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Plain language summary

Earth scientists can estimate the depth of certain rocks beneath Earth’s surface by measuring the small dis-
turbances that they cause in the Earth’s gravity and magnetic fields. A popular method for this is Euler de-
convolution, which is widely available in geoscience software and can be run quickly on a standard computer.
Unfortunately, Euler deconvolution has some shortcomings: 1) the approximate shape of the rocks must be
known, for example, a sphere or awide flat slab, represented by the structural index 2) the depth of the rocks is
not well estimated when there is noise in our data, which is a common occurrence. We propose a newmethod,
Euler inversion, which fixes some of the shortcomings of Euler deconvolution by using more adequate (and
complex) mathematics. Our method is less sensitive to noise in the data and is also able to determine the
approximate shape of the source (the structural index). Euler inversion is also fast to execute on a standard
computer, making it a practical alternative to Euler deconvolution on an Earth scientists toolbox.

Abstract

Locating the sources of observed disturbances in potential-field data is a challenging problem due to the non-
unique nature of the inverse problem. The Euler deconvolution method was created to solve this issue, par-
ticularly for idealized sources (such as spheres and planar vertical dykes). Euler deconvolution has become
widely used in potential-field methods due, in large part, to its low computational cost and ease of implemen-
tation into software. However, it is widely known that Euler deconvolution suffers from some shortcomings:
1) non-uniqueness of the solution with respect to the depth of the source and the structural index (a param-
eter that represents the idealised shape of the source); 2) sensitivity to short-wavelength noise in the data
derivatives which are used as inputs for the method. Here, we present a new method called Euler inversion
which is a reformulation of the inverse problem of Euler’s homogeneity equation as an implicit mathematical
model rather than a parametric one. Euler inversion is a constrained, non-linear inverse problem capable of
estimating both the model parameters (location of the source and constant base level) and the predicted data
(potential field and its derivatives). We show that Euler inversion is less sensitive than Euler deconvolution to
short-wavelength noise and to the presence of interfering sources in the data window. By also estimating the
predicted data, Euler inversion is also able to estimate the best integer structural index to be used for inversion.
Our results show that the estimated structural index minimizes the data misfit and coincides with those of the
simulated sources. Furthermore, most matrices involved in the method are either sparse or diagonal, making
Euler inversion computationally efficient. Tests on synthetic data and a real aeromagnetic dataset from Rio de
Janeiro, Brazil, demonstrate the effectiveness of Euler inversion to delineate sources with variable geometries
and correctly estimate their depths.
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1 Introduction
Estimating the depths of the sources of measured anomalies is a common challenge in potential-
field geophysics. One of the most widely used techniques for providing depth estimates is Euler
deconvolution (Reid et al., 1990; Thompson, 1982). Its widespread adoption is due, in large part, to
its low algorithmic complexity and fast computation times, both of which are orders of magnitude
smaller than solutions from 3D inverse problems. As a result, Euler deconvolution is widely avail-
able in both commercial and open-source software (Uieda et al., 2013, 2014). Unfortunately, this
popularity has also led to abuses of the method, as reported in Reid and Thurston (2014) and Reid
et al. (2014).

Euler deconvolution is a method that assumes potential-field data are generated by idealized
sources, such as dikes, dipoles, or pipes. The geometry of these sources is characterized by the struc-
tural index, a parameter that must be an integer to retain physical significance (Reid and Thurston,
2014; Stavrev and Reid, 2007). The technique involves performing a least-squares inversion of Eu-
ler’s homogeneity equation multiple times, in a moving window scheme. Each inversion estimates
the base level, a constant shift in the data, and also the coordinates of a single idealized source
potentially present within the study area.

It is well known that Euler deconvolution suffers from some limitations, of which we highlight:

1. Separation of reliable and spurious solutions: The moving window scheme adopted in Eu-
ler deconvolution generates many estimated positions which are considered spurious and
must be removed. Most of the spurious solutions happen when the moving window either
lacks significant potential-field anomalies or only contains a truncated anomaly. FitzGerald
et al. (2004) and Melo and Barbosa (2020) provide overviews of the many existing methods
that have been developed to remove spurious solutions.

2. Sensitivity to high-frequency noise: Random noise in the data is usually of high-frequency,
which gets amplified in the derivative calculations. Since the field derivatives are used in the
Jacobian matrix of the least-squares inversions, errors in the derivatives will have a large im-
pact on the solution. Pašteka et al. (2009), Saleh and Pašteka (2012), and Florio et al. (2014)
recommend using regularised derivatives or other smoothing techniques to reduce the noise
amplification and obtain more reliable solutions. This is also why Euler deconvolution vari-
ants that rely on higher-order derivatives, like tilt-Euler deconvolution (Huang et al., 2019;
Salem et al., 2007) and AN-EUL (Salem and Ravat, 2003), present a larger dispersion of esti-
mated positions and are more sensitive to noise in general. Methods like finite-difference
Euler deconvolution (Gerovska et al., 2005) and ratio-Euler deconvolution (Huang et al., 2022)
were specifically developed to avoid the use of higher-order derivatives because of this noise-
sensitivity issue.

3. Correlation of the estimated depth and the structural index: Silva et al. (2001) demon-
strated that the estimated depth fromEuler deconvolution is directly correlatedwith the struc-
tural index used. The higher the structural index, the larger the estimated depth. This makes
it very important to know the best integer structural index for the type of source being inter-
preted. Some Euler deconvolution variants have been developed that are able to estimate the
structural index (e.g., Florio and Fedi, 2013; Florio et al., 2014; Gerovska et al., 2005; Melo and
Barbosa, 2018; Melo et al., 2013; Salem and Ravat, 2003; Salem et al., 2007; Silva and Barbosa,
2003). However, most of them estimate real-valued structural indices instead of integers, are
sensitive to noise, and tend to underestimate the structural index under realistic noise and sig-
nal overlap scenarios. Another approach is that of Mushayandebvu et al. (2004), who exploit
the ill-conditioning of the Jacobian matrix of Euler deconvolution to detect the presence of 2D
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sources (structural index of one for magnetic data and 0 for gravity data) in a data window
and correctly estimate their position and strike.

Euler deconvolution and its variants are also know to struggle with models that have two or
more contact points, like steps which have a top and a bottom. To solve this problem, methods like
MaGSoundFDSTmethod of Gerovska et al. (2010) were developed based on the similarity transform.
MaGSoundFDST, in particular, is able to estimate structural index, source locations, and the number
of sources, hence side-stepping the problem of spurious solutions altogether.

We aim to tackle some of these issues by reformulating the inverse problem of solving Euler’s
homogeneity equation. The issue of noise sensitivity can be traced back to the presence of data
derivatives in the Jacobian matrix, which generally contain larger amounts of noise than the origi-
nal potential field. We propose formulating the inverse problem as a non-linear optimisation with
Euler’s equation as a constraint. This is similar to “total least-squares” in statistics (Van Huffel and
Vandewalle, 1991) and “combined adjustment” in geodesy (Vaníček and Krakiwsky, 1986). Another
advantage of this new formulation is the ability to calculate predicted data for the potential-field
and its three derivatives, which is impossible in Euler deconvolution and all of its variants. We call
our new method “Euler inversion”.

2 Methodology
Starting with Thompson (1982) and Reid et al. (1990), Euler’s equation has been used to estimate
the source positions of gravity and magnetic data. In this section, we will review the solution of
Euler’s equation for the source location (𝑥𝑜, 𝑦𝑜, 𝑧𝑜) by Euler deconvolution (Reid et al., 1990) and
then present a new method, called Euler inversion, for solving Euler’s equation using total least-
squares.

We start with Euler’s homogeneity equation

(𝑥 − 𝑥𝑜)𝜕𝑥 𝑓 + ( 𝑦 − 𝑦𝑜)𝜕𝑦 𝑓 + (𝑧 − 𝑧𝑜)𝜕𝑧 𝑓 + 𝜂( 𝑓 − 𝑏) = 0 , (1)

in which 𝑓 is a homogeneous function (in this case, a potential-field), 𝜕𝛼 is the derivative operator
in the 𝛼 direction, (𝑥, 𝑦, 𝑧) are the coordinates of the observation point, (𝑥𝑜, 𝑦𝑜, 𝑧𝑜) are the coordi-
nates of the field source, 𝑏 is the base level representing a constant shift in the field, and 𝜂 is the
structural index, which is related to the nature of the source and how its potential-field values de-
cay with distance (Reid and Thurston, 2014; Ruddock et al., 1966). The coordinate system is defined
with 𝑥 pointing eastward, 𝑦 pointing northward, and 𝑧 pointing upward. Equation 1 relates the
coordinates of the source with the potential field and its gradient observed at the point (𝑥, 𝑦, 𝑧).

Given 𝑁 observations points in which we have measured 𝑓 and its gradient (for a total 4𝑁 data),
we can define the system of 𝑁 equations and 4 unknowns

(𝑥1 − 𝑥𝑜)𝜕𝑥 𝑓1 + ( 𝑦1 − 𝑦𝑜)𝜕𝑦 𝑓1 + (𝑧1 − 𝑧𝑜)𝜕𝑧 𝑓1 + 𝜂( 𝑓1 − 𝑏) = 0

(𝑥2 − 𝑥𝑜)𝜕𝑥 𝑓2 + ( 𝑦2 − 𝑦𝑜)𝜕𝑦 𝑓2 + (𝑧2 − 𝑧𝑜)𝜕𝑧 𝑓2 + 𝜂( 𝑓2 − 𝑏) = 0
...

(𝑥𝑁 − 𝑥𝑜)𝜕𝑥 𝑓𝑁 + ( 𝑦𝑁 − 𝑦𝑜)𝜕𝑦 𝑓𝑁 + (𝑧𝑁 − 𝑧𝑜)𝜕𝑧 𝑓𝑁 + 𝜂( 𝑓𝑁 − 𝑏) = 0

. (2)

Both Euler deconvolution and Euler inversion aim to solve the equation system above to estimate
the parameter vector

p =
[
𝑥𝑜 𝑦𝑜 𝑧𝑜 𝑏

]𝑇
. (3)
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2.1 Euler deconvolution
Euler deconvolution starts by rearranging Equation 2 to place the parameters on the left-hand side
and all other terms on the right-hand side. This is an attempt to form a parametric model which
results in the equation system

−𝑥𝑜𝜕𝑥 𝑓1 − 𝑦𝑜𝜕𝑦 𝑓1 − 𝑧𝑜𝜕𝑧 𝑓1 − 𝜂𝑏 = −𝑥1𝜕𝑥 𝑓1 − 𝑦1𝜕𝑦 𝑓1 − 𝑧1𝜕𝑧 𝑓1 − 𝜂 𝑓1

−𝑥𝑜𝜕𝑥 𝑓2 − 𝑦𝑜𝜕𝑦 𝑓2 − 𝑧𝑜𝜕𝑧 𝑓2 − 𝜂𝑏 = −𝑥2𝜕𝑥 𝑓2 − 𝑦2𝜕𝑦 𝑓2 − 𝑧2𝜕𝑧 𝑓2 − 𝜂 𝑓2
...

−𝑥𝑜𝜕𝑥 𝑓𝑁 − 𝑦𝑜𝜕𝑦 𝑓𝑁 − 𝑧𝑜𝜕𝑧 𝑓𝑁 − 𝜂𝑏 = −𝑥𝑁𝜕𝑥 𝑓𝑁 − 𝑦𝑁𝜕𝑦 𝑓𝑁 − 𝑧𝑁𝜕𝑧 𝑓𝑁 − 𝜂 𝑓𝑁

, (4)

which can be written in matrix form as
−𝜕𝑥 𝑓1 −𝜕𝑦 𝑓1 −𝜕𝑧 𝑓1 −𝜂
−𝜕𝑥 𝑓2 −𝜕𝑦 𝑓2 −𝜕𝑧 𝑓2 −𝜂

...
...

...
...

−𝜕𝑥 𝑓𝑁 −𝜕𝑦 𝑓𝑁 −𝜕𝑧 𝑓𝑁 −𝜂

︸                                    ︷︷                                    ︸
A


𝑥𝑜
𝑦𝑜
𝑧𝑜
𝑏

︸︷︷︸
p

=


−𝑥1𝜕𝑥 𝑓1 − 𝑦1𝜕𝑦 𝑓1 − 𝑧1𝜕𝑧 𝑓1 − 𝜂 𝑓1
−𝑥2𝜕𝑥 𝑓2 − 𝑦2𝜕𝑦 𝑓2 − 𝑧2𝜕𝑧 𝑓2 − 𝜂 𝑓2

...

−𝑥𝑁𝜕𝑥 𝑓𝑁 − 𝑦𝑁𝜕𝑦 𝑓𝑁 − 𝑧𝑁𝜕𝑧 𝑓𝑁 − 𝜂 𝑓𝑁

︸                                               ︷︷                                               ︸
c

, (5)

inwhichA is the Jacobianmatrix of Euler’s equation (Equation 1) concerning the parameters (Equa-
tions 3) and c is a pseudo-data vector.

The solution proposed by Thompson (1982) and Reid et al. (1990) is a least-squares estimate of p

p =
(
A𝑇A

)−1 A𝑇c . (6)

The covariancematrix of the parameters C𝑝 is obtained through standard error propagation assum-
ing that the only variable with uncertainty is the pseudo-data vector c

C𝑝 = �̂�20
(
A𝑇A

)−1
, (7)

in which �̂�20 = ∥c−Ap∥2/(𝑁 −4) is the reduced chi-squared statistic and an estimate of the variance
factor of c.

The solution in Equation 6 above is valid only if the contents of the Jacobian matrix A are as-
sumed to be error-free. As can be seen from Equation 5, the Jacobian contains the derivatives of 𝑓 ,
which are often computed numerically by finite-differences or Fourier transforms and are known
to amplify the high-frequency random noise in the data. This presents a problem, particularly for
the estimation of 𝑧𝑜, which has been widely explored in the literature (Florio et al., 2014; Melo and
Barbosa, 2020; Pašteka et al., 2009; Silva et al., 2001).

2.2 Euler inversion: Formulation
Euler inversion starts by assigning the potential-field 𝑓 to a 𝑁 × 1 vector

f =
[
𝑓1 𝑓2 · · · 𝑓𝑁

]𝑇
. (8)

We can then define a 4𝑁 × 1 data vector which contains all of the values of 𝑓 and its gradient

d =
[
f𝑇 ∇𝑥f𝑇 ∇𝑦f𝑇 ∇𝑧f𝑇

]𝑇
. (9)

in which ∇𝛼 is the gradient operator in the 𝛼 dimension.
Next, we formulate the 𝑁 ×4 equation system from Euler’s equation (Equation 2) as a non-linear

function of both parameters and data
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e(p, d) = 0 , (10)

which is known in geodesy as an implicit mathematical model (Vaníček and Krakiwsky, 1986).
We then wish to solve the following constrained optimisation problem with non-linear equality

constraints to estimate both the parameters and the predicted data simultaneously

min
p,d

𝜙(d) =
[
d𝑜 − d

]𝑇 W [
d𝑜 − d

]
subject to e(p, d) = 0 ,

(11)

in which d𝑜 is the observed data vectorwhich contains all of the 4𝑁 observations of 𝑓 and its gradi-
ent, d is the predicted data vector from Equation 9, andW is a 4𝑁 × 4𝑁 diagonal weight matrix. The
first 𝑁 terms of the diagonal ofW are theweights for the potential field observations and the follow-
ing 3𝑁 terms are the weights of x-, y-, and z-derivatives of the potential field, in order. In practice,
the weight matrix is usually diagonal because covariances of observations are seldom available.
The weights can be used to reduce the importance of each datum in the fitting process, allowing for
mitigation of outliers or data components that have higher levels of noise.

The constrained problem in Equation 11 can be transformed into an unconstrained problem by
using the Lagrangian

L(p, d, 𝝀) =
[
d𝑜 − d

]𝑇 W [
d𝑜 − d

]
+ 2𝝀𝑇e , (12)

in which 𝝀 is an 𝑁 × 1 vector of Lagrange multipliers. The non-linear Lagrangian is minimised
through Newton’s method (Aster et al., 2018). We start with initial estimates p0 and d0 and then
iteratively apply corrections Δp𝑘 and Δd𝑘 until convergence is achieved. To calculate the correc-
tions, we introduce a new variable u = [d𝑇 𝝀𝑇 p𝑇 ]𝑇 , expand the Lagrangian L(u) (Equation 12) in
a Taylor series around point u𝑘 , and disregard terms of order higher than two

L(u) ≈ Γ(u) = L(u𝑘) + Δu𝑇𝑘∇L(u𝑘) +
1
2
Δu𝑇𝑘H𝑘Δu𝑘 , (13)

in which ∇ is the gradient operator and H𝑘 is the Hessian matrix of L evaluated at u𝑘 . Equation 13
is a quadratic function of Δu𝑘 and we can obtain its minimum by taking its gradient and equating
it to the null vector

∇Γ(Δu𝑘) = ∇L(uk) + H𝑘Δu𝑘 = 0 ,

H𝑘Δu𝑘 = −∇L(uk) .
(14)

The equation above is the system of normal equations, which can also be written in terms of p, 𝝀,
and d 

H𝑑𝑑
𝑘 H𝑑𝜆

𝑘 H𝑑𝑝
𝑘

H𝜆𝑑
𝑘 H𝜆𝜆

𝑘 H𝜆𝑝
𝑘

H𝑝𝑑
𝑘 H𝑝𝜆

𝑘 H𝑝𝑝
𝑘

︸                  ︷︷                  ︸
Hessian of L


Δd𝑘
𝚫𝝀𝑘
Δp𝑘

︸ ︷︷ ︸
Δu𝑘

= −

∇𝑑 L(p𝑘 , d𝑘 , 𝝀𝑘)
∇𝜆 L(p𝑘 , d𝑘 , 𝝀𝑘)
∇𝑝 L(p𝑘 , d𝑘 , 𝝀𝑘)

︸                   ︷︷                   ︸
gradient of L

, (15)

in which ∇𝛼 is the gradient operator with respect to variable 𝛼 and H𝛼𝛽
𝑘 is the Hessian matrix of L

with respect to variables 𝛼 and 𝛽, evaluated at u𝑘 . Since the order of derivation can be swapped in
the Hessian matrices and the Hessian of L is symmetric, the above equation can be simplified to
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H𝑑𝑑

𝑘 H𝑑𝜆
𝑘 H𝑑𝑝

𝑘

H𝑑𝜆
𝑘

𝑇 H𝜆𝜆
𝑘 H𝜆𝑝

𝑘

H𝑑𝑝
𝑘

𝑇
H𝜆𝑝

𝑘

𝑇
H𝑝𝑝

𝑘



Δd𝑘
𝚫𝝀𝑘
Δp𝑘

 = −

∇𝑑 L(p𝑘 , d𝑘 , 𝝀𝑘)
∇𝜆 L(p𝑘 , d𝑘 , 𝝀𝑘)
∇𝑝 L(p𝑘 , d𝑘 , 𝝀𝑘)

 . (16)

Now, we must derive the three gradient vectors and six Hessian matrices in Equation 16. We
will start with the gradient vectors.

∇𝑑 L(p𝑘 , d𝑘 , 𝝀𝑘) = 2
(
−W

[
d𝑜 − d𝑘

]
+ B𝑇𝑘 𝝀𝑘

)
,

∇𝜆 L(p𝑘 , d𝑘 , 𝝀𝑘) = 2e𝑘 ,

∇𝑝 L(p𝑘 , d𝑘 , 𝝀𝑘) = 2A𝑇
𝑘 𝝀𝑘 ,

(17)

in which e𝑘 = e(p𝑘 , d𝑘) (Equation 10), A𝑘 is the 𝑁 × 4 parameter Jacobianmatrix of Euler’s equation
(Equation 5) evaluated on (p𝑘 , d𝑘), and B𝑘 is the 𝑁×4𝑁 data Jacobian of Euler’s equation, also evalu-
ated on (p𝑘 , d𝑘). The data Jacobian B𝑘 contains the first derivatives of Euler’s equation (Equation 1)
with respect to the data vector d (Equation 9). It is composed of four diagonal matrices

B𝑘 =
[
B 𝑓
𝑘 B𝑥

𝑘 B𝑦
𝑘 B𝑧

𝑘

]
. (18)

The diagonal elements of each of the four matrices are

𝐵 𝑓
𝑘 𝑖𝑖

= 𝜂 , 𝐵𝑥
𝑘𝑖𝑖 = 𝑥𝑖 − 𝑥𝑜𝑘 , 𝐵 𝑦

𝑘 𝑖𝑖
= 𝑦𝑖 − 𝑦𝑜𝑘 , 𝐵𝑧

𝑘𝑖𝑖 = 𝑧𝑖 − 𝑧𝑜𝑘 . (19)

The Hessian matrices are calculated using a Gauss-Newton approximation disregarding second-
order derivatives. The six independent Hessians are given by

H𝑑𝑑
𝑘 ≈ 2W , H𝜆𝜆

𝑘 = 0 , H𝑝𝑝
𝑘 ≈ 0 ,

H𝑑𝜆
𝑘 = 2B𝑇 , H𝜆𝑝

𝑘 = 2A , H𝑑𝑝
𝑘 ≈ 0 .

(20)

Substituting the gradients (Equation 17) and Hessians (Equation 20) into the system of normal equa-
tions of Newton’s method (Equation 16) we arrive at

W B𝑇𝑘 0
B𝑘 0 A𝑘

0 A𝑇
𝑘 0



Δd𝑘
𝚫𝝀𝑘
Δp𝑘

 = −

−W [d𝑜 − d𝑘] + B𝑇𝑘 𝝀𝑘

e𝑘
A𝑇
𝑘 𝝀𝑘

 . (21)

Since the data weight matrixW is diagonal and invertible, we can use the following identity to
eliminate one equation from the equation system above (Wells and Krakiwsky, 1971)[

C D
E F

] [
g
h

]
+
[
t
v

]
=

[
0
0

]
⇒

[
F − EC−1D

]
h + v − EC−1t = 0 . (22)

Applying the identity above to Equation 21 with g = Δd𝑘 and h =
[
𝚫𝝀𝑇𝑘 Δp𝑇𝑘

]𝑇 leads to[
−Q𝑘 A𝑘

A𝑇
𝑘 0

] [
𝚫𝝀𝑘
Δp𝑘

]
+
[
e𝑘 + B𝑘r𝑘 − Q𝑘𝝀𝑘

A𝑇
𝑘 𝝀𝑘

]
=

[
0
0

]
. (23)

in which Q𝑘 = B𝑘W−1B𝑇𝑘 and r𝑘 = [d𝑜 − d𝑘] is the residual vector. Applying the identity in Equa-
tion 22 once more to the equation system above leads to a solution for the parameter correction
vector

Δp𝑘 = −
[
A𝑇
𝑘Q

−1
𝑘 A𝑘

]−1 A𝑇
𝑘Q

−1
𝑘 [B𝑘r𝑘 + e𝑘] . (24)

We can obtain an expression for 𝚫𝝀𝑘 as a function of Δp𝑘 from Equation 23, which results in
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𝚫𝝀𝑘 = Q−1
𝑘

[
A𝑇
𝑘Δp𝑘 + B𝑘r𝑘 + e𝑘

]
− 𝝀𝑘 . (25)

Finally, we can substitute the expression above into the first equation of the system of normal equa-
tions (Equation 21) to obtain the data correction as a function of Δp𝑘

Δd𝑘 = r𝑘 −W−1B𝑇𝑘Q
−1
𝑘

[
A𝑇
𝑘Δp𝑘 + B𝑘r𝑘 + e𝑘

]
. (26)

It is worth mentioning that the Lagrange multipliers 𝝀𝑘 and their corrections 𝚫𝝀𝑘 are not explic-
itly calculated during the optimization. They are a mathematical tool for enforcing the equality
constraints and have no evident interpretation.

The covariance matrix of p is used to rank and filter solutions during the moving window proce-
dure. It can be estimated by propagating uncertainties from the observed data d𝑜 to the parameter
correction vector (Equation 24) and, hence, to the parameter vector (Wells and Krakiwsky, 1971).
The propagation requires the observed data covariance matrix C𝑑 , which can be approximated by
C𝑑 = �̂�20W

−1. Recalling that matrix Q is diagonal, the parameter covariance matrix is estimated at
the last iteration of the Gauss-Newton method (iteration 𝐿) as

C𝑝 =
[
A𝑇
𝐿Q

−1
𝐿 A𝐿

]−1 A𝑇
𝐿Q

−1
𝐿 B𝐿C𝑑B𝑇𝐿Q

−1
𝐿 A𝐿

[
A𝑇
𝐿Q

−1
𝐿 A𝐿

]−1
,

= �̂�20
[
A𝑇
𝐿Q

−1
𝐿 A𝐿

]−1
,

(27)

in which �̂�20 = ∥d𝑜 −d𝐿∥2/(4𝑁 − 4) is the reduced chi-squared statistic of the Euler inversion and an
estimate of the variance factor of the observed data d𝑜.

2.3 Euler inversion: Practical implementation

2.3.1 Initial estimates and convergence

Unlike a traditional Gauss-Newton inversion of a parametric model, the Euler inversion procedure
estimates corrections to both the parameter vector p and the predicted data vector d at each iter-
ation. Hence, the optimisation requires initial values for both the parameters and the predicted
data. The initial value of the parameters is taken as the solution of traditional Euler deconvolu-
tion p0 =

[
A𝑇A

]−1 A𝑇c (Equation 6). The initial value for the predicted data should be close to the
observed data. We found that in practice a reasonably fast convergence is achieved by assigning
d0 = 0.9 d𝑜.

Convergence of the solution cannot be directly evaluated by the value of the Lagrangian (Equa-
tion 12) because values 𝝀 are not calculated. Instead, we specify amerit functionM which combines
the data misfit as well as the adherence to the constraints

M𝑘 (p𝑘 , d𝑘) =
√
r𝑇𝑘Wr𝑘 + 𝜈

√
e𝑇𝑘e𝑘 . (28)

in which
√
r𝑇𝑘Wr𝑘 is the weighted root-mean-squared error (WRMSE) and 𝜈 is a trade-off parameter

that balances fitting the data and strict adherence to the constraints. In practice, we have found
that a value of 𝜈 = 0.1 works well in all of our synthetic data tests and our field data application.
The merit function is evaluated at every iteration. The non-linear optimisation stops when a given
maximum number of iterations is reached, the merit function increases, or when the change in its
value drops below a given threshold.

An outline of the entire Euler inversion procedure is given in Algorithm 1. Notice that Equa-
tions 24 and 26 for calculating Δp𝑘 and Δd𝑘 do not depend on 𝝀𝑘 or 𝚫𝝀𝑘 . Thus, Equation 25 does
not need to be calculated in practice.
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Algorithm 1: The Euler inversion Gauss-Newton optimization method.

1 Set p0 =
[
A𝑇A

]−1 A𝑇c and d0 = 0.9 d𝑜 ;

2 EvaluateM0(p0, d0) ;
3 for 𝑘 = 0 to 𝐿 − 1 do
4 Calculate the parameter correction Δp𝑘 using Equation 24 ;

5 Calculate the predicted data correction Δd𝑘 using Equation 26 ;

6 Update p𝑘+1 = p𝑘 + Δp𝑘 and d𝑘+1 = d𝑘 + Δd𝑘 ;

7 EvaluateM𝑘+1(p𝑘+1, d𝑘+1) ;
8 if M𝑘+1 > M𝑘 then
9 Undo the previous update of p and d ;

10 Exit ;

11 end if
12 if | M𝑘+1 −M𝑘 |/M𝑘 < 𝛿 then
13 Exit ;

14 end if

15 end for
16 Calculate the �̂�20 using the last residuals r𝐿 ;

17 Calculate C𝑝 using Equation 27 ;

2.3.2 Structural index estimation

An advantage of Euler inversion over Euler deconvolution is its ability to obtain predicted values
of the potential field and its gradient. In Section 3.2, we demonstrate that the weighted root-mean-
squared error

WRMSE =
√
[d𝑜 − d𝐿]𝑇 W [d𝑜 − d𝐿] , (29)

of the predicted data at the 𝐿-th iteration d𝐿 appears to be smallest when the correct structural
index 𝜂 is used. Given this observation, we can estimate the optimal value of 𝜂 by running the Euler
inversion in a given data window for different values of 𝜂 and choosing the one that produces the
smallest WRMSE. This procedure is summarised in Algorithm 2. In all of our synthetic data tests,
we used the range 𝜂𝑚𝑖𝑛 = 0 and 𝜂𝑚𝑎𝑥 = 3.

Algorithm 2: Structural index estimation through Euler inversion.

1 for 𝜂 = 𝜂𝑚𝑖𝑛 to 𝜂𝑚𝑎𝑥 do
2 Run Algorithm 1 to estimate p𝜂 and d𝜂 ;

3 Calculate the WRMSE(𝜂) =
√[

d𝑜 − d𝜂
]𝑇 W [

d𝑜 − d𝜂
]
for the estimated d𝜂 ;

4 end for
5 Choose optimal 𝜂 = argmin

𝜂
WRMSE(𝜂) and the corresponding p𝜂 and d𝜂 ;
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2.3.3 Moving window procedure

For cases with multiple sources in a given dataset, we adopt a moving window procedure similar
to the classic Euler deconvolution. We divide the data region into 𝑀 overlapping windows. For
each window, we run Algorithm 2 to obtain an estimate of the parameters and the structural index
𝜂. This procedure leads to spurious solutions, much like standard Euler deconvolution, in cases
where there are no sources inside windows or when sources are heavily truncated. To filter out
spurious sources, we rank the solutions for each structural index separately by the variance of
the 𝑧𝑜 estimate, which can obtained by selecting the corresponding element from the covariance
matrix C𝑝 (Equation 27), and keep only a given percentage of those with the smallest variance. This
procedure is summarised in Algorithm 3.

Algorithm 3:Moving window procedure for Euler inversion.

1 Divide the data region into 𝑀 overlapping windows with a defined degree of overlap ;

2 Define a ratio 0 < 𝛾 ≤ 1 of estimates to keep ;

3 for 𝑙 = 1 to 𝑀 do
4 Run Algorithm 2 on the data from window 𝑙 to estimate p, d, C𝑝, and 𝜂 ;

5 end for
6 for 𝜂 = 𝜂𝑚𝑖𝑛 to 𝜂𝑚𝑎𝑥 do
7 Sort the 𝑀𝜂 solutions which produced an estimated SI equal to 𝜂 by the estimated

variance of 𝑧𝑜 in increasing order ;

8 Keep the first 𝛾𝑀𝜂 solutions and discard the remainder ;

9 end for

2.3.4 Choice of data weights

The data weight matrixW (Equation 11) can be used to assign different weights to different obser-
vations. This matrix should be diagonal, with each diagonal element corresponding to the weights
of the corresponding datum. Weights should be normalized to the range [0, 1]. Assigning a weight
smaller than 1 to a datum will result in a larger residual for that datum at the end of the inversion
procedure. Hence, weights can be used to mitigate outliers in the data by assigning a small weight
to them. Different weights can also be assigned to the potential field and its derivatives. Assigning
a weight smaller than 1 to the derivatives will cause the inversion to prioritize fitting the observed
potential field instead of the, often noisier, derivatives.

In practice, data weights can be calculated based on known data uncertainties or determined
by trial and error. We have found that the following weights work well in most of the applications
we have undertaken: 1 for the total-field anomaly, 0.1 for the east-derivative, 0.1 for the north-
derivative, and 0.025 for the upward-derivative. The decrease in weight for the derivatives helps
mitigate the effect of high-frequency noise, which is amplified by the numerical derivation, on the
inversion estimate.

3 Results
In this section, we demonstrate the effectiveness and limitations of the Euler inversion method by
applying it to a series of synthetic datasets and to real aeromagnetic data fromRio de Janeiro, Brazil.
The applications are organised as follows:
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1. Method demonstration: This test uses a single data window and a single dipolar source. Its
aim is to demonstrate the convergence of the Euler inversion method and its ability to cor-
rectly estimate the source position when the structural index is known, even in the presence
of random noise.

2. Effect of structural index choice: This test uses several different sources, each in a separate
data window, and runs the Euler inversion method on each with different values of the struc-
tural index 𝜂. Its aim is to determine the effect of the choice of 𝜂 on the estimated coordinates
and the weighted root-mean-squared error (Equation 28).

3. Effect of random noise: This test uses a single dipolar source and a single data window with
data contaminated with increasing levels of pseudo-random noise. Its aim is to investigate the
effect of random high-frequency noise on the Euler inversion estimated source coordinates,
base level, and structural index.

4. Effect of interfering sources: This test uses models composed of two sources at increasing
distances from each other. The test is performed for two dipolar sources and also two dykes.
Its aim is to investigate the effect of interfering sources inside the data window on the Eu-
ler inversion, Euler deconvolution, and finite-difference Euler deconvolution results. We use
a single data window so that we can understand what happens at each step of the moving
window procedure.

5. Moving window procedure with multiple sources: This test combines several sources and
uses the moving window procedure from Algorithm 3. Its aim is to show how the Euler in-
version method behaves on a more complex dataset and provide a comparison with standard
Euler deconvolution and finite-difference Euler deconvolution.

6. Aeromagnetic data fromRio de Janeiro, Brazil: This test applies the Euler inversionmethod
to a real dataset which contains multiple sources. Its aim is to demonstrate the effectiveness
of the method on a real dataset with realistic levels of noise, signal overlap, and geometry of
sources.

The Python source code used to produce the results presented here, as well as extra explanation of
the models and procedures, can be found in the supplementary information at https://doi.org/10.6
084/m9.figshare.26384140 (Uieda et al., 2024).

3.1 Method demonstration
The main goal of this synthetic data test is to demonstrate the general effectiveness of the Euler
inversion method to estimate the position and base level of a single source. To this end, we created
a model composed of a single dipole located at (𝑥𝑜 = 15 000m, 𝑦𝑜 = 12 000m, 𝑧𝑜 = −3000m) with
a dipole moment magnitude of 5 × 1011 Am−1, inclination of −30◦, and declination of 15◦. The
reference field direction was the same as the dipole moment direction. The synthetic total-field
magnetic anomaly data was calculated on a regular grid with point spacing of 300m at a height
of 800m. To the data, we added a base level of 100nT and pseudo-random Gaussian noise with
0nT mean and 10nT standard deviation. The eastward and northward derivatives of the total-
field anomaly grid were calculated with a central-difference scheme. The upward derivative was
calculated by Fast Fourier Transform (FFT). The synthetic anomaly and its three derivatives are
shown in Figures 1a-d.

The Euler inversion method described in Algorithm 1 was applied to the synthetic data. We
chose a fixed structural index of 𝜂 = 3, which is the correct index for a magnetic dipole. For data
weights, we used 1 for the total-field anomaly, 0.1 for the east-derivative, 0.1 for the north-derivative,
and 0.025 for the upward-derivative. These weights were chosen to counteract the increased effect
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Figure 1: Data and results from the synthetic data test to demonstrate the performance of the method on a
single target. a-d) The noise-corrupted synthetic total-field anomaly and its eastward, northward, and upward
derivatives, respectively. The position of the dipolar source is marked by the black triangle. e-h) The Euler
inversion residuals (observed data minus predicted data) for the total-field anomaly and its easting, northing,
andupwardderivatives, respectively. The black triangle shows the true location of the source, the green square
shows the location estimated by Euler deconvolution, and the orange triangle shows the location estimated by
Euler inversion. i) The error in the estimate of the easting (blue line), northing (orange line), andupward (green
line) coordinates of the source and the base level (purple line) as a function of the Gauss-Newton iteration
(Algorithm 1). j) The value of the merit functionM (Equation 28) per Gauss-Newton iteration.

of noise on the derivatives, particularly the upward derivative which was calculated through FFT.
Figures 1e-h show the inversion residuals after convergence was achieved (𝐿 = 6 iterations) for the
total-field anomaly and its eastward, northward, and upward derivatives, respectively. Also shown
are the true source location, the initial source location, and the predicted source location from
Euler inversion. The initial estimate of the source location was (𝑥𝑜 = 14 626m, 𝑦𝑜 = 11 865m, 𝑧𝑜 =
−1553m) and the base level was 𝑏 = 94 nT, which are the Euler deconvolution results. The final
Euler inversion prediction of the source location was (𝑥𝑜 = 15 045m, 𝑦𝑜 = 12 028m, 𝑧𝑜 = −2663m)
and the estimated base level was 𝑏 = 93 nT, which is an improvement on the estimated values by
Euler deconvolution (Figure 1i).

Figure 1i shows the error in the estimated source coordinates and base level. We can see from
the figure that the error in the 𝑥𝑜 (easting) and 𝑦𝑜 (northing) coordinates, as well as the base level,
do not vary greatly from the initial solution at iteration 0. However, the error in the 𝑧𝑜 (upward)
coordinate drops from over 1400m to less than 400m in two iterations. The merit function (Equa-
tion 28) also drops sharply in value by two iterations, as can be seen in Figure 1j, confirming the
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Figure 2: Data and results from the synthetic data test using different values of structural index 𝜂 for different
source types. a-d) Noise-corrupted total-field magnetic anomaly data caused by a dipole (𝜂 = 3), a horizontal
cylinder (𝜂 = 2), a vertical pipe (𝜂 = 2), and a vertical North-South dyke (𝜂 = 1), respectively. e) Estimate of the
upward source coordinate 𝑧𝑜 as a function of structural index for the dipole (blue line), horizontal cylinder
(orange line), vertical pipe (green line), and dyke (red line). The true upward coordinate of the sources (𝑧𝑜 =
0m) is marked by the blue dashed line. Note that the 𝑧𝑜 estimate is closest to the true value when the correct
structural index for each source type is used. f) The weighted root-mean-squared error (WRMSE; Equation 29)
as a function of structural index for the dipole (blue line), horizontal cylinder (orange line), vertical pipe (green
line), and dyke (red line). The WRMSE is minimum for each source type when the correct structural index is
used.

rapid convergence of the Euler inversion method.

3.2 Effect of structural index choice
In this synthetic data test, we created datasets using four different models: a dipole, a horizontal
cylinder composed of a right-rectangular prism stretched in the southward direction, a vertical
pipe composed of a right-rectangular prism stretched in the downward direction, and a vertical
dyke composed of a right-rectangular prism stretched in the southward, northward, and downward
directions. All models share the same true location of (𝑥𝑜 = 15 000m, 𝑦𝑜 = 10 000m, 𝑧𝑜 = 0m), base
level of 300nT, and inducedmagnetisationwith inclination of 35◦ and declination of−20◦. The data
were generated on a regular grid with spacing of 300m, height of 1000m, and contaminated with
pseudo-random Gaussian noise with 0nT mean and 15nT standard deviation. Figures 2a-d show
the synthetic noise-corrupted total-field anomaly data.

We ran the Euler inversion method on each data grid four times, each time changing the struc-
tural index between zero, one, two, and three. Figure 2e shows the upward coordinate 𝑧𝑜 estimated
for each of the four models as a function of the structural index 𝜂. The Euler inversion estimated
𝑧𝑜 correlates with 𝜂, with larger values of the structural index leading to deeper source estimates.
Values closest to the true 𝑧𝑜 = 0m are achieved when the correct structural index is used (𝜂 = 1 for
the dyke, 𝜂 = 2 for the cylinder and pipe, and 𝜂 = 3 for the dipole). Figure 2f shows the weighted
root-mean-squared error (WRMSE; Equation 29) at the final iteration of the Euler inversionmethod
for all four models as a function of structural index. TheWRMSE is a measure of goodness-of-fit be-
tween the predicted total-field anomaly and its three derivatives and their observed counterparts.
The WRMSE is minimum for all four models when the correct structural index is used.
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Figure 3: Data and results from the synthetic data test used to investigate the effect of high-frequency noise
on the Euler inversion results. a-d) Noise-corrupted total-field magnetic anomaly of a dipolar source for noise
levels 0, 10, 25, and 40nT. e-h) The upward derivative of the data in a-d, calculated by FFT. i-k) Error in the
estimated easting, northing, and upward coordinates, respectively. l) Error in the estimated base level. m) The
estimated structural index 𝜂 using Algorithm 2. The lines in i-m are the results for Euler deconvolution (dashed
line), Euler inversion without data weights (dashed-dotted line), and Euler inversion with weights (solid line)
1 for the total-field anomaly, 0.1 for the eastward derivative, 0.1 for the northward derivative, and 0.025 for
the upward derivative.

3.3 Effect of random noise
We conducted another experiment to determine the effect of random high-frequency noise on the
Euler inversion estimates. To this end, we created synthetic data from a dipole model located at
(𝑥𝑜 = 15 000m, 𝑦𝑜 = 11 000m, 𝑧𝑜 = −5000m) andwith a dipolemomentmagnitude of 2×1012 Am−1,
inclination of −30◦, and declination of 15◦. The total-field anomaly data were generated on a regu-
lar grid with a spacing of 500m and a constant height of 800m. The reference field direction was
the same as the dipole moment direction. A base level of 100nT was added to the data. We gen-
erated different datasets by adding pseudo-random Gaussian noise with 0nT mean and standard
deviations varying from 0nT to 40nTwith a step of 0.2nT. Figures 3a-d show the synthetic data for
noise levels 0, 10, 25, and 40nT, while Figures 3e-h show the upward derivative calculated from the
total-field anomaly through FFT.

On each dataset, we ran Euler deconvolution (Equation 6), Euler inversion with unit weights,
and Euler inversion with weights 1 for the total-field anomaly, 0.1 for the eastward derivative, 0.1
for the northward derivative, and 0.025 for the upward derivative. Both Euler inversion runs used
the structural index estimation procedure (Algorithm 2 with 𝜂𝑚𝑖𝑛 = 0 and 𝜂𝑚𝑎𝑥 = 3). Figures 2i-l
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Figure 4: Data and results from the synthetic data test used to investigate the effect of interfering dipolar
sources inside the data window on the Euler inversion results. a-d) Total-field magnetic anomaly of four out
of the 31 models, each of which includes the same central dipole and an interfering dipolar source at different
distances from the main source. Also plotted are the estimated positions from Euler deconvolution (green
square), finite-difference Euler deconvolution (red diamond), and Euler inversion (orange circle). e-g) The
error in the estimated eastward, northward, and upward coordinates, respectively, of the source for each of
the Euler methods as a function of the distance between sources. h) The estimated structural index 𝜂 for Euler
inversion and finite-difference Euler deconvolution as a function of the distance between sources.

show the error in the estimated easting, northing, and upward coordinates as well as the base level
for each of the methods as a function of noise level. The error in each of three coordinates raises
sharply with noise level for Euler deconvolution, particularly for the upward 𝑧𝑜 coordinate. The
unweighted Euler inversion results vary less regularly but the present errors are just as large as
Euler deconvolution for the upward coordinate. However, the weighted Euler inversion presented
overall smaller errors and a slower growth curve for the upward coordinate error than the other
two methods. The base level error is nearly constant at approximately 10nT for Euler deconvo-
lution and the weighted Euler inversion, but varies to as much as 40nT for the unweighted Euler
inversion.

Figure 3m shows the estimated structural index 𝜂 for the weighted and unweighted Euler inver-
sion as a function of noise level. The unweighted Euler inversion estimated the wrong structural
index 𝜂 = 2 from approximately noise level 7nT and 𝜂 = 1 from approximately noise level 20nT.
These jumps in the estimated structural index appear to correlate with jumps in the base level and
𝑧𝑜 coordinate errors. Theweighted Euler inversionwas able to estimate the correct structural index
(𝜂 = 3) for all noise levels tested.

3.4 Effect of interfering sources
Another common issue encountered during the application of Euler-based methods is the presence
of interfering sources within the data window. To test this effect on Euler inversion, we create two
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Figure 5: Data and results from the synthetic data test used to investigate the effect of interfering dykes inside
the data window on the Euler inversion results. a-d) Total-field magnetic anomaly of four out of the 33models,
each of which includes the same dyke to the east and an interfering dyke to the west at different distances
from themain source. Also plotted are the estimated positions from Euler deconvolution (green square), finite-
difference Euler deconvolution (red diamond), and Euler inversion (orange circle). In c and d, the three Euler
solutions are not visible because they are outside the data window. e-g) The error in the estimated eastward,
northward, and upward coordinates, respectively, of the source for each of the Euler methods as a function
of the distance between sources. The error for the eastward and northward coordinates was calculated with
respect to the center point of the eastern dyke (black triangle). h) The estimated structural index 𝜂 for Euler
inversion and finite-difference Euler deconvolution as a function of the distance between sources.

different scenarios, onewith two dipoles and anotherwith two dykes. In both scenarios, we created
several synthetic total-field anomaly datasets by varying the distance between the two sources. No
noise was added to these synthetic data in order to isolate the effect of the interfering source from
the effect of random noise. We added to all datasets a base level of 100nT. On each dataset, we
ran Euler deconvolution (Equation 6) with the correct structural index for the source (𝜂 = 3 for
the dipoles and 𝜂 = 1 for the dykes), the finite-difference Euler deconvolution method of Gerovska
et al. (2005), and Euler inversion with the structural index estimation (Algorithm 2 with 𝜂𝑚𝑖𝑛 = 0
and 𝜂𝑚𝑎𝑥 = 3) and data weights of 1 for the total-field anomaly, 0.1 for the eastward derivative, 0.1
for the northward derivative, and 0.025 for the upward derivative.

The dipole models contain a main dipole located at (𝑥𝑜 = 7000m, 𝑦𝑜 = 4000m, 𝑧𝑜 = −3000m)
with a dipole moment amplitude of 5×1011 Am−1, inclination of −30◦, and declination of −10◦. The
interfering dipole was located at 𝑦𝑜 = 5000m and 𝑧𝑜 = −1500m, with the 𝑥𝑜 coordinate varying
from −1000m to 5000m. The reference field direction was the same as the dipole moment direc-
tion. The total-field anomaly data were generated on regular grids with a spacing of 200m and at a
constant height of 400m. Figures 4a-d show the total-field anomaly of four out of the 31 models.

The error in the estimated eastward, northward, and upward coordinates are shown in Fig-
ures 4e-g. For the eastward and northward coordinates, the three methods are mostly compatible,
with Euler inversion being slightly closer to the true source formost distances between sources. For
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the upward coordinate, Euler inversion and Euler deconvolution are roughly equivalent and both
have smaller errors than finite-difference Euler deconvolution for all but the largest distances. For
the structural index estimates (Figure 4h), finite-difference Euler deconvolution underestimates 𝜂
for all but the largest distances, while Euler inversion estimates the correct index of 𝜂 = 3 for all
distances.

The dyke models contain a main dyke at the east with a center point at (𝑥𝑜 = 7000m, 𝑦𝑜 =
4500m) and a top at 𝑧𝑜 = 0m with a dipole moment amplitude of 2 × 101 Am−1, inclination of
−30◦, and declination of 20◦. The interfering dyke has a top at 𝑧𝑜 = 300m, with the 𝑥𝑜 coordinate
varying from −2000m to 6000m. The reference field direction was the same as the dipole moment
direction. The total-field anomaly data were generated on regular grids with a spacing of 150m and
at a constant height of 400m. Figures 5a-d show the total-field anomaly of four out of the 33models.

The error in the estimated eastward, northward, and upward coordinates are shown in Fig-
ures 5e-g. The error for the eastward and northward coordinates was calculated with respect to
the center point of the eastern dyke. For the eastward and northward coordinates, the three meth-
ods are mostly compatible. When the two dykes intersect, all three methods estimate a horizontal
position at the intersection point. When they don’t intersect, the estimates for all three methods
falls outside of the data window. This is a well known issue for Euler deconvolution methods be-
cause the Hessian matrix A𝑇A (Equation 6) is ill-conditioned for 2D sources (Mushayandebvu et al.,
2004). For the upward coordinate, Euler inversion and Euler deconvolution are roughly equivalent
and approach zero at the largest distances. Bothmethods have smaller errors than finite-difference
Euler deconvolution for all distances tested. For the structural index estimates (Figure 5h), finite-
difference Euler deconvolution estimates incorrect 𝜂 at most distances, presenting no clear rela-
tionship between distance and 𝜂 estimate. Euler inversion estimates the correct index of 𝜂 = 1 for
all distances.

3.5 Moving window procedure with multiple sources
To simulate a more realistic dataset, we created amodel composed of 10 sources combining dipoles
at various locations and depths and vertical dykes at various orientations. All sources had induced
magnetisation in the direction of the regional field with a inclination of −30◦ and declination of
−20◦. The total-field anomaly of the model was calculated on a regular grid with a spacing of 500m
and at a constant height of 1000m. We added to the data a base level of 1000nT, pseudo-random
Gaussian noise with 0nT and 50nT standard deviation, and a regional field composed of a first-
degree polynomial with angular coefficients of 0.02nTm−1 in the eastward and −0.03nTm−1 in the
northward directions. The noise-corrupted total-field anomaly data are shown in Figure 6a.

To the dataset, we applied the moving window Euler inversion method (Algorithm 3 and Algo-
rithm 2 with 𝜂𝑚𝑖𝑛 = 0 and 𝜂𝑚𝑎𝑥 = 3), the finite-difference Euler deconvolution method of Gerovska
et al. (2005), and standard Euler deconvolution (using structural indices 1, 2, and 3). Euler inversion
was performed with data weights of 1 for the total-field anomaly, 0.1 for the eastward derivative,
0.1 for the northward derivative, and 0.025 for the upward derivative. All three methods used the
same moving window procedure described in Algorithm 3 for the sake of comparison. The win-
dows had a size of 10 000m and were moved by 5000m at a time. The ratio of estimates kept to
form the final solution was 𝛾 = 0.3 for Euler deconvolution, 𝛾 = 0.35 for finite-difference Euler
deconvolution, and 𝛾 = 0.25 for Euler inversion.

Figures 6b-f show the estimated source positions and structural indices for finite-difference Eu-
ler deconvolution, Euler inversion, and Euler deconvolution with structural indices 1, 2, and 3, re-
spectively. The finite-difference method estimates a non-integer structural index, as a result Fig-
ure 6b shows the closest integer value to the actual estimated 𝜂. The finite-difference Euler decon-
volution method underestimates the structural indices of all sources and, therefore, also underesti-
mates their depths. The finite-difference method solutions are also more scattered than their Euler

Uieda et al. (2025) | Euler inversion doi:10.31223/X5T41M | EarthArXiv | 16 of 27

https://doi.org/10.31223/X5T41M


Figure 6: Data and results from the synthetic data test using the moving window scheme (Algorithm 3). a)
Noise-corrupted total-field magnetic anomaly generated from 10 sources with overlapping signals, including
dykes and dipoles. The true upward coordinate 𝑧𝑜 of each source is shown next to their respective anomalies.
b-f) The estimated source locations from finite-difference Euler deconvolution, Euler inversion, Euler decon-
volution (𝜂 = 1), Euler deconvolution (𝜂 = 2), and Euler deconvolution (𝜂 = 3), respectively. The total-field
anomaly is shown in the background for reference. The structural index of the solutions are represented by
pentagons (𝜂 = −1), diamonds (𝜂 = 0), triangles (𝜂 = 1), squares (𝜂 = 2), and circles (𝜂 = 3). For finite-difference
Euler deconvolution (b), the structural index symbol is that of the closest integer to the estimated value. The
color of each symbol represents the estimated upward coordinate 𝑧𝑜. The window size used was 10 000m and
the step between windows was 5000m.

deconvolution and Euler inversion counterparts. The Euler deconvolution results are closer to the
correct depths when the correct structural index is used. They present larger dispersion than Euler
inversion in areas where the signals of multiple sources overlap. With the exception of the deeper
dykes in the northwest and southeast and the small dipole with 𝑧𝑜 = −500m, Euler inversion is
able to estimate the correct structural index for most sources. The upward coordinate estimates
for Euler inversion are also closer than Euler deconvolution to their true values when the correct
structural index was estimated. Euler inversion notably estimates an incorrect 𝜂 and 𝑧𝑜 for smaller
sourceswhen there is a large amount of interference in the anomalies and for dykes that are deeper
and produce a smoother signal.

It is also notable that there are solutions that outline the simulated dykes for all three methods.
This seems to be in contradiction of the results presented in Section 3.4 and the theoretical proof in
Mushayandebvu et al. (2004), which show that the 𝑥𝑜 and 𝑦𝑜 coordinates cannot be estimated for
2D sources. However, these results are widely known in practice where Euler deconvolution-based
methods are routinely used to map dykes and lineaments. We believe that this is the effect of high-
frequency noise. The derivatives, which appear in the Jacobian matrix (Equation 5), will contain
this high-frequency noise as well which is not 2D in nature. This in turn causes the Hessian matrix
(Equation 6) to not be singular in practice.
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Figure 7: Geologic map and observed total-field magnetic anomaly data from the west of the state of Rio de
Janeiro, Brazil. a) Simplified geologic map showing the main groups and dykes that outcrop in the region.
In pink is the Cabo Frio domain, dark red is the Italva group, purple is the São Fidelis group, orange is the
Rio Negro complex, gray is the syn-collisional magmatism, red is the post-collisional magmatism, green are
alkaline intrusions, yellow are the Quaternary deposits, and the dashed lines are mafic and alkaline dykes.
b) The aeromagnetic flight-line data, overlaid by the outlines of the post-collisional magmatism and alkaline
intrusions (solid black lines) and dykes (dashed lines). The geologic map was modified from Heilbron et al.
(2016) and Dantas et al. (2017).

3.6 Aeromagnetic data from Rio de Janeiro
The geology of Rio de Janeiro state (Southeastern Brazil) consists primarily of high-grade metamor-
phic rocks and granitoid magmatism related to the Ribeira Belt (RB) (Heilbron et al., 2020). Fig-
ure 7a shows a simplified geologic map of the area, which was modified from Heilbron et al. (2016)
and Dantas et al. (2017). The Ribeira Belt is traditionally interpreted as a thrust belt formed by di-
achronous collisions mainly between the São Francisco and Congo paleocontinents (Heilbron et al.,
2008; Trouw et al., 2000) or by an intracontinental orogeny (e.g.Meira et al., 2019, 2015), during the
Brasiliano orogeny. This process culminated in an orogen-parallel, steep strike-slip shear system
(Egydio-Silva et al., 2005), which deformed the Paleoproterozoic basement rocks and reworked the
Meso- to Neoproterozoic metasedimentary units (for example, the Italva and São Fidelis groups)
and syn-orogenic granitoid plutons (for example, the Rio Negro complex) which formed during the
orogeny (Heilbron and Machado, 2003; Heilbron et al., 2020). These tectonic events imprinted a
distinct NE-ENE-trending structural pattern onto these rocks.

The late Neoproterozoic to Cambrian period witnessed post-orogenic magmatism (e.g., Valeri-
ano et al., 2011), marking the final stages of the West Gondwana amalgamation. After this, the re-
gion remained tectonically quiescent until the Lower Cretaceous, when reactivation occurred with
the emplacement of the NE-trending Serra do Mar mafic dyke swarm, preceding the break-up of
West Gondwana and the opening of the South Atlantic Ocean (Almeida et al., 2013). Lastly, thermal
anomalies in the region during the Upper Cretaceous to Paleocene period led to the emplacement
of alkaline complexes and dykes (Thompson et al., 1998). The geological complexity of the Ribeira
Belt, marked by the interplay of diverse tectonic regimes and magmatic events (Figure 7a), makes
the Rio de Janeiro region an ideal test case for Euler inversion.

We used aeromagnetic data from the state of Rio de Janeiro which are distributed by the Serviço
Geológico do Brasil (https://geosgb.sgb.gov.br). The data were collected in two phases: Subarea 1
was surveyed between March 25 and May 27, 1978, using an Islander aircraft (PT-KRP), while Sub-
area 2 was surveyed between April 6 and July 19, 1978, using a Bandeirante aircraft (PT-GKJ), both
funded by the Brazilian government. As shown in Figure 7b, the survey followed a pattern of north-
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Figure 8: Results of applying Euler inversion with a window size of 12 000m and a window step of 2400m to
the aeromagnetic data from Rio de Janeiro, Brazil. Estimated source locations and structural indices obtained
from Euler inversion are shown as triangles (𝜂 = 1), squares (𝜂 = 2), and circles (𝜂 = 3). The colour of
each symbol represents the estimated depth below the surface of the Earth (topography). Also shown are
the total-field anomaly flight-line data, the contours of the post-collisional magmatism and alkaline intrusions
(solid black lines) and dykes (dashed lines). The purple squares highlight the A, B, C, and D anomalies that are
discussed in the text.

south flight lines spaced approximately 1km apart, with east-west tie lines. Data were recorded at
100-meter intervals using a Geometrics G-803 magnetometer. Some of the notable features of the
data are the NE-SW linear features (interpreted here as dykes), which coincide with known dyke
outcrops, and complex dipolar anomalies which coincide with some of the post-collisional magma-
tism and alkaline intrusions. A subset of 50 882 data points were used in our analysis.

The data were not interpolated on a regular grid to avoid any smoothing effects that the interpo-
lation might have on the linear features. This could result in an over-estimation of their depth, as
discussed in Section 3.5. Instead, we used the gradient-boosted equivalent sources method of Soler
and Uieda (2021) to fit a model to the observed line data. We then used the model to make predic-
tions of the three spatial derivatives at the original measurement locations by a central-difference
method with a coordinate shift of 1m. Further details about the data processing can be found in
the source code archive that accompanies this article https://doi.org/10.6084/m9.figshare.26384140
(Uieda et al., 2024).

We performed the moving-window Euler inversion (Algorithm 3 and Algorithm 2 with 𝜂𝑚𝑖𝑛 = 1
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Figure 9: Results of applying Euler deconvolution and finite-difference Euler deconvolution with a window
size of 12 000m and a window step of 2400m to the aeromagnetic data from Rio de Janeiro, Brazil. a-c) Euler
deconvolution results with structural index 𝜂 = 1, 𝜂 = 2, and 𝜂 = 3, respectively. d) Finite-difference Euler
deconvolution results. The structural index of the solutions are represented by pentagons (𝜂 = −1), diamonds
(𝜂 = 0), triangles (𝜂 = 1), squares (𝜂 = 2), and circles (𝜂 = 3). For finite-difference Euler deconvolution,
the structural index symbol is that of the closest integer to the estimated value. The colour of each symbol
represents the estimated depth below the surface of the Earth (topography). Also shown are the total-field
anomaly flight-line data, the contours of the post-collisional magmatism and alkaline intrusions (solid black
lines) and dykes (dashed lines).

and 𝜂𝑚𝑎𝑥 = 3) on the observed total-field anomaly line data usingwindows of size of 12 000mwhich
weremoved 2400m at a time. The proportion of solutions kept was 𝛾 = 0.15. The inversionwas per-
formedwith data weights of 1 for the total-field anomaly, 0.1 for the eastward derivative, 0.1 for the
northward derivative, and 0.05 for the upward derivative. To aid in the geological interpretation of
the results, we converted the estimated upward source coordinates 𝑧𝑜 to depths below the surface
of the Earth. We did so by subtracting the estimated 𝑧𝑜 from the interpolated topographic height
of the Shuttle Radar Topography Mission (SRTM; Earth Resources Observation And Science (EROS)
Center, 2017). The estimated positions and structural indices are shown in Figure 8. We also per-
formed Euler deconvolution with structural indices one, two, and three, as well as finite-difference
Euler deconvolution on the same dataset using the samewindow size and window step for the sake
of consistency. These results are shown in Figure 9.

The Euler inversion estimated source positions shown in Figure 8 highlight the NE-SW linea-
ments as well as some of the more dipolar anomalies. The lineaments are estimated with a mix of
𝜂 = 1, 𝜂 = 2, and 𝜂 = 3. The southernmost lineament is mostly estimated with 𝜂 = 1 and depths
suggesting that it does not outcrop in its southernmost parts (depths of 400m to 600m), which is
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consistent with the geologic information in Figure 7a. The southernmost part of this lineament, in
particular, has an estimated 𝜂 = 3, which is known to happen for deeper dykes in our synthetic
data tests (Section 3.5). Conversely, the northernmost part of the lineament has a larger prevalence
of 𝜂 = 1with shallower depths which coincide with a known dyke outcrop. Other known dyke out-
crops coincide with estimated sources with 𝜂 = 1, however their depths range from 100m to 300m.
This may be caused by an excess of smoothing in the vertical derivative or effects of noise in the
estimated coordinates. The lineaments in the northwestern part of the region are also highlighted
by estimated sources. However, their structural indices are a mix of 𝜂 = 2 and 𝜂 = 3, suggesting
deeper sources. This is inline with the geologic information, which includes no outcrops of linear
structures in the area.

Thedipolar anomalies are associatedwith post-collisional andalkaline intrusions,manyofwhich
are also cut by known outcropping dykes or have known dykes with magnetic signals that signif-
icantly overlap with the dipolar anomalies. The Euler inversion estimated structural indices for
them range from 𝜂 = 2 to 𝜂 = 3. We have highlighted four dipolar anomalies, marked as A, B, C,
and D in Figure 8, to aid in our discussion.

• Anomaly A: Has a reversed polarity and linear feature to its north that is not associated with
any known dyke outcrop. The linear feature is highlighted by Euler inversion estimates with
𝜂 = 1 and depth of 300m to 400m, which can be interpreted as a non-outcropping dyke. The
dipolar anomaly itself has Euler inversion solutions with 𝜂 = 3 and depth of 1000m to 2000m.
The solutions in the centre of the anomaly present a shallower depth than the solutions to the
north and south of the anomaly centre. From the results on synthetic data in Section 3.5, we
can interpret the depth range to be caused by the moving window procedure and the effect of
interfering sources. The depth to the centre of the anomaly source is likely close to 1000m.

• Anomaly B: The dipolar anomaly is likely associated with a non-outcropping portion of the
post-collisional magmatism. The anomaly is cut by several NE-SW linear features, some of
which overlap with known dyke outcrops. The linear feature to the north is associated with
Euler inversion results with 𝜂 = 1 and depths ranging from 300m to 600m, suggesting a non-
outcropping dyke. At the centre of the anomaly are Euler inversion estimates with 𝜂 = 3 and
depth estimate of approximately 1400m. The Euler inversion solutions surrounding these
central solutions are likely caused by interference from other sources.

• Anomaly C: A dipolar anomaly associated with an outcropping portion of the post-collisional
magmatism. There is a known outcropping dyke to the south of the anomaly, which is associ-
atedwith Euler inversion estimateswith 𝜂 = 1 anddepths ranging from 500m to 1000m. These
depth estimates are likely overestimated because of the interference of the dipolar anomaly.
Themain anomaly has Euler inversion solutionswith 𝜂 = 2 and 𝜂 = 3 and depths varying from
1400m to 1800m. There is no clear indication of which of these estimates is more reliable.

• Anomaly D: A small dipolar anomaly associated with an outcropping alkaline intrusion. The
Euler inversion estimates have 𝜂 = 3 and depths 1700m to 2000m. There are known outcrop-
ping dykes around the main intrusion but they have no discernible magnetic anomalies and
no Euler inversion solutions associated with them.

Overall, the Euler inversion solutions in Figure 8 are consistent with the known geology in Fig-
ure 7a. The main linear features are mostly associated with Euler inversion estimates with 𝜂 = 1
and shallow depths, particularly where known dyke outcrops are located. Deeper linear features
are estimated with 𝜂 = 2 and 𝜂 = 3, which is consistent with the synthetic data results (Section 3.5).
The dipolar anomalies have consistent Euler inversion estimates with 𝜂 = 3 when they are well
isolated from interfering sources. Otherwise, they are estimated with a mix of structural indices
and depths, as was demonstrated in Section 3.5.
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When compared to the Euler deconvolution and finite-difference Euler deconvolution results
(Figure 9), the Euler inversion results are less dispersed and better delinear the linear features
present in the data. The structural index results from finite-difference Euler deconvolution (Fig-
ure 9d) are underestimated, with most values of 𝜂 being less than one, which is not in accordance
with the geology of the area.

4 Conclusion
Euler deconvolution is a widely used method for locating the sources of potential-field data. It has
its limitations in real-world scenarios due to its dependence on the chosen value of the structural
index 𝜂 and its sensitivity to high-frequency noise and signal overlap from interfering sources. We
have developed a new method to solve Euler’s homogeneity equation for the source position, base
level, and integer structural index, which we call Euler inversion. Unlike Euler deconvolution, Eu-
ler inversion is also able to estimate the predicted field and its spatial derivatives, as well as assign
different weights to each type of data. Our method can be applied to gridded and non-gridded data,
which can be useful to limit the effects of smoothing from interpolation in the final results when
the original data have large spacing between flight lines. The Euler inversion algorithm is compu-
tationally efficient because most of the large matrices involved in the computations are diagonal
or block-diagonal. We found that, in practice, the computation time of Euler inversion and Euler
deconvolution are on the same order of magnitude.

Tests on synthetic data show that Euler inversion outperforms Euler deconvolution and finite-
difference Euler deconvolution (a variant that estimates 𝜂 but does not rely on second-order deriva-
tives) in terms of robustness to random noise and interfering sources inside the data window. Our
tests also show that the estimated 𝑧𝑜 coordinate is correlatedwith the structural index, as is the case
for Euler deconvolution. We have also found that the data misfit from Euler inversion is minimal
when the integer structural index used is equal or close to the true one for idealized sources. This
led us to develop an algorithm for estimating the best integer structural index based on the data
misfit. A test on complex synthetic data from a model of dykes and dipoles with overlapping sig-
nals shows that Euler inversion is able to estimate the structural index and position of the sources
within expected error bounds when the signal overlap is not larger than the data window. For
deeper dykes in particular, Euler inversion was not able to estimate the correct 𝜂 = 1, leading to an
overestimation of the depths.

We applied Euler inversion to an aeromagnetic dataset from Rio de Janeiro, Brazil, to analyse
its performance under real-world scenarios. Euler inversion was able to locate the NE-SW linear
features in the data with an 𝜂 = 1 which are associated with known dyke outcrops. For the deeper
linear features, Euler inversion was not able to estimate the correct 𝜂 = 1. Some of the dipolar
anomalies present in the data were picked out with 𝜂 = 3, while the sources with a large signal
overlap with other features provided a mix of 𝜂 = 2 and 𝜂 = 3. These results are consistent with
the synthetic data tests and show the benefits and limitations of the proposed method.

Euler inversion outperforms Euler deconvolution and finite-difference Euler deconvolution in
most cases. Its reduced sensitivity to noise and interfering sources, in particular, may prove bene-
ficial for magnetic microscopy studies, in which high-frequency noise and interference from mul-
tiple dipolar sources are a significant hurdle (Souza‐Junior et al., 2024). However, it still suffers
from some of the same limitations. While Euler inversion is less sensitive to signal overlap, it still
fails to correctly estimate the position and structural index when the overlap is large. The window-
ing procedure still generates a large amount of spurious solutions which need to be filtered out.
This could be improved with techniques like the source detection method proposed by Castro et al.
(2020), for example. Euler inversion can also be coupled with other inverse problems by following
our methodology to add Euler’s equation as a non-linear constraint. This could help with issues of
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non-uniqueness and stability in traditional 3D inverse problems in potential-field methods.
As is the case with other Euler deconvolution-based methods, Euler inversion also suffers from

instability when sources are 2D (Mushayandebvu et al., 2004) and a lack of support for sources that
are defined by multiple points, for example steps which have a top and bottom (Gerovska et al.,
2010). The issue of instability was evident in our synthetic data tests which simulated dykes and
did not contaminate the data with random noise. However, both in the synthetic data tests with
noise and the real data application, this did not appear to be a significant issue. In both cases,
Euler inversion was better at outlining the 2D sources than Euler deconvolution. Nonetheless, it
would be worthwhile to investigate this issue further and explore the use of regularization and an
adaptation of the method of Mushayandebvu et al. (2004) to the Euler inversion mathematical for-
mulation. A thorough comparison of Euler inversionwith the Similarity Transform-basedmethods,
like Gerovska et al. (2010), would also be worth pursuing. Euler inversion could complement such
methods, which often require gridded data, in cases where data are of poor quality or flight-line
spacing is large.
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