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Abstract

The interactions between different meteorological hazards can result in socio-
economic damages exceeding those expected from the individual hazard com-
ponents. Such combinations of hazards are commonly known as multi-
hazards or compound extremes. Here, we propose a novel approach to the
study of compound extremes grounded in dynamical systems theory. Specif-
ically, we present the co-recurrence ratio (α), which elucidates the depen-
dence structure between fields by quantifying their joint recurrences. This
approach is applied to daily climate extremes, derived from the ERA-Interim
reanalysis over the 1979-2018 period. The analysis focuses on concurrent (i.e.
same-day) wet (total precipitation) and windy (10m wind gusts) extremes
in Europe and concurrent cold (2m temperature) extremes in Eastern North
America and wet extremes in Europe. Results for Europe show that α peaks
during boreal winter. Climate anomalies observed during α extremes re-
semble those associated with the positive North Atlantic Oscillation. These
are situations which correspond to extra-tropical cyclones impacting North-
Western Europe, resulting in frequent wet and windy extremes. For the East-
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ern North America-Europe case, α extremes once again reflect the concurrent
climate extremes, and correspond to cold extremes over North America and
wet extremes over Europe. The co-recurrence ratio (α) therefore reflects the
evolution of the chosen meteorological fields, and successfully characterises
compound extremes. This approach is entirely general, and may be applied
to different types of compound extremes and geographical regions.

Keywords: Dynamical Extremes, Dynamical Systems Theory, Compound
Extremes, Multi-Hazards, Climate Dynamics, Climate Extremes

1. Introduction

Individual natural hazards can interact [1], often resulting in high-impact
events leading to heavy socio-economic losses [2, 3, 4]. These events are
known as multi-hazards and they are explicitly defined by The United Na-
tions Office for Disaster Risk Reduction (UNDRR) as (1) the selection of5

multiple major hazards that the country faces, and (2) the specific contexts
where hazardous events may occur simultaneously, cascadingly or cumula-
tively over time, and taking into account the potential interrelated effects [5].
Multi-hazards are also known as compound events or compound extremes
[2, 4].10

In recent years the concept of compound extremes, also extended to in-
clude multi-risks, has attracted the attention of the scientific community
[e.g. 6, 7, 8, 9, 10, 11, 12, 13]. These extremes have potentially major impli-
cations for a wide range of private and public stakeholders including policy
makers, (re)insurance companies, governments and local communities around15

the world [e.g. 14, 15]. Identifying compound extremes and quantifying their
observed [16, 17, 18, 19] and future projected [3, 20] spatio-temporal charac-
teristics is thus a highly scientifically and socio-economically relevant goal,
which supports disaster risk reduction through increased understanding of
risks and enhancement of resilience [2, 5, 11].20

Statistical models are required to adequately assess the risk of compound
(or concurrent) extremes and to evaluate numerical models. However, com-
pound extremes are inherently complex: they are rare, multivariate, and
live in a sparsely sampled region of a multidimensional space with limited
observational coverage. Statistical models thus rely heavily on extrapola-25

tion. A wide range of techniques have been proposed to study compound
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extremes, ranging from multivariate extreme value statistical models based
on copula assumptions [e.g. 21, 22, 23, 24], to max-stable models [e.g. 25, 26],
conditional exceedance models [e.g. 27, 28, 29, 30, 31], Bayesian models
[32, 33, 34, 35] and the multivariate skew-t distribution [36, 37]. All these ap-30

proaches can provide only limited information about the chaotic and spatial
behaviour of atmospheric variables. Indeed, incorporating the latter requires
complex extensions of these methods [38, 39], often with a risk of overfitting
the statistical model.

Here, we propose a novel approach grounded in dynamical systems theory35

which overcomes some of these limitations, and aims to provide a comple-
mentary view to more traditional analyses issuing from statistics and climate
dynamics [e.g. 40, 41]. We specifically propose an objective measure of the
co-recurrence of extremes in different climate variables, which can provide
both temporal and spatial information and can be linked to the underlying40

dynamical properties of the climate system, as well as explicitly accounting
for its underlying chaotic nature. This is complemented by two other indi-
cators characterising the evolution of large-scale climate fields [42, 43, 44].
The approach is very flexible, and can in principle be applied to any num-
ber of variables, geographical region and type of dataset. Within the text,45

we adapt the vocabulary used in the literature to fit the novel approach we
propose. We will be referring to compound extremes when considering multi-
variate metrics calculated from dynamical systems theory and to concurrent
extremes when discussing the joint occurrences (i.e. same-day) of extreme
values in the climate variables.50

We begin by providing a brief description of our methodology (Section
2). Next, we illustrate the physical interpretation of the different dynamical
systems metrics and their seasonality (Section 3.1.1), and present an applica-
tion to concurrent wet and windy extremes in Europe (Section 3.1.2), along
with concurrent cold extremes in Eastern North America and wet extremes55

in Europe (Section 3.2). We thus address concurrent extremes at both single
and separate geographical regions. Our choice is motivated by the significant
scientific and media attention that both wet and windy weather in Europe
[e.g. 45, 46, 47, 48] and cold spells in North America [e.g. 49, 50, 51] has at-
tracted in recent years. The analysis in Section 3.1 primarily aims to relate60

the information provided by our metrics to known features of the atmospheric
variability over the Euro-Atlantic region, and can be viewed as a test of the
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robustness of the indicators we propose. Section 3.2 instead illustrates how
our approach can be used to gain novel insights into concurrent extremes in
two different regions. We conclude by discussing our results in the context65

of the literature on these classes of extremes (Section 4).

2. Data and Methods

2.1. Data

We use ECMWF’s ERA-Interim reanalysis [52], at a horizontal resolution
of 0.75◦, from 1979 to 2018. The analysis was conducted on daily data70

at 12 and 00 UTC (12h step) of total precipitation (mm) and 10m wind
gust (m/s). To obtain a unique daily value, these were then summed and
averaged, respectively. We also used 2m temperature at 00, 06, 12 and 18
UTC, which were averaged as daily observations. From now on we will refer to
these variables simply as precipitation, wind and temperature. We consider75

two domains: Europe (18◦W–51◦E, 30◦N–75◦N) and Eastern North America
(99◦W–75◦W, 30◦N–51◦N). Daily data over 1979-2018 for the North Atlantic
Oscillation (NAO) [53], the dominant mode of climate variability within the
North Atlantic region, were downloaded from the NOAA - Climate Prediction
Center website (available here).80

2.2. Dynamical systems metrics

We use three dynamical systems metrics: the local dimension (d); the
local persistence (θ−1); and the local co-recurrence ratio (α) [42, 54]. d
and θ−1 are calculated for both univariate and multivariate cases, whereas
α always refers to two different variables. All three metrics are local in85

phase-space, and instantaneous in time. Their calculation issues from the
application of extreme value theory to Poincaré recurrences [44]. In this
approach, the atmospheric dynamics is considered as chaotic but settled on
an attractor – namely the set of states that the system approaches repeatedly.
The three metrics can then be computed for any state ζ on the attractor – in90

our case a latitude-longitude field of one or more variables at a given time.
d and θ−1 have recently been applied to a range of different climate fields
over different geographical domains and were found to successfully reflect
large-scale features of atmospheric motions [55, 42, 56, 54, 43, 57, 58].

The local dimension d(ζ) describes the evolution of the system around95

(ζ), and can be interpreted as a proxy for the number of degrees of freedom
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active around the state of interest. The local persistence θ−1(ζ) measures
the mean residence time of the system around such state. A high (low)
persistence indicates that the systems evolution will slowly (rapidly) lead to
a dynamically different state. The higher the value of θ−1, the more likely100

it is that the preceding and future states will resemble ζ over comparatively
long timescales [42, 43, 57]. The two dynamical systems indicators can be
computed for both individual climate fields (e.g. sea-level pressure 42) and
multiple fields jointly [54]. The derivation of d and θ−1 is based on defining
recurrences in terms of a given distance metric dist between all states visited105

by the system. For details we refer the reader to the Supporting Information
here, Appendix A of [59] and [60].

The multivariate d and θ−1 metrics are derived following [54]. Given two
variables x(t) and y(t), we can define a state on the Poincaré section jointly
spanned by x and y as ζ = {ζx, ζy}. Joint logarithmic returns of this state110

are then given by:

g(x(t), y(t)) = −log

[
dist

(
x(t)

‖x‖
,
ζx
‖x‖

)2

+ dist

(
y(t)

‖y‖
,
ζy
‖y‖

)2
] 1

2

(1)

Where the negative logarithm is applied to increase the discrimination
of close recurrences and ‖.‖ represents the average root mean square norm
of vector’s coordinates and dist is the Euclidean Norm. We can further
define dx(ζ) and dy(ζ), the dimensions of the Poincaré sections defined by x115

and y around ζ, with respect to the chosen distance metric. From Eq. (1)
one can obtain the co-dimension dx,y analogously to the derivation of the
univariate d (for ease of notation we hereafter drop the dependence on ζ).
The co-dimension has the following property:

min(dx, dy) ≤ dx,y ≤ dx + dy (2)

The case dx,y = dx+dy implies no coupling bewteen x and y. If instead the120

variables are deterministically coupled (i.e. x is a function of y or viceversa),
dx,y = min(dx, dy) .

Following the definition of joint logarithmic returns given in Eq. (1) and
as for d above, one can also define the local co-persistence θx,

−1
y . This is
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defined as a weighted average of θ−1
x and θ−1

y , where the weights depend on125

the size of the hyper-ball around ζ in the Poincaré sections x and y [54, 61].

Along with dx,y and θx,
−1
y we adopt a phase-space local measure of de-

pendence first introduced in [54]. The co-recurrence ratio 0 ≤ α(ζ) ≤ 1 of a
state ζ = {ζx, ζy} is defined as:

α(ζ) =
Pr[g(x(t)) > sx(q)|g(y(t)) > sy(q))]

Pr[g(x(t)) > sx(q)]
(3)

Where sx(q) and sy(q) are high q-th quantiles (or thresholds) of the130

univariate logarithmic returns g(x(t)) and g(y(t)). When α(ζ) = 0 no co-
recurrences of ζ = {ζx, ζy} are observed in the phase-space, when we observe
a recurrence of ζx. Intuitively, when α(ζ) = 1, all the co-recurrences of
ζ = {ζx, ζy} also correspond to recurrences of ζx, and viceversa. In other
words, α quantifies the probability of co-recurrences of two (or more) vari-135

ables within an hyper-ball around ζ. For more detailed information about
the multivariate dynamical systems metrics we refer the reader to [54].

2.3. Statistical Analysis

2.3.1. Definition of anomalies and extremes

We define anomalies relative to a daily mean climatology. For example,140

the climatological temperature at a given gridpoint for the 19th February is
the mean of all 19th February temperatures at that location over the 40 years
considered here. Precipitation and wind extremes are defined as daily values
> 99th quantile, whereas cold temperature extremes are daily observations
< 1st quantile of the respective distributions at each gridpoint. The selection145

was performed on absolute values, rather than anomalies, in the spirit of an
impacts-based perspective. Indeed, a very strong windstorm is more likely to
cause damage than an out-of-season (and thus extreme in terms of anomalies)
but moderate (in terms of absolute wind-speed values) windstorm, although
out-of-season extremes are associated with their own specific sets of risks.150

The same analysis was also performed for extremes based on anomalies of
the climate variables and the two approaches show a marked spatio-temporal
agreement (see Supporting Information).

The anomalies of precipitation, wind and temperature are stratified ac-
cording to α daily extremes (> 99th quantile), thus informing on the be-155

haviour of the climate variables under strong dynamical coupling conditions.
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We also consider, for each gridpoint, the composite α mean anomalies as-
sociated with univariate and concurrent extremes of precipitation, wind and
temperature. This informs on the strength of the dynamical coupling ob-
served during the different sets of climate extremes. A list of extreme oc-160

currences at each gridpoint was compiled, and then the corresponding daily
α anomalies were composited, thus providing a different composite α mean
anomaly value at each gridpoint. For example, let us consider precipitation
and wind extremes for a gridpoint within the European region. First, we
identified days when the two extremes (co)occurred at that location, and165

then we computed the α mean anomalies based on those days (note that
the α daily values are the same for both extremes, since it is computed us-
ing both variables simultaneously). For the case of concurrent cold and wet
extremes in Eastern North America and Europe respectively, we adopted a
similar procedure: i) identify dates on which at least one gridpoint in each170

domain displays an extreme observation; ii) identify all gridpoints displaying
extreme values on each selected date; and iii) calculate the α mean anomalies
for each selected gridpoint over the two regions. Note that, again, α daily
values are the same for both variables, regardless of the fact that they are
considered over different geographical domains. In the figures we only show175

α mean anomalies > 90th quantile of the full α distribution for each pair of
variables, to highlight the spatial patterns of the most extreme observations.

2.3.2. Statistical testing

The significance of the anomalies in both the climate variables and α
extremes is evaluated using a boot-strapping (n=1000 samples) analysis. The180

detailed procedure is provided in the Supporting Information.

The robustness of the α anomaly means observed during univariate and
concurrent extremes was also assessed by performing a sign test. This quan-
tifies the fraction of individual extreme observations at a given gridpoint
which have the same sign anomaly as the overall composite. For example,185

a sign test value of 66% at a location with a positive α composite anomaly
means that 66% of the days used to create the composite display a positive
α daily anomaly, while 34% display a negative anomaly. Clearly, the higher
the % of members sharing same-sign anomalies, the more robust the results
are.190
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3. Results

3.1. Wet and windy extremes in Europe

3.1.1. Compound dynamical extremes

In Figure 1 we show both compound and univariate dynamical indica-
tors of precipitation and wind in Europe. α peaks during boreal winter195

(Dec-Feb) with values of ∼0.15 and reaches its lowest values during spring
(∼0.075) and summer (∼0.10, Figure 1a). The α winter peak follows the
intuition that during these months the passage of extra-tropical cyclones
(ETCs) over western-continental Europe and the British Isles (BI) can lead
to widespread flooding episodes and comparatively frequent concurrent wet200

and windy extremes [16, 62, 63, 64]. On the other hand, the lower α values
observed during spring and in particular summer reflect wet extremes which
are mainly driven by small-scale convective processes [e.g. 65] and therefore
have a weaker link to both the synoptic and larger-scale circulation and wind
extremes [66].205

Negative d anomalies during α extremes (i.e. strong dynamical coupling)
are observed for both the compound and univariate cases (Figure 1b), with
the former and precipitation being respectively the ones with more/less nu-
merous negative anomalies. A similar, albeit less pronounced, pattern of
negative values is found for θ−1 anomalies (Figure 1c), with precipitation still210

being the observable showing the weaker deviation from climatology. Low d
and θ−1 are associated with predictable configurations [42, 43, 67], and we
find here that this matches a strong coupling of the large-scale configurations
of different variables.
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Figure 1: (a) Daily climatological means for the co-recurrence ratio (α) of total precip-
itation (mm) and 10m wind gust (m/s). (b) Cumulative distribution functions (CDFs)
of local dimension (d) anomalies associated with α daily extremes (> 99th quantile); (c)
as (b) but for local persistence (θ−1). In (b)-(c) the metrics are calculated for total
precipitation (brown), 10m wind gust (yellow) and jointly for the two (blue). Blue shaded
areas in (a) represent one standard deviation from the daily climatological means. The
data covers 1979-2018 over Europe (see text).
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We next relate α to the NAO index (NAOI) [53]. The NAOI daily val-215

ues during α extremes (Figure 2a) are overwhelmingly positive (mean=0.85,
dashed line), and well above about what may be obtained by chance (dot-
dashed line). When the NAO is in a positive phase, northern Europe experi-
ences enhanced storminess from the passage of ETCs, which bring concurrent
flooding and windstorms [16, 47, 68, 69]. This agrees with the strong nega-220

tive anomalies in d and θ−1 discussed above, since the positive NAO has been
previously identified as a low-d low-θ−1 configuration [42]. Moreover, the vast
majority of α extremes occur during later autumn and winter, with no ob-
servations in May and summer (June-August, Figure 2b), further confirming
the plausibility of a the link between α extremes and winter ETCs.225
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Figure 2: (a) Daily NAOI and (b) monthly frequencies for α daily extremes (> 99th

quantile). In (a) the black solid line represents NAOI = 0, the orange dashed line the
mean NAOI value for α extremes and the violet dot-dashed line the mean 97.5th quantile
NAOI obtained by random sampling (n=10000, no replacement) from the entire NAO
daily time-series. The data covers 1979-2018.
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3.1.2. Concurrent climate extremes

We next consider the link between α extremes and extremes in climate
variables. During α extremes, positive anomalies in both the precipitation
and wind gust fields are observed in northern Europe, over a broad region
spanning the BI, the North Sea and the surrounding coastal areas. Negative230

anomalies are instead observed in southern Europe (Figure 3a-b). This pat-
tern resembles that associated with the NAO (Figure S1), further strength-
ening our interpretation that α extremes are able to capture the impacts of
ETCs in northern Europe.

The number of concurrent wet and windy extremes peaks during late bo-235

real autumn and the winter months (Figure 3c). This closely reflects the
timing of the α extremes (Figure 2b), proving additional evidence for a nar-
row link between compound dynamical and concurrent climate extremes.

Finally, we test the inverse link, namely whether large α values can be
recovered when conditioning on extremes in the climate variables. The α240

anomaly means, conditioned on precipitation and wind extremes, are highest
in north-western Europe (Figure 3d-e). Although the signal for precipitation
is somewhat patchy, there is an overall good spatial correspondence with
the regions displaying large anomalies in the climate variables themselves
(Figure 3a-b). We also note that the α anomaly means related to wind245

extremes are higher than those for precipitation. This is not surprising, since
the latter is a notoriously noisy and high-dimensional field [55]. α anomaly
means calculated for concurrent wet and windy extremes mostly reflect the
anomalies observed for the univariate extreme cases (Figure 3f). The largest
values are again distributed over the BI, north-western and part of north-250

central Europe and the Nordic Seas. The α anomaly means for the concurrent
extremes case show higher values than the ones for precipitation and wind
alone. This is somewhat expected since the α metric is computed based
on the dynamical coupling of the two observables. The sign test (stippling
in Figure 3d-f) largely reflects this, and in general matches spatial patterns255

of the α anomaly means. The same analyses as shown in Figure 3c-f were
repeated by using a different definition of extremes (see Section 2.3.1 and
Figure S2). The results are consistent between the two approaches.
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Figure 3: (a) Total precipitation (mm) and (b) 10m wind gust (m/s) anomaly means
associated with α extremes (> 99th quantile). (c) Monthly frequencies of concurrent total
precipitation and 10m wind gust extremes. α anomaly mean values (> 90th quantile),
for each gridpoint, observed during (d) total precipitation, (e) 10m wind gust and (f)
concurrent total precipitation and 10m wind gust extremes (> 99th quantile). In (a)-(b)
stippling represents values not statistically significant (boot-strapping, n=1000 samples).
In (d)-(f) only statistically significant values are plotted and stippling represents grid-
points with >66% of daily α positive anomalies (sign test).
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3.2. Cold and wet extremes in Eastern North America and Europe

In this section we consider a second set of concurrent extremes, namely260

temperature over Eastern North America and precipitation over Europe (Fig-
ure 4). α extremes are associated with negative temperature anomalies across
Eastern North America, with the largest anomalies situated in the north-
eastern part of the domain (Figure 4a). Precipitation anomalies in Europe
are instead mostly positive, extending from Iberia to Western France and265

Scandinavia, as well as in the Eastern Mediterranean and Middle-East (Fig-
ure 4b). The vast majority of the concurrent cold and wet extremes are
observed during boreal winter months (Dec-Feb). No co-occurrences are ob-
served from April to October (Figure 4c).

Large α anomaly means (> 90th quantile) associated with cold extremes270

are observed over the north-eastern part of the North American domain (Fig-
ure 4d), reflecting the higher temperature anomaly patterns found in Figure
4a. α anomaly means linked with wet extremes in Europe again gener-
ally match the footprint of the precipitation anomalies (Figure 4e). Lastly,
α anomaly means observed during concurrent cold and wet extremes are275

highest in the north-eastern North American domain and western European
countries, from Portugal to central-southern Scandinavia (Figure 4f). These
α anomaly means have higher values than for the univariate extreme cases,
in a similar way as for concurrent wet and windy extremes in Europe (Figure
3f). This reflects α’s strong link to the dynamical coupling of different fields280

and hence concurrent extremes. The sign test results are in agreement with
the spatial distribution of the α anomaly means (Figure 4d-f). As for Figure
3c-f, similar results are retrieved for a different definition of extremes (Figure
S3).
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Figure 4: As Figure 3 but for 2m temperature (◦C) in Eastern North America and total
precipitation (mm) in Europe. In (d) and (f) 2m temperature observations are daily
values (< 1st quantile). In (d)-(f) only statistically significant values are plotted and
stippling represents gridpoints with >60% of daily α positive anomalies (sign test).
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4. Discussion and Conclusions285

In this study we applied a new approach issued from dynamical systems
theory [42, 44, 54] to the study of compound and concurrent climate ex-
tremes. We specifically focussed on wet and windy extremes in Europe and
cold and wet extremes respectively in Eastern North America and Europe.
We defined a coupling parameter α (the co-recurrence ratio) that measures290

the probability of joint recurrences of specific configurations in two climate
variables. Almost by definition, α is sensitive to the chosen geographical
domain(s). Indeed, the dynamical coupling between the variables of interest
can change significantly when including or excluding data. It is therefore
important to limit the analysis only to regions of interests, whatever the cri-295

terion for “interesting” may be. Two more dynamical systems metrics were
also computed for both uni- and multivariate and compound cases, namely
the local dimension (d) and the local persistence (θ−1). These inform on the
number of degrees of freedom active around a given state of the system (here
the atmosphere in the Euro-Atlantic and Eastern North American sectors)300

and on the mean residence time of the system around such state, respectively.

The same approach could in the future be applied to a suite of renaly-
sis products, to evaluating large ensembles of historical Atmosphere-Ocean
General Circulation Models runs [e.g. 70, 71], or to projecting future changes
in compound extremes under a warming climate. Moreover, the dynamical305

systems approach used here can be applied to any geographical region and
set of climate variables (as long as the latter show a chaotic behaviour). A
diverse set of compound and concurrent events can therefore be tested, and
global hot-spots of compound extremes identified. There is also the hope that
this methodology may help investigate outstanding questions; for example310

the role of Arctic Amplification in driving northern hemisphere mid-latitude
weather and climate extremes [e.g. 72, 73, 74, 75].

The main findings of the study can be summarised as follows:

• The co-recurrence ratio α captures the seasonal cycle in extreme event
occurrences for the domains (Eastern North America, Europe) and vari-315

ables (precipitation, 10m wind gusts, 2m temperature) considered here.

• Highly coupled (high α) states correspond to more predictable config-
urations of the atmosphere (low d and θ−1 values) [42, 43, 67].
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• α extremes, here termed compound extremes, match same-day ex-
tremes in the climate variables, here termed concurrent extremes. High320

α values indicate a strong coupling between the different climate vari-
ables, which intuitively should be the case for spatially and/or tempo-
rally co-occurring extremes.

• For the European domain, the close correspondence between extremes
in α and the climate variables is mediated by the strong projection of325

α extremes on the positive phase of the NAO.

These findings highlight the ability of dynamical systems approaches to
capture the spatio-temporal variability of the atmosphere. In Europe, our
results mostly confirm the well-known link between a positive NAO and
stormy weather over the North-Western part of the continent, leading to330

widespread flooding linked with severe winds [16, 47, 62, 63, 64]. The physical
relationship between cold temperatures in Eastern North America and wet
extremes in Europe is not as obvious. The notably wet and stormy winter of
2013/2014 in parts of Europe and the British Isles [e.g. 46, 47, 48] co-occurred
with a very cold winter in the Eastern United States [49, 50]. Moreover, a335

recent study [51] explicitly addressed the question of possible physical links
between winter cold spells in North America and wet and stormy events over
western Europe. The authors concluded that cold spells in North America are
a significant and plausible, but not necessary, precursor of stormy conditions
in western Europe.340

Our findings bring new insights into multi-hazards (or compound events)
research. Our dynamical systems perspective is flexible, links directly to con-
cepts of predictability and coupling and may be useful in both practical (e.g.
numerical forecasting of extremes) and more theoretical (e.g. understanding
the atmospheric drivers of extremes) contexts.345
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