

𝑟𝐷 = 𝑠𝐷 − 𝑏𝑧,𝐷 , (18)

i.e. the Desroziers estimate of 𝑟 is the Desroziers estimate of 𝑏𝑧 subtracted from the Desroziers170

estimate of 𝑠.171

The Desroziers method has been used frequently in real numerical weather prediction experiments172

to estimate both diagonal elements of R only and the full covariance matrix. It has frequently been173

used for the quantification of uncertainty in satellite radiance measurements. Notable examples174

include Bormann and Bauer (2010), who estimate the variance and spatial correlations of clear-175

sky radiance observations in a European Centre for Medium-Range Weather Forecasts (ECMWF)176

assimilation system, and Campbell et al. (2017), who estimate interchannel correlations as well as177

diagonal elements and explicitly note a positive impact on forecast outcomes as a result. The method178

has also been used for other types of real-world observations, including satellite precipitation data179

(Kotsuki et al. 2017) and radio occultation observations (Semane et al. 2022).180

b. The Karspeck Method181

K16 presents an estimator for the (scalar) observation error variance 𝑟 from a collection of182

observations based on ensemble-generated statistics. Observations can be binned in space and183

time to capture spatial and temporal variations in 𝑟, but we limit ourselves to the case of computing184

a single value at each time for simplicity. The Karspeck estimate of 𝑟 is185

𝑟𝐾 =
1
𝑝

(
d𝑜𝑏

)𝑇 d𝑜𝑏 −
𝑁𝑒 +1
𝑁𝑒

1
𝑝

𝑝∑︁
𝑗=1

1
𝑁𝑒 −1

𝑁𝑒∑︁
𝑖=1

(
[z𝑖] 𝑗 − [z𝑏] 𝑗

)2
, (19)

= 𝑠𝐷 − 𝑏𝑧,𝐾 , (20)

where [z] 𝑗 is the 𝑗 𝑡ℎ element of the vector z. The first term is exactly 𝑠𝐷 , the Desroziers estimate of186

𝑠. The second term 𝑏𝑧,𝐾 is a sample estimate of 𝑏𝑧, but is distinct from the Desroziers estimate 𝑏𝑧,𝐷 .187

Therefore, the Karspeck method differs from the Desroziers method only in how it forms an estimate188

of the background error variance. Specifically, the Desroziers estimator bases its estimate of 𝑏𝑧 on189
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the size of analysis increments. This means that it is dependent on the previous iteration’s 𝑟 and 𝑏𝑧190

estimates, as those variances determine the weighting of the background compared to observations191

during data assimilation. The Karspeck estimator, on the other hand, forms its estimate based192

exclusively on the background ensemble. The result is that no prior estimate of 𝑟 is required, and193

that the estimator can be computed prior to data assimilation and immediately used the next time194

observations are assimilated. K16 demonstrates that the Karspeck estimator converges to the true195

observation error variance under certain conditions, and derives the variance of the estimator for196

the case that the observation error is Gaussian. They also verify the estimator against previous197

error variance estimates for in situ temperature observations in a global ocean general circulation198

model.199

Just as the Desroziers estimator can be iteratively updated as new observations are assimilated,200

the Karspeck estimator can be computed for each new batch of observations. Accordingly, we201

implement the same temporal smoothing as with the Desroziers method in forming consecutive202

estimates with it. Additionally, the Karspeck estimator is not guaranteed to be positive by construc-203

tion; in cases where the ensemble spread is significantly larger than it should be, or when a small204

number of observations is available, the computed estimate can be negative due to sampling defi-205

ciency. Whenever this occurs during data assimilation, we use the most recent Karspeck estimate206

instead to maintain consistency of the data assimilation system. In the majority of experiments,207

this only occurs once, before the very first assimilation window, when the ensemble spread is208

determined entirely by the prescribed initial conditions. We note exceptions to this behavior as209

they occur in the results section.210

c. An Approximate Bayesian Inverse-Gamma Scheme211

We present an approximate Bayesian scheme for modeling 𝑟. This scheme is numerically similar212

to the adaptive inflation strategy presented in Gharamti (2018) (hereafter E18), but with different213

input data and a modified strategy for updating the Bayesian parameter estimate. First, let 𝑟0 be an214

initially assumed value of 𝑟. We seek to model a parameter 𝜌 that acts to multiplicatively inflate215

𝑟0. As this parameter is updated, we obtain new estimates of 𝑟 to use for data assimilation. As in216

E18, we use an inverse-gamma prior for 𝜌:217
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𝑝(𝜌) = 𝛽𝛼

Γ(𝛼) 𝜌
−𝛼−1exp(− 𝛽

𝜌
), (21)

where 𝛼 is a shape parameter that controls the tailedness and skew of the distribution and 𝛽 is a218

scale parameter that controls its spread. Inverse-gamma distributions have been used previously219

for modeling variance parameters because they do not assign any probability to negative values220

and they assign very little probability to very small values (SB07). Rather than dealing with the221

inverse-gamma parameters 𝛼 and 𝛽 directly, we assume that a Gaussian mean and variance are222

initially specified, and then identify values of 𝛼 and 𝛽 to match the Gaussian parameters. This223

procedure is identical to the one described in Section 3b of E18.224

When new observations are ingested, they are used sequentially to update the distribution for 𝜌.225

The likelihood of 𝜌 given a new scalar observation (and corresponding background innovation) is226

given by227

𝑝(𝑦𝑜 |𝑑𝑜𝑏) =
1

√
2𝜋𝜃

exp

(
−
(𝑑𝑜
𝑏
)2

2𝜃2

)
, (22)

where 𝜃2 = 𝑏𝑧 + 𝜌𝑟0 is the innovation variance assuming the observation error variance 𝜌𝑟0. Using228

the above prior with this likelihood, the posterior distribution 𝑝(𝜌 |𝑑𝑜
𝑏
) is229

𝑝(𝜌 |𝑑𝑜𝑏) =
𝛽𝛼𝜌−𝛼−1
√

2𝜋𝜃Γ(𝛼)
exp

(
(𝑑𝑜
𝑏
)2

2𝜃2 − 𝛽
𝜌

)
. (23)

We set the next value of 𝜌 to be the mode of the above posterior. To find the mode, we follow230

Anderson (2009) and E18 and do a first-order Taylor expansion of the likelihood about the prior231

mode 𝜌𝑏:232

𝑝(𝑑𝑜𝑏 |𝜌) � 𝑝(𝑑
𝑜
𝑏 |𝜌𝑏)︸     ︷︷     ︸
ℓ̄

+
𝜕𝑝(𝑑𝑜

𝑏
|𝜌)

𝜕𝜌

����
𝜌𝑏︸          ︷︷          ︸

ℓ′

(𝜌− 𝜌𝑏) +𝑂 (𝜌− 𝜌𝑏)2. (24)

After multiplying this likelihood approximation with the Inverse-Gamma prior in (21) and taking233

a derivative with respect to 𝜌, we arrive at the quadratic equation234
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(
1− 𝜌𝑏

𝛽

)
𝜌2 +

(
ℓ̄

ℓ′
−2𝜌𝑏

)
𝜌 +

(
𝜌2
𝑏 −

ℓ̄

ℓ′
𝜌𝑏

)
= 0. (25)

Equations (24) and (25) are equivalent to equations (37) and (38) of E18, replacing their back-235

ground covariance inflation parameter 𝜆 with the observation error variance inflation 𝜌. The236

difference from the E18 method is the use of the new likelihood (22). Equation (25) is then solved237

for 𝜌, and the real root closest to 𝜌𝑏 is selected as the next inflation value. This value is multiplied238

with 𝜌0 to yield the next estimate 𝑟𝐵 of 𝑟. Finally, note that the posterior (23) is not exactly an239

inverse-gamma distribution, but it qualitatively retains many of the attractive properties of inverse-240

gamma distributions mentioned above. Accordingly, we identify new values for the parameters 𝛼241

and 𝛽 and refit the distribution to an inverse-gamma one as in E18. In doing so, we have established242

a scheme that can be cycled continuously as new batches of observations are ingested. Although243

this approach generates a new estimate 𝑟𝐵 with every scalar observation, we allow all observations244

from a given assimilation period to update the estimate before it is next used, so that we only have245

one single 𝑟 estimate per assimilation period as with the previous two methods.246

This approximate Bayesian inverse-gamma scheme is similar to the Bayesian Adaptive Ensemble247

Kalman Filter approach described by Stroud et al. (2018), but with a different handling of the248

marginal posterior for estimated parameters. We note one potential shortcoming of this scheme:249

the variance of an inverse gamma distribution is inversely proportional to 𝛼3, and the mean/mode250

of an inverse gamma distribution are proportional to 𝛽

𝛼
. As a result, if the variance of the posterior251

distribution shrinks over the course of ingesting many observations, 𝛼 and 𝛽 may dramatically252

increase. Because the process of refitting the posterior to an inverse gamma distribution requires253

evaluating the PDF of the distribution, this eventually leads to dealing with values near the upper254

bound of double precision, resulting in computational challenges associated with rounding errors255

and indeterminate forms. When this occurs, we opt to revert the variance of the new inverse256

gamma distribution to the variance from the previous iteration. Although the scheme allows for the257

variance of the distribution to increase or decrease (E18), this essentially imposes a lower bound258

on the variance of the distributional estimate. We find empirically that this lower bound usually259

lies between approximately 0.0001 and 0.01. Additionally, once this lower bound is encountered,260

it is difficult for the variance to increase significantly again. We note that this numerical issue can261

theoretically manifest in errors for the E18 spatially-varying adaptive inflation scheme. However,262
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appropriate values for individual spatially-varying inflation coefficients are likely to evolve much263

faster than a single spatially averaged 𝑟 estimate, reducing the chance of encountering small264

posterior inverse-gamma variances. It is possible to manually impose a lower bound on the265

estimator variance; for the purposes of estimating a spatially-averaged, time-invariant 𝑟, however,266

it would be preferable to allow the variance to shrink as much as it should without such heuristics.267

We set our minimum variance threshold to 0.0001 for all experiments in this study. A brief analysis268

of the evolution of the variance of the Bayesian estimator is given in appendix A1.269

4. Model Experiments270

We explore the behavior of each method using 2 idealized dynamical models. The first is the271

Lorenz (1963) model, which is a 3-variable system (𝑥1, 𝑥2, 𝑥3) governed by the following system272

of ordinary differential equations:273

d𝑥1
d𝑡

= 𝜎(𝑥2 − 𝑥1), (26)

d𝑥2
d𝑡

= 𝑥1(𝜌− 𝑥3) − 𝑥2, (27)

d𝑥3
d𝑡

= 𝑥1𝑥2 − 𝛽𝑥3. (28)

The parameters 𝜎, 𝜌, and 𝛽 are unrelated to any of the variables described in section 3; we set them274

to the standard values of 10, 28, and 8
3 for all experiments in this study. For this model, we use275

an 80-member ensemble and a non-dimensional time step of 0.001. We assimilate observations of276

the entire state (i.e. all three state variables) every 30 time steps for a total of 10000 assimilation277

periods.278

The second model is Model III from Lorenz (2005), a 960-variable system composed of a small279

scale and a large scale that interact with each other and project onto a single variable. Specifically,280

the model is governed by the following ordinary differential equation at the 𝑛𝑡ℎ grid point:281

d𝑍𝑛
d𝑡

= [𝑋, 𝑋]𝐾,𝑛 + 𝑏2 [𝑌,𝑌 ]1,𝑛 + 𝑐[𝑌, 𝑋]1,𝑛− 𝑋𝑛− 𝑏𝑌𝑛 +𝐹, (29)

where 𝑋 and 𝑌 represent the large and small scale contributions to the state 𝑍 , respectively, 𝑐 is a282

coupling parameter, 𝑏 controls the amplitude and frequency of the small-scale waves, 𝐹 represents283
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an external forcing, and 𝐾 controls the wavenumber of the large-scale waves. Expressions of284

the form [𝑋,𝑌 ]𝑎,𝑛, etc. represent a sum of products of values of 𝑋 and 𝑌 surrounding the 𝑛𝑡ℎ285

grid point that introduces spatial correlations between nearby grid points, where 𝑎 essentially is286

a length scale. We use a 500-member ensemble with the same non-dimensional time step, and287

assimilate observations located at every other grid point (i.e. 480 observations) every 30 time288

steps. Experiments with Model III are integrated forward for a total of 2000 assimilation periods.289

Unless otherwise stated, all experiments use the identity operator as the forward operator. We290

expect that some differences in the performance of the three estimation methods from one model291

to the other will result from the number of observations available during each assimilation period292

to form an estimate. For the L63 model, only 3 observations are available at each time compared to293

480 for the 2005 model, so the risk of sampling deficiency is greater. Accordingly, we present the294

results of each experiment for both models together. We use a slightly stronger temporal smoothing295

parameter (𝜅 = 0.005) for the L63 experiments than for the L05 experiments (𝜅 = 0.01). For the296

ABIG scheme, the initial distribution for 𝜌 is chosen to have mean equal to 1. We set the initial297

standard deviation of the 𝜌 distribution to 0.25 for the L63 experiments and to 0.5 for the L05298

experiments.299

5. Results300

For each set of experiments, we begin with the assumption that observation errors are Gaussian301

with mean 0 and variance 2. We record the 𝑟 estimates generated by each method over the course302

of each simulation. For the Desroziers and Karspeck methods, we also plot the 𝑏𝑧 estimates used303

in each estimate (see Eqs. 16 and 19). Figures 1 and 2 show root mean square errors (RMSE)304

for each experiment (values), as well as changes in RMSE relative to a run where no 𝑟 estimation305

is performed (shading). From this point forward, and in the following figures, we will adopt306

the following shorthand descriptions of each method when presenting findings: the Desroziers307

estimator will be called DRZ; the Karspeck method will be called KAR; the approximate Bayesian308

inverse-gamma method will be called ABIG; experiments where no estimation of 𝑟 is performed309

will be called NONE.310

15



Fig. 1: Observation space root mean square errors (RMSEs) for each 𝑟 estimation experiment with
the L63 model. Shading indicates a percent change in RMSE relative to experiments where no 𝑟
estimation was performed.

a. Control Experiment311

First, we examine the case where the initially specified variance is actually correct, so that each312

method only needs to maintain the correct value. Figures 3 and 4 show the estimates generated313

during these control experiments. In the L63 experiments, all three methods track the true 𝑟314

value (=2) with approximately the same skill. In the L05 experiments, where the sample size is315

larger, the DRZ and KAR methods generate estimates that are much smoother in time than the L63316

experiments. This does not happen with the ABIG method; the ABIG estimate briefly drops in the317

first couple assimilation cycles but then quickly centers on the correct value. However, the variance318

of the estimate reaches its minimum permissible value and so the noise in the ABIG estimate does319

not drop as much as with the other two methods.320

We also observe that, in both experiments, the DRZ estimate of 𝑏𝑧 is significantly noisier than321

the KAR estimate, although both are centered on the same value. This is especially true for the322

L63 experiments, for which the innovations at each assimilation cycle are much larger. This is323
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Fig. 2: As in Figure 1, but for the L05 experiments.

expected behavior; the Desroziers estimate of 𝑏𝑧 is directly proportional to d𝑜
𝑏

(see Equation 16),324

which can vary much more than the background ensemble variance that determines the KAR325

estimate (Equation 19). Because of the temporal smoothing applied to both estimates, however,326

this difference has very little impact on the resulting 𝑟 estimates. Note that in offline experiments327

performed without any temporal smoothing, estimates of 𝑟 varied significantly over short time328

frames, resulting in significantly worse analyses and forecasts. This is especially true for the L63329

model, where only 3 observations are used for each estimate. For all experiments in this group,330

there is minimal impact on forecast RMSE, because the 𝑟 values used during data assimilation are331

very close to the (correct) control value.332

b. Gaussian Errors with Misspecified Variances333

The next set of experiments uses observations with Gaussian errors, but with a different variance334

than is initially assumed. In particular, we still start each experiment assuming 𝑟 = 2, but we335

consider both the case when the true observation error variance is underestimated (𝑟 = 4; Figures336

5 and 6) and the case when it is overestimated (𝑟 = 0.75; Figures 7 and 8). In these experiments,337
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all three methods again center on the correct 𝑟 value after some initial spin-up time. Many of the338

same differences in the estimators’ performance persist from the previous experiments; notably, the339

increased noise in the DRZ estimate of 𝑏𝑧 and the lower bound on the ABIG estimator’s variance.340

We also note that in the L05 experiments, and for all L05 experiments where ABIG does converge341

to the correct 𝑟, it does so much more rapidly than the DRZ and KAR methods. This may be due342

to the sequential nature of the ABIG algorithm compared to the intermittent averaging approach343

of the other two methods. Estimating 𝑟 leads to some improvement in forecast outcomes when the344

initially prescribed variance is incorrect. These improvements are only on the order of a 1-2%345

reduction in RMSE, and are especially marginal for the L63 model, suggesting that the background346

uncertainty dominates the uncertainty in the analysis in those model experiments.347

c. Symmetric, Unbiased, Non-Gaussian Errors348

The previous experiments focus on the case of Gaussian observation errors; we now examine349

how well these methods are able to recover the correct variance of the observation error even if350

the observation error has non-zero higher moments. A simple first test is the logistic distribution,351

which is still symmetric but with more probability density focused near the tails and the center of the352

distribution than a Gaussian. We use a logistic distribution with mean 𝜇 = 0 and true variance 𝑟 = 4.353

The results of these experiments (Figures 9 and 10) are very similar to the previous experiments354

with an underestimated Gaussian variance. For both models, all three methods converge to the355

correct 𝑟, with the same noted caveats about the variance in each estimator. However, we see a356

greater reduction in RMSE from performing 𝑟 estimation in these experiments.357

Fig. 3: 𝑟 estimates generated by each method during L63 experiments when errors are Gaussian
with mean 0 and variance 2 (i.e. when they match the assumed distribution of observation errors).
Magenta curves represent the 𝑏𝑧 estimates used by the DRZ and KAR methods.
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Fig. 4: As in Figure 3, but for L05 experiments.

Fig. 5: 𝑟 estimates generated by each method during L63 experiments when errors are Gaussian
with mean 0 and variance 4.

Fig. 6: As in Figure 5, but for L05 experiments.
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Fig. 7: 𝑟 estimates generated by each method during L63 experiments when errors are Gaussian
with mean 0 and variance 0.75.

Fig. 8: As in Figure 7, but for L05 experiments.

Fig. 9: 𝑟 estimates generated by each method during L63 experiments when errors are Logistic
with mean 0 and variance 4.

d. Skewed, Biased, Non-Gaussian Errors358

Many real-world observations have errors that are not well-modeled by symmetric distributions359

with 0 mean. Specifically, variables that are bounded below (e.g. precipitation, tracer concen-360
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Fig. 10: As in Figure 9, but for L05 experiments.

Fig. 11: 𝑟 estimates generated by each method during L63 experiments when errors are Log-normal
with mean 1 and variance 4.

Fig. 12: As in Figure 11, but for L05 experiments.

tration, sea ice thickness) can never take on negative values, so attempting to assimilate them361

assuming Gaussian errors can lead to nonphysical results - especially when the observed values362

themselves are very small. With that in mind, we now consider how well 𝑟 can be estimated when363

the observation error is distributed log-normally (i.e. bounded below and skewed to the right). If364
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Fig. 13: 𝑟 estimates generated by each method during L63 experiments when errors are Log-normal
with mean 0 and variance 4.

Fig. 14: As in Figure 13, but for L05 experiments.

Fig. 15: 𝑟 estimates generated by each method during L63 experiments when errors are Gaussian
with mean 1 and variance 4.

the second moment of such non-Gaussian distributions can be recovered, it can be used both when365

Gaussian assumptions are still incorrectly imposed and, when using data assimilation strategies366
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Fig. 16: As in Figure 15, but for L05 experiments.

Fig. 17: 𝑟 estimates generated by each method during L63 experiments when errors are Gaussian
with mean 0 and variance 2, and observations are made using a quadratic forward operator.

Fig. 18: As in Figure 17, but for L05 experiments.

that allow for non-Gaussian likelihoods, to inform the selection of a suitable likelihood with an367

appropriate spread.368

Figures 11 and 12 show the results of the experiments with log-normal errors. The chosen log-369

normal distribution has mean equal to 1 and variance equal to 4. All three methods fail to stably370
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Fig. 19: 𝑟 estimates generated by each method during L63 experiments when errors are Gaussian
with mean 0 and variance 4, and observations are made using a quadratic forward operator.

Fig. 20: As in Figure 19, but for L05 experiments.

Fig. 21: 𝑟 estimates generated by each method during L63 experiments when errors are Gaussian
with mean 0 and variance 0.75, and observations are made using a quadratic forward operator.

converge to a single 𝑟 estimate. In the L63 experiments, the Desroziers and Karspeck estimators371

both consistently overestimate the correct variance slightly, and sometimes rise dramatically when372

innovations grow very large. This occurs whenever the observation error is an extreme value from373
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Fig. 22: As in Figure 21, but for L05 experiments.

the positive tail of the log-normal distribution. The ABIG estimator also increases sporadically;374

however, it does so less frequently than the other two, but takes longer to return to values close to375

the true variance. Despite the issues associated with each method, each method generally increases376

𝑟 and leads to a 50% reduction in RMSE compared to when no estimation is performed. In the377

L05 experiments, when a much larger volume of observations is available per estimate, the spikes378

in DRZ and KAR are largely mitigated, although the estimates still have a positive bias and behave379

erratically at times. Interestingly, the approximate Bayesian scheme stays close to the initially380

prescribed incorrect 𝑟, increasing slightly from that value but still underestimating the correct381

value. This may occur because enough samples from the main body of the log-normal distribution382

are ingested for the Bayesian scheme to grow very confident in an estimate before more extreme383

observation errors are considered. While we see improvements in RMSE from all methods, the384

improvement is accordingly more substantial with DRZ and KAR than with ABIG.385

Assimilating observations with log-normal errors poses two distinct challenges; the resulting386

observations will 1) always be biased and 2) occasionally take on extreme positive values. We next387

examine each of these issues in isolation to identify which aspects of this section’s results arise388

from which issue.389

e. Skewed, Unbiased, Non-Gaussian Errors390

Figures 13 and 14 show 𝑟 estimates generated when the log-normal errors are shifted to have391

mean equal to 0. In the L63 experiments, doing so reduces the magnitude of the sudden increases392

noted for the DRZ and KAR methods, though neither centers the estimates on the correct 𝑟 value393
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(the average DRZ estimate over the course of this experiment is 6.76; the average KAR estimate394

is 4.76). The erratic behavior in the ABIG estimator is also eliminated, but it does not move away395

from the initially prescribed incorrect 𝑟 significantly. The DRZ estimator in this experiment is the396

only one to notably worsen forecast outcomes, increasing RMSE by about 6% relative to doing no397

estimation. The difference in performance of the DRZ estimator, when relatively few samples are398

available, may be due to the fact that the DRZ estimator is the only one that uses analysis statistics399

to form its estimate. If the updates performed following several sequential data assimilation steps400

are negatively impacted by ignoring higher-order moments, it is possible that the resulting 𝑟𝐷 can401

be adversely affected.402

With the bias removed from log-normally distributed observation errors, the bias in both the DRZ403

and KAR estimators also disappears in the L05 experiments (Figure 14). This convergence occurs404

following an initial spike at around 250 assimilation steps. The ABIG estimator also decreases405

when the bias is removed; however, because the ABIG estimate in the log-normal error regime406

was too small to begin with, the resulting estimate here is even further from the correct value.407

The average estimate over the experiment is 1.91. Improvements in RMSEs are smaller in these408

experiments than with the full biased log-normal errors, and disappear completely for the ABIG409

experiment. Note, however, that the absolute RMSE values themselves are also considerably lower410

when the bias in observation errors is removed.411

f. Biased Gaussian Errors412

Figures 15 and 16 show 𝑟 estimates generated when observation errors are Gaussian but with413

a positive bias. Here, the observation error is Gaussian with mean equal to 1 and variance 4.414

For the L63 model, this bias leads to positive bias and sporadic increases in all three estimators415

similar to the log-normal experiments, although not quite as extreme. Once again, the DRZ and416

KAR methods briefly reach much larger values before returning immediately to an approximately417

constant baseline. The ABIG estimator behaves similarly in this case. All three methods yield418

similar reductions in RMSE to each other and to the log-normal experiments with the L63 model.419

The ABIG estimator yielded slightly better performance relative to the other two methods than in420

the log-normal experiment.421
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Ingesting and assimilating biased observations in the L05 model leads to very stable, but still422

biased, 𝑟 estimates (Figure 16). These estimates are smooth in time for the DRZ and KAR methods;423

for the ABIG method, we once again see that some amount of noise in 𝑟𝐴 persists with time despite424

the lack of significant changes over time. However, all three estimates remain near the same value425

(approximately 4.5) after some initial spin up. All three methods see a similar reduction in RMSE426

despite their differences.427

g. Nonlinear Forward Operators428

Finally, we briefly consider the problem of estimating 𝑟 when the forward operator ℎ is nonlinear.429

We perform the following experiments assimilating the square of the state (i.e. ℎ(𝑥) = 𝑥2). We430

only show results for observation errors that are Gaussian distributed. For the L05 model, we also431

performed further tuning of the localization radius, which amounted to a reduced radius to prevent432

spuriously large sub-optimal updates from spreading to nearby state variables. Figures 17, 19, and433

21 show estimates generated during L63 experiments when 𝑟 is initially assumed to be 2 and the434

true 𝑟 is 2, 4 and 0.75, respectively. We note that, for all experiments with a nonlinear ℎ, the KAR435

method yielded negative 𝑟 estimates much more frequently than in all previous experiments (1005,436

1789, and 1610 times out of 100000, respectively). Figures 18, 20, and 22 show the corresponding437

experiments for the L05 model (the KAR method was negative in these experiments (178, 26, and438

1957 times out of 2000, respectively). When the initially assumed 𝑟 is correct (Figures 17 and 18),439

it is still possible to recover the correct 𝑟 with each method. Although the ABIG estimator is able440

to recover the correct 𝑟 faster than the other two methods in the L05 experiment, it retains the most441

noise as in the linear ℎ case. The KAR estimator also maintains a slight positive bias in both of442

these experiments, particularly for the Lorenz ’04 model, though this does not lead to a significant443

degradation in forecast RMSE.444

The most consistent improvements in forecast outcomes arise when the initially assumed 𝑟 is445

an underestimate of the true observation error variance (Figures 19 and 20). Much of the same446

behavior is present from the previous experiments, namely the positive bias in the KAR estimate and447

the differences in noise present in the ABIG estimate. Estimating 𝑟 from nonlinear observations448

when it is initially overestimated is a larger challenge. In the L63 experiments, all estimators449

perform fairly well up until after approximately 90000 assimilation cycles. At that time, the true450

27



state enters a regime where both the background innovations and the background error variance451

increase dramatically, leading to a corresponding increase in the DRZ and KAR estimators. The452

DRZ estimate recovers quickly to the correct 𝑟 estimate. Meanwhile, the KAR estimate also453

recovers but takes much longer to do so. The ABIG estimate is the only one that does not deviate454

significantly from the correct value. As a result, the KAR experiment experiences a negative impact455

on forecast outcomes, and the ABIG experiment is the only one that does not adversely affect them.456

In the L05 experiments, both the DRZ and ABIG estimators recover the correct 𝑟, though only457

the DRZ method resulted in an improvement in forecast outcomes. The KAR estimator, however,458

increased significantly at the start of the experiment and then very frequently estimated negative459

values for 𝑟, leading to the previous estimate being used. The result is that the KAR estimator460

stayed very large for the entire experiment. The tendency for the Karspeck estimator to be negative461

in this experiment is likely a result of the initial rise in the background error variance during the462

start of the experiment, exacerbated by the overestimation of the variance and the quadratic forward463

operator. The first term on the right hand side of Equation (19) will be relatively small because464

observations have smaller errors, and any sufficiently large background errors will be increased465

further when transformed into observation space, resulting in the second term being relatively466

large. Although the filter did not diverge from the correct model state in this experiment, the large467

𝑟 estimate generated by the Karspeck method led to a near-doubling in forecast RMSE compared468

to the NONE experiment.469

6. Discussion and Conclusions470

We have constructed a new Bayesian algorithm for sequential estimation of a scalar observation471

error variance based on an inverse gamma prior and a modified Gaussian likelihood. Additionally,472

we have used two idealized models to compare this new method against the common Desroziers473

”diagnostic check” scheme and the method of K16, another ensemble-based estimator. All methods474

effectively recover the correct observation error variance when the distribution of observation errors475

is unbiased and symmetric, even in the case of non-Gaussian distributions. When uncorrected476

bias is present in the observation error, numeric instabilities sporadically appear in all estimates477

of the variance, as well as a bias in the variance estimates themselves. This bias is usually478

positive and reduces the reliance of the assimilation system on the biased observations. Certainly,479
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there are numerous existing methods for addressing bias in observations more directly that are480

preferable (e.g., Knisely and Poterjoy 2023; Chandramouli et al. 2022), but it is useful to note that481

these methods can continue to improve forecast outcomes even with bias present in observations.482

Finally, we demonstrate that these methods are sometimes able to function even when the forward483

operator relating the model state to observations is nonlinear, although their benefits are not as484

clear as for the linear case and some difficulties arise when the true observation error variance is485

relatively small. Based on these findings, it is reasonable to conclude that any of the three methods486

could benefit forecast quality in real-world applications where observation errors are known to487

be approximately unbiased and Gaussian. However, there is some evidence that estimating the488

variance in bounded observations with non-Gaussian errors, such as fractional sea ice concentration489

or gas concentrations, may be challenging. The same is true for observations where ℎ is nonlinear,490

such as all-sky radiance or reflectivity observations.491

Though the approximate Bayesian inverse-gamma scheme is generally effective at correctly492

estimating the true observation error variance, numerical issues place a lower bound on the amount493

of noise present in the estimator and can potentially limit its ability to evolve as new observations494

are ingested. The fundamental problem associated with these numerical issues is that the inverse-495

gamma PDF can grow very large as its variance shrinks. Moving forward, it might be prudent496

to continue designing methods that do not require direct evaluation of the inverse-gamma PDF497

(e.g., Stroud and Bengtsson 2007), or to leverage prior distributions with more suitable parameters.498

In general, whenever any Bayesian scheme is used to estimate parameters of the modeling or499

assimilation process, care should be taken in determining how the variance of the distributional500

estimate is allowed to evolve. A tendency toward priors with higher variances will allow new501

observations to more strongly affect the parameter estimate, whereas smaller variances will yield502

less noisy estimates that evolve slower and more smoothly in time.503

We also note that only the Desroziers method has been previously implemented for estimating504

the full observation error covariance matrix 𝑅 (i.e. accounting for correlated observation errors).505

In order to do the same for the Bayesian scheme, further parameterization of the full covariance506

matrix would be necessary, along with a method for updating the new parameters (e.g., Stroud507

et al. 2018). However, it is straightforward to extend the Karspeck ensemble estimator to account508

for off-diagonal elements in a similar manner to the Desroziers estimator. The Karspeck estimator509
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frequently performed similar to or better than the other two estimators in terms of improving forecast510

outcomes, and has the added advantage that it can be used immediately for new observations as they511

are assimilated. Accordingly, it should be investigated further as an alternative to the Desroziers512

scheme for use with real-world, correlated observations.513

Finally, we point out related research questions that are not encompassed by our study but514

remain interesting for the problem of approximating statistics of observation errors. Notably, we515

do not consider the possibility of state-dependent observation errors in this work at all. Some516

methods already exist to assimilate observations where the dependence on the state is already517

known (e.g., Bishop 2019, 2016); however, there is relatively little research dedicated to estimating518

the distribution of state dependent observation errors when the dependence itself is not a priori519

known. On a related note, we also make no attempt here to estimate the full PDF of non-Gaussian520

observation errors, even though we successfully retrieve the second moment of such distributions.521

Hu et al. (2024) present one method for doing so based on computing a deconvolution of the522

background error PDF from the background innovation PDF, but future research should continue523

to investigate other approaches.524

APPENDIX525

A1. Analysis of the ABIG Estimator Variance526

Figures A1 and A3 show the evolution of the variance of the ABIG estimator’s posterior distri-527

bution for 𝜌 for all experiments where the true observation error is Gaussian, as well as for the528

log-normal experiment. In all of these cases, the posterior variance generally decreases until the529

inverse-gamma parameters grow large enough that evaluating their PDFs yields values outside of530

double precision. Whenever this happens, the previously estimated posterior variance is reused.531

This often occurs repeatedly throughout the remainder of the run, or sometimes indefinitely, re-532

sulting in a collapse to a single posterior variance. Because the parameters of an inverse-gamma533

distribution depend on the distribution’s mean as well as its variance, the posterior variance that534

each experiment ends in the vicinity of varies with the 𝜌 value that the ABIG estimator approaches535

over time (i.e. with the observation error variance that the ABIG estimator predicts). As a result,536

experiments where ABIG estimated higher 𝑟 values usually correspond with larger final posterior537
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variances, and vice versa. Finally, because of the sequential nature of the ABIG algorithm, note that538

much of the decrease in the posterior variance occurs rapidly, relatively early in each experiment.539

One consequence of this behavior is that raising the initial prior variance for the ABIG estimator540

had minimal effect on when or where the collapse of the posterior variance occurs. Figure ME541

NEXT shows the evolution of the posterior variance for the L05 experiments when the initially542

prescribed prior standard deviation increases from the value prescribed in all of the other experi-543

ments. Regardless of the initially prescribed standard deviation, the posterior variance shrinks to544

approximately 0.01 before evolving erratically for a period and then fixing to a single value. Note545

that the final posterior variance each of these experiments achieves is not necessarily consistent546

with which experiment started with the largest prior standard deviations, and that the best forecast547

RMSEs in these experiments occurred when the initial standard deviation was set to 0.5 (the same548

as the experiments presented in Figure 12).549
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Fig. A1: Variances of the distributional estimate of 𝜌 made by the ABIG scheme in four L63
experiments. The green, red, and grey dashed lines represent the 1000th, 5000th, and 10000th

assimilation window, respectively.
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Fig. A2: As in Figure A1, but for L04 experiments. The green, red, and grey dashed lines represent
the first, fifth, and tenth assimilation window, respectively.
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Fig. A3: Posterior variance evolution for log-normal error experiments with varying initial prior
standard deviations. Dotted lines are as in Figure A3.
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