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Key Points:

 We develop a 2-stage Bayesian dynamic source inversion using Wasserstein Generative 

Adversarial Network to approximate the posterior of stage 1 as a prior for stage 2.

 We conduct a thorough synthetic test, estimating statistical properties of the original 

dynamic inversion and our 2-stage approach, demonstrating better performance of the 

latter.

 We discuss the correlations between dynamic parameters that occurred as a result of 

inversions.
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Abstract

Dynamic source inversion of earthquakes consists of inferring frictional parameters and initial stress on a 

fault consistent with recorded seismological and geodetic data and with dynamic earthquake rupture 

models. In a Bayesian inversion approach, the nonlinear relationship between model parameters and data 

requires a computationally demanding Monte Carlo (MC) approach. As the computational cost of the MC 

method grows exponentially with the number of parameters, dynamic inversion of large earthquakes, 

involving hundreds to thousands parameters, is hindered by slow convergence and sampling issues. We 

introduce a novel multi-stage approach for dynamic source inversion. We divide the earthquake source 

into a hierarchical set of temporal and spatial stages. As each stage involves only a limited number of 

independent model parameters, their inversion converges faster. Stages are interdependent: the inversion 

results of an earlier stage are a prior for the next stage inversion. We use Wasserstein Generative 

Adversarial Networks to transfer the prior information between inversion stages. As proof-of-concept, we 

apply a two-stage version of our dynamic source inversion approach to a simulated earthquake scenario 

generated by dynamic rupture modeling. Compared to direct MC inversion, the two-stage approach 

achieves substantial improvements in relevant performance metrics, including integrated autocorrelation 

time, and a large increase in stability across several independent runs. Further application of the two-stage 

Bayesian inversion method will allow for expanded dynamic modeling studies of large earthquakes, 

paving the way towards a better understanding of earthquake physics.

Plain Language Summary

Dynamic earthquake source inversion is a systematic approach to infer earthquake physics parameters 

from geophysical data. However, being a nonlinear high-dimensional inverse problem, its application to 

large earthquakes is hindered by high computational cost exceeding the capacity of current 

supercomputers. In this study, we introduce a novel approach to enable dynamic source inversion of large 

earthquakes. We combine three innovations: a hierarchical multi-stage approach, a 2.5D approximation of 

the dynamic rupture problem, and a Deep Learning method based on Wasserstein Generative Adversarial 

Networks (GAN). Compared to direct Monte Carlo inversion, the two-stage approach achieves substantial 

improvements in relevant performance metrics, including integrated autocorrelation time, and a large 

increase in stability across several independent runs

1 Introduction

While the basic physical model of large shallow earthquakes is well established (sudden slip on a pre-

existing fault caused by accumulated tectonic stress exceeding the fault strength, e.g. Kanamori and 

Brodsky, 2001), building a detailed physical model and explaining why a specific earthquake happens is 
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still a major challenge. Difficulties include the complex behavior arising from the strong nonlinearity of 

dynamic rupture models and our limited access to observations of processes occurring at seismogenic 

depth. Seismic and geodetic networks, while growing in density, still offer sparse coverage in the vicinity 

of active faults. Even if sensor networks were extremely dense, their coverage would still be limited to 

Earth’s surface. Additionally, the fault geometry, the mechanical properties of surrounding rocks, or the 

appropriate form of the constitutive law relating fault stress and slip are all subjects to uncertainty and 

difficult to model with high precision.

Earthquake source inversion is an inverse problem that consists of inferring parameters of the seismic 

source from measured geophysical data. It mathematically formalizes the construction of a physical 

model explaining the evolution of the earthquake. There are two main classes of finite-fault source 

inversion. In kinematic source inversion, the source model is parameterized by the space-time distribution 

of slip rate. In dynamic source inversion, it is parametrized by fault friction properties and initial stresses 

(the inputs of a dynamic rupture model). Due to the mentioned uncertainties, even the linear version of 

kinematic source inversion suffers from ill-posedness or non-uniqueness, leading to significant 

differences between results obtained by different inversion methods (Gallovic and Ampuero, 2015). 

Non-uniqueness is also prominent in dynamic source inversion: Guatteri and Spudich (2000) showed that 

two models with widely different values of friction properties can generate seismograms that are very 

similar in a given frequency band. Moreover, the non-linearity of the relationship between dynamic 

parameters, kinematic parameters (such as slip) and data (such as seismograms) also makes the problem 

ill-conditioned. On the positive side, the physics underlying dynamic rupture models acts as an additional 

constraint on the range of possible slip distributions, and the synthetic data produced by the dynamic 

forward model can be very sensitive to small changes in the dynamic parameters. 

For such a non-unique inverse problem, a Bayesian formulation is more fitting, because it embraces the 

probabilistic nature of the problem and seeks a range of probable models instead of a single optimal one. 

The Bayesian inverse problem can be framed as the process of updating the knowledge available before 

the earthquake, represented by a prior probability density function (PDF), to a post-earthquake state of 

knowledge, represented by a posterior PDF, constrained by recorded data. 

A common approach to solve nonlinear Bayesian inverse problems uses a Markov chain Monte Carlo 

(MCMC) algorithm to sample the posterior PDF. MCMC generates a stochastic sequence of discrete 

samples, where the next sample in the chain is chosen as a random perturbation of the previous one 

(Sokal, 1996; Sambridge, 2014). While the method and its successive improvements (e.g. parallel 

tempering) were developed to deal with multi-dimensional PDFs with non-Gaussian shapes, they still 

suffer from the curse of dimensionality: with increasing number of model parameters, the convergence 

towards models with high posterior PDF becomes exponentially more difficult.
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Dynamic earthquake source inversions reach the limits of current computational capacity as they combine 

a large number of inverted parameters and high computational demands of the forward model, thus 

limiting the maximum feasible number of MCMC steps. Peyrat and Olsen (2004), Corish et al. (2007) and 

Ruiz and Madariaga (2013) used the neighborhood (non-MCMC) algorithm to explore the parameter 

space of a simplified dynamic model, assuming an elliptical rupture. Gallovic et al. (2020) performed a 

fully Bayesian dynamic inversion, applying a Parallel Tempering MCMC. Premus et al. (2023) and 

Schliwa et al. (2024) expanded the method to include rate-and-state friction and a quasi-dynamic model 

of postseismic slip. These inversions required hundreds of thousands to millions of dynamic model 

computations calculated over a wall-clock compute time period of several months.

As the popularity of Bayesian inversions increases and it is applied to problems with increasing 

mathematical complexity, both in terms of nonlinearity and dimensionality, and larger datasets, the 

MCMC approaches are being adapted and improved to better fit the scientific problems and 

computational resources. More efficient and scalable Hamiltonian MCMC (Betancourt, 2017; Fichtner et 

al., 2019) can be applied if the gradient of the likelihood function with respect to the model parameters 

can be evaluated or estimated efficiently. While efficient estimation of the model gradient is difficult, the 

adjoint model (and thus gradient) to a fully dynamic earthquake model is now available (Stiernström et 

al., 2024), which makes future application of the gradient-based methods possible. For the case of the 

kinematic source inversion, improvements of the random sampling using a Normalizing Flows machine 

learning algorithm (Scheiter et al., 2024), or accounting for modeling error by a cross-fade sampling 

method (Minson, 2024) have been applied, but not in dynamic source inversion yet. Besides MCMC 

approaches, physics-informed neural networks (PINNS) was recently tested for the inversion of rate-and-

state friction parameters (Rucker and Erickson, 2024).

Here, we present a multi-stage approach to efficiently constrain the prior PDF of the Bayesian dynamic 

source inversion, thus limiting the parameter space that needs to be explored and improving the 

performance of the inversion. We draw our inspiration from multi-stage approaches applied to kinematic 

inversions (Uchide and Ide, 2007; Uchide et al., 2009; Uchide, 2013) and seismic tomography (Stuart et 

al., 2019). The multi-scale slip inversion (Uchide and Ide, 2007) simultaneously explores the whole 

earthquake rupture and in more detail (with finer resolution and higher frequencies) its initial stage from 

the beginning phases of the seismograms. The two-stage approach in seismic tomography (Stuart et al., 

2019) takes advantage of computationally cheaper simulations to filter the proposed models and quickly 

reject unfeasible ones. In addition, to facilitate the sampling of the constrained prior, we reformulate it 

using a deep learning algorithm, Generative Adversarial Networks (GANs). The generator learns to 

approximate the PDF based on samples from the first-stage inversion and proposes the parameter 

combinations in the second-stage dynamic inversion.
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The rest of this paper presents the theoretical background of Bayesian inversions and Generative 

Adversarial Networks in Section 2 - Theory, and introduces the 2-stage dynamic inversion method in 

Section 3 - Method. In Section 4, we present a synthetic test to directly compare our 2-stage method 

against a traditional dynamic source inversion approach. We invert for parameters of a known target 

dynamic earthquake model, evaluating the performance of the method in accurately and efficiently 

sampling the posterior PDFs. As we provide results of 5 independent MCMC runs, our results in Section 

4 are also interesting to more generally gauge the accuracy and repeatability of the Bayesian inversion 

results.

2 Theory

2.1 Bayesian inversion and Markov Chain Monte Carlo

A dynamic earthquake source model consists of a physics-based dynamic rupture simulation that 

numerically solves the partial differential equations describing the propagation of seismic waves coupled 

to boundary conditions describing fault friction and assuming initial conditions leading to spontaneous 

earthquake rupture (e.g., Andrews, 1976). The dynamic model parameters m to be determined are 

spatially discretized versions of the on-fault distributions of initial stresses and frictional properties. For 

instance, one subset of model parameters can be the values of the frictional slip-weakening distance Dc 

evaluated at the midpoint of 2 km x 2 km cells on a grid covering the potential rupture area on the fault. 

The dynamic model constitutes the forward problem F  providing a mapping between the model 

parameters and data:

F (m )=d+ϵ ,

where ϵ  is the modeling error, and data d  are measured seismograms and geodetic displacements.

Solving the inverse problem amounts to estimating the model parameters m from the data d .

We formulate the problem in the framework of Bayesian inference as an update of the knowledge about 

potential values of m, described as a probability density function (PDF). The prior PDF p(m ) represents 

the initial state of knowledge before accounting for the new data d. The posterior PDF p(m∨d ) 

accounts for new data, and is estimated by following Bayes’ rule:

p(m∨d )=k−1 p(d∨m ) p(m ),

where k  is a normalization constant and p(d∨m ) is the likelihood function - a statistical model of the 

difference between observed data and modeled data dm=F (m ) produced by a forward model with given 

parameters m.
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The shape of the likelihood function depends in principle on the shape of the measurement noise in the 

data and on the modeling error. The measurement noise can be assumed to have a Gaussian shape for 

both the GPS data and seismograms on a limited frequency spectrum. The modeling error is more 

dominant and harder to evaluate. While some approximations have been proposed (Duputel et al, 2015; 

Hallo and Gallovic, 2016), we follow Sambridge (2014) and Gallovic et al. (2020) and assume Gaussian 

noise with a covariance matrix Cd. The resulting likelihood function is

 p(d∨m )= 1

2 π N√Cd

exp [(d−dm)T Cd
−1(d−dm)].

We further simplify it by assuming uncorrelated noise with a diagonal matrix Cd=σ 2 I  with uniform 

standard deviation σ :

 p(d∨m )= 1

2 π σ2 exp [(d−dm)T (d−dm)/σ2]. 

Note that, because σ  is intended to include the modeling error, it is significantly larger than the standard 

deviation of measurement noise. 

We apply the Markov chain Monte Carlo algorithm (MCMC) to draw samples from a posterior PDF by a 

random walk process (Robert and Cassela, 1999; Liu, 2001). The output of the algorithm is a Markov 

chain: a series of draws of model parameters mn where the (n+1)-th draw depends only on the n-th 

draw. The classical Metropolis-Hastings algorithm (Metropolis et al., 1953) generates a Markov chain 

using a proposal probability density function for new steps and a method for rejecting some of the 

proposed moves based on their likelihood. After choosing an initial chain member m1, the following 

algorithm is applied recursively:

● Propose a candidate m'n+1 by randomly varying  mn (see Methods section 3.2 for details).

● Calculate the acceptance ratio α (mn ,m 'n+1)=p(d∨m'n+1)/ p(d∨mn )

● Draw a uniform random number r ⊂[0 ,1]

○ If r<α (mn ,m 'n+1) accept the candidate mn+1=m'n+1 

○ If r>α (mn ,m 'n+1) reject the candidate

Dynamic inversion is a nonlinear, high-dimensional problem, whose likelihood function can have a 

complicated shape with multiple local minima. For such an inverse problem, the Metropolis-Hastings 

algorithm might not efficiently sample the model parameter space (Sambridge, 2014). We thus adopt an 

improved parallel tempering (PT) MCMC algorithm (Geyer, 1999; Falconi and Deem, 1999). It uses 

several Markov chains. The i-th chain samples the “tempered” posterior distribution

pi(m∨d )=k−1 p1/T i(d∨m ) p(m ).
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The exponent T i ⊂(1 ,T max ) is analogous to the temperature of the i-th chain. Only one of the chains, the 

one with T i=1, samples the true posterior PDF. The samples from this chain are considered the solution 

of the inverse problem. Chains at higher temperatures sample tempered, smoother PDFs, and thus can 

explore the model parameter space faster owing to a higher acceptance rate, passing the local minima the 

untempered chain might get stuck in.

The information between chains is transferred by periodically proposing the exchange of models between 

two chains. We follow the PT algorithm of Sambridge (2014) in proposing exchanges between two 

randomly selected chains i and j and accepting them with the following probability:

α swap( i , j )=min
❑

¿,

where T  and ϕ are the respective temperatures and likelihood functions. These exchanges allow the 

better-fitting models to move toward the main untempered chain (T i=1).

The successive samples in the Markov chain are a product of a random walk, in which sample n+1 is 

obtained by randomly varying sample n, and thus are not fully independent draws from the posterior PDF. 

This manifests as a correlation between samples that decreases with the number of steps (lag) between 

them. The efficiency of the MCMC algorithm depends on how many steps are needed before arriving at 

samples that are not correlated with the starting sample (correlation coefficient close to zero). In fact, the 

goal is to generate a sufficiently large number of uncorrelated samples of the posterior PDF. Because the 

length of the Markov chain is finite and constrained by the computational demands of solving the forward 

model, it is of high importance to quantify the degree of correlation between samples. 

The variance V  of the mean M (m ) (Sokal, 1996) of model parameter m is proportional to the 

autocorrelations (see derivation in Supplement 1):

V [M (m )]=
σ 2(m )

N
∑

i=−∞

∞

C i(m ,m ),

where σ (m ) is the standard deviation of m, N  is the number of steps in the chain, and C l(m ,m ) are the 

autocorrelation coefficients of the chain of the model parameter m at lag l. This is the variance of results 

from independent MCMC inversions of chain length N .

Expecting C l(m ,m ) decays rapidly with increasing lag l, we calculate the integrated autocorrelation 

time (IAT):

τ
∫¿(m )=1

2
∑

l=−∞

∞

ρl(m ,m )¿,

where ρl(m ,m )=C l(m ,m )/C0(m ,m ). The value 2× τ∫¿(m )¿ provides an estimate of how many more 

random walk steps are needed to achieve the same variance as uncorrelated random draws from the 

posterior.
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2.2 GAN priors

Bayesian MCMC inversions require to formulate the prior PDF p(m ) as an explicit function of model 

parameters m. The choices of the prior functions are usually limited to uniform or Gaussian functions 

(including correlation matrices) or hierarchical priors (Natesan et al., 2016; Gao and Chen, 2005). So far, 

only wide uniform PDFs have been used as prior in dynamic source inversions (e.g., Gallovic, 2019), 

including several constraints in the form of conditional statements to e.g. limit the stress drop in the 

nucleation zone. Such prior is much wider than the posterior PDF and represents effectively zero prior 

knowledge about dynamic parameters.

Recent advances in the field of machine learning have opened the way for new approaches to represent 

the prior PDF. In particular, Generative Adversarial Networks (GAN), a class of unsupervised machine 

learning algorithms (Goodfellow et al., 2014), aims at generating data that mimic a target distribution, and 

has been leveraged to represent the prior (Arridge et al., 2019; Holden et al., 2022; Patel et al., 2022 ; 

Marschall et al., 2023). 

Once we train the generator on samples from the target distribution, it can generate samples mimicking 

the target distribution, given an input from a low-dimensional latent space. The inversion is then 

reformulated to seek the values of the generator inputs in the latent space. This decreases the 

dimensionality of the inverse problem, and the volume of the parameter space that needs to be searched 

by the random walk.

The GAN algorithm is based on a zero-sum game between two neural networks, a generator G and a 

critic C  (also called discriminator). During the training process we alternately optimize the network 

weights of the generator ωG ∈ R
N ωG and of the critic ωC ∈ R

N ωC to minimize/maximize their cost 

functions. 

The generator G ( γ ,ωG ) takes as input randomly chosen vectors from a multi-dimensional real latent 

space γ ∈ Ωlatent ⊂ RN γ taken from a distribution platent ( γ ). It outputs samples θ from the space (

Ωtarget ⊂ RN θ) of the target distribution ptarget. In the original GAN setting, the critic C (θ ,ωC ) inputs a 

sample θ ∈ Ωtarget ⊂ RN θ and aims to discriminate between the synthetic samples from the generator 

(outputs 0) and real samples from the training dataset (outputs 1). During the training process, we 

repeatedly train the critic to correctly label the synthetic and training samples, by maximizing

V C (C ,G )=Eθ∼ pdata(θ )[ log (C (θ ,ωC ))]+Eγ∼ platent ( γ )[ log (1−C (G ( γ ,ωG ) ,ωC ))],
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where the first term is the expectation of the critic over the set of samples from the target distribution and 

the second term is the critic’s expectation over the set of the synthetic (fake) samples. 

The training of the generator aims to minimize the cost function

V G(C ,G )=Eγ∼ platent ( γ )[ log (1−C (G ( γ ,ωG ) ,ωC ))] , 

which is the second term from the critic’s cost function, therefore to maximize the number of generated 

samples classified as true samples by the critic.

The GAN training process is notoriously difficult (de Souza et al., 2023, Saxena and Cao, 2022). An 

equilibrium between generator and critic might not be achieved due to the interdependency of their cost 

functions creating an unstable system (Salimans et al., 2016). Additionally, in many setups the critic 

might train faster than the generator, leading to vanishing gradients - if the critic rejects all generated 

samples, the gradient of the cost function can become zero, providing no feedback to improve for the 

generator (Saxena and Cao, 2022). Mode collapse (Saxena and Cao, 2022, Salimans et al., 2016) then 

describes a situation where the generator generates accurate samples but with low diversity, which do not 

cover the whole training set.

There is a large number of promising works that seek to alleviate the training problems (see Salimans et 

al., 2016, Kurach et al., 2019, Gui et al., 2023 for reviews). One of the improvements is called 

Wasserstein GAN (WGAN) (Arjovsky et al., 2017), where the critic seeks to return the Wasserstein (or 

earth-mover) distance (Kantorovich, 1939) between the evaluated set of samples and the training dataset. 

The advantage of this formulation is that it bypasses the vanishing gradients problem - even when the 

generator creates samples far away from the distribution, the critics output provides a usable feedback - 

distance from the training dataset instead of only negative labels. The authors of the WGAN algorithm 

(Arjovsky et al., 2017) also report no occurrence of mode collapse in their tests.

The evaluation of the Wasserstein distance W ( ν1 , ν2) between distributions ν1 and ν2 is performed using 

the Kantorovich-Rubinstein duality (KRD, Villani, 2008):

W ( ν1 , ν2)=su p f [Eθ1 ν1(θ1)
( f (θ1))−Eθ2 ν2(θ2)

( f (θ2))],

where we seek a supremum over a space of 1-Lipschitz continuous (with finite gradients) functions f .

We set ptarget as θ1 and the distribution of generators outputs G ( γ ,ωG ) for γ platent as ν2. We seek a 

critic that returns the function f . Its goal is to maximize the following cost function :

V C (WGAN )(C ,G )=Eθ∼ ptarget (θ )[C (θ ,ωC )]−Eγ∼ platent ( γ )[C (G ( γ ,ωG ) ,ωC )]. 

The generator’s goal is to minimize the same cost function.

The finiteness of the gradients, originally enforced by clipping the weights of the critic (Arjovsky et al., 

2017), is achieved in the WGAN-GP algorithm (Gulrajani et al., 2017) by introducing a penalty on the 

critics gradient into its cost function:
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V C (WGAN )(C ,G )=Eθ∼ pdata(θ )[C (θ ,ωC )]−Eγ∼ platent ( γ )[C (G ( γ ,ωG ) ,ωC )]+ λ Eγ∼ platent ( γ )[(∨¿∇G( γ )C (G ( γ ,ωG ) ,ωC )∨¿2−1)2]

.(Eq.10)

We include a sample of pseudocode, based on Gulrajani et al. (2017), and a schematic of the WGAN 

process in Figure 1 to better demonstrate the WGAN learning process.

Set initial weights ωC
0❑, ωG

0

for i=1 ,2 , ... , N steps do

for j=1 ,2 , ... , N critic do

for k=1 ,2 , ... , N batch do #Construct the critic cost function

Pick random sample of θk ∈ ptarget, γ k ∈ platent

Pick random number ϵ k ∈[0 ,1]

θk=G ( γ k ,ωG
i−1)

θ̂k=ϵ k θk+(1−ϵ k )θk

V C
k (ω )=C (θk ,ω )−C (θk ,ω )+ λ(∨¿∇θ̂ C ( θ̂k ,ω )∨¿2−1)2

end for

ωC
i , j=optimize(∇ω

1
N batch

∑
❑

❑

❑V C
k (ω) ,ω)

end for

Sample a batch of N batch latent variables γ k ∈ Platent

ωG
i=optimize (∇ω

1
N batch

∑
❑

❑

❑−C (G ( γ k ) ,ωC
i , N batch

) , ...)

end for

The gradient penalty coefficient λ was set to a value of 10 (as in Gulrajani et al., 2017).

Additional meta parameters of the algorithm comprise the number of critic iterations per generator 

iteration N critic, the batch size N batch, total number of steps N step and metaparameters of the chosen 

optimizer. 

In every step of the algorithm we repeat N critic times the optimization of the critic’s weights to maximize 

the cost function (Eq.10) using randomly selected batches of the samples of the target distribution and the 

generated samples. This is followed by optimization of the generator's weights to maximize the cost 

function on a randomly selected batch of latent variables. We iterate these steps N step times but cut off the 

training process if we observe a convergence, to preclude overtraining.
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Figure 1: Scheme of GAN training process: Steps of the WGAN training process simultaneously 

training both the generator and the critic networks. The generator has input in the form of noise from its 

latent space and at every step creates a set of synthetic samples. The critic assigns a score to both 

generated and real training samples. The accuracy of the critic acts as a loss function for the critic 

training, while the score of the generated samples acts as a loss function for the generator training.

3 Method

3.1 Forward Model

MCMC inversions require large numbers of forward model computations that mostly need to be 

performed serially. Published dynamic source inversions typically have around thousand model 

parameters and require hundreds of thousands to millions of forward smulations (Gallovic et al., 2019, 

Schliwa et al., 2024), or tens of thousands for problems with ten parameters (Otarola et al., 2021). To 
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obtain a sufficient number of samples of the posterior PDF, it is critical to keep low the computational 

demands of the forward model solver. This places a constraint on the complexity of the assumed dynamic 

model, as the computational cost of dynamic rupture codes quickly grows with increasing complexity of 

the model physics and spatio-temporal resolution. Finite difference or boundary integral methods can take 

between tens of seconds to minutes to model a large earthquake in a simple fault geometry, while 

complex geometries (e.g. Jia et al., 2023) or additional physics (such as fault plasticity (Gabriel et al., 

2013)) require at least several hours of highly parallelized calculations. The goal of our dynamic source 

inversion approach is to model very large earthquakes, like the 2023 Turkey earthquake. We consider a 

simple 2.5-dimensional model to capture the basic properties of the earthquake physics while keeping the 

computational demands of the forward model and the dimension of the problem to a necessary minimum.

We employ a spectral element (Kaneko et al., 2008; Galvez et al., 2014) dynamic rupture code in 2D 

(Sem2dpack, Ampuero et al., 2024) to model the rupture propagation. Following Weng and Ampuero 

(2019), we efficiently handle large ruptures with high aspect ratio (much longer than wide) by adopting a 

2.5D approximation that solves for source properties averaged across the rupture depth. The 2.5D 

modeling approach accounts for the 3D effect of the finite rupture depth, while keeping the computational 

cost the same as in 2D simulations. This approach is appropriate for large earthquakes whose rupture 

saturates the seismogenic depth and then propagates horizontally. At any point along the fault strike, the 

slip in the 2.5D simulation corresponds to the maximum slip of a 3D problem in which the displacement 

is assumed to have a depth profile s p( z ), prescribed as a sine function with wavelength of two times 

seismogenic depth (Weng and Ampuero, 2019).

We prescribe the medium properties (density, P- and S- wave velocities) and a constant on-fault normal 

stress. The fault behavior is governed by the slip-weakening friction law (Andrews, 1976), which acts as a 

boundary condition relating the fault shear stress and slip. It has three parameters: static friction strength 

τ s, dynamic friction strength τ d, and slip-weakening distance Dc, which are allowed to vary spatially 

along the fault. Additionally, the initial shear stress τ 0 is also heterogeneous and unknown. During the 

inversion, we assume the dynamic friction to be constant, and invert for three heterogenous dynamic 

parameters - stress drop Δ τ d=τ 0−τ d, strength excess τ e=τ s−τ 0, and fracture energy 

Eg=
1
2
( τ s−τ d )Dc. We approximate the heterogeneous distribution of the dynamic parameters as 

piecewise linear distributions, evaluated on the fine simulation grid by linear interpolation between 

control values that are distributed on a coarser regular grid. As the goal is to model very large earthquakes 

on faults that are hundreds of kilometers long, we set the coarse grid spacing to 10 km. This spacing is a 

compromise between the smallest scale of the features we can explore and the computational cost of the 

inverse problem (which increases rapidly with the number of model parameters). 
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We keep the size of the spectral element model domain to a minimum necessary for an accurate dynamic 

simulation. To calculate synthetic seismograms on stations that are often outside this domain, we use the 

code AXITRA (Cotton and Coutant, 1997). To model seismograms, we expand the 2.5D slip rate solution 

to a vertical 3D fault, using the assumed depth profile s p( z ). The slip rate at along strike position x and 

depth z is calculated from the 2.5D slip rate ṡ( x ) as: 

ṡ( x , z )=s p( z ) ṡ( x ).

This expansion is consistent with the description of the 2.5D approximation in Weng and Ampuero 

(2019). The main approximation in comparison with a fully 3D dynamic model is that we assume the 

depth profile of slip is the same all along the fault.

3.2 Dynamic Inversion

We developed a new dynamic earthquake source inversion package PT-MCMC_seis, based on the PT-

MCMC code (see Resources), the code is written in the Python programming language, using MPI to 

handle the communication between parallel chains. The communication between the MCMC algorithm 

and the forward model code is conveniently handled through the input/output files. Sem2Dpack and 

AXITRA can be thus exchanged for a different, more complex code with only minor changes in the 

handling of the files.

The Metropolis-Hastings algorithm is based on proposing the candidate for the n+1 member m'n+1 of the 

Markov chain, based on randomly varying the n-th member mn.

The efficiency of the MCMC sampling can be improved by combining a mix of different algorithms for 

the random proposals (Tierney, 1994). In every Metropolis-Hastings step the proposal algorithm is 

randomly chosen according to a chosen ratio. The PT-MCMC package had several commonly used 

proposal algorithms already included, we expanded it by adding the log-normal perturbation.

In our inversion, we employ two proposals: (1) log-normal random perturbation (Gallovic, 2019) and (2) 

differential evolution step (Cajo, 2006). The log-normal step,

m'n+1=mn+δ ln exp [−log (r )],

produces samples from a log-normal distribution with random real number r  from a uniform distribution 

between 0 and 1. The parameter δ ln controls the size of the step. 

The differential evolution proposes the candidate based on a historical distribution of models. From a 

buffer of N last members of the chain, we choose two random members f j and f k and construct the 

candidate as:

f 'n+1=f n+δ DE( f j−f k ).

The parameter δ DE controls the size of the step.
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3.3 Two-Stage Inversion

The training of WGAN requires a sufficiently large dataset, covering the extent of the prior PDF. 

Depending on the dimension and complexity of the PDF, this sample size ranges from hundreds or 

thousands (Patel et al., 2022) to hundreds of thousands in the case of image generation applications 

(Saxena and Cao, 2022). The acquisition of such a training set for dynamic earthquake rupture models is a 

challenge because databases of dynamic models of past earthquakes are rarely available. To create this 

training dataset for WGAN prior, we aim to use MCMC sampling of an easier problem, optimally one 

with both lower dimension and less computational demand. 

We present a multi-stage Bayesian inversion, taking advantage of unique properties of the dynamic 

earthquake rupture forward problem. The rupture of a large earthquake nucleates on one point of the fault, 

the nucleation area, then propagates away from it. Reverse-propagation of the rupture or re-activation of 

already ruptured segments happens only rarely. We can thus divide the earthquake rupture (see Figure 2 

for illustration) into a hierarchy of temporal and spatial windows (e.g. window 1 is 0-10 s and 0-100 km, 

window 2 is 10-20 s and 0-200 km, etc). The initial inversion stage focuses on the first rupture window; it 

has fewer model parameters and a less costly forward problem. Inversion stages are interdependent: 

earlier stage inversion results act as a prior for a later stage inversion. We train a GAN on the samples of 

dynamic model parameters obtained in an earlier stage inversion, and use it in the next inversion stage to 

propose dynamic model parameters on the portion of the fault covered by the earlier stage. In this way the 

GAN output approximates the prior information constrained by the earlier stage inversion.

While the proposed multi-stage approach can be used to divide the dynamic earthquake inversion into 

multiple stages, we focus here on a proof-of-concept two-stage inversion. We present a simplified scheme 

of the two-stage inversion in Figures 2a and 2b.

We show the division of a specific dynamic rupture model (used also in Section 4) into two temporal and 

spatial stages in Figure 2a. The first stage covers the central portion of the fault from -25 to 25 km and 

contains independent model parameters in 5 control points. Its forward model is less computationally 

demanding due to the smaller size of the space and time domain  (50 km and 9 s vs 100 km and 25 s). 

Owing to the lower computational demands and lower dimension of the inverse problem, we can expect 

that it converges and samples its posterior PDF faster than the inversion of the whole model. We expect 

the second-stage inversion, covering the whole fault, to converge and sample the posterior PDF faster 

than a whole-model inversion, because a portion of the parameters is better constrained from the first-

stage inversion and the dimension of the problem is also lower.

In the first-stage inversion, we start from a wide and uniform prior PDF p(m ), similarly to Gallovic et al. 

(2019). The prior PDF of model parameters are mutually independent. We split the model parameters into 

two groups, m'  and m' '  (red and black dots, respectively, in Figs. 2a and 2b). The group m'  covers the 
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central portion of the fault, symmetrically around the hypocenter, and will be inverted in the first stage. 

Assuming the first-stage section of the fault does not rupture again at later times outside the first-stage 

time window, the dynamic model parameters m'  should be well constrained by the first-stage inversion. 

We can estimate what portion of the seismic data is generated by the first-stage model based on both 

travel time curves and inspecting seismograms generated by handcrafted models. We use this limited 

dataset d '  (the beginning portions of the seismograms) in the first-stage inversion, leaving out the rest of 

the dataset d ' '  containing both later portions of the seismograms and static GPS data. The first-stage 

inversion consists of the Bayesian update of the prior p(m' ) based on data d ' :

p(m'∨d ' )=k '−1 p(d '∨m' ) p(m' ).

The second-stage inversion updates the PDF of all model parameters m=[m' ,m ' ' ] based on all 

available data d=[d ' , d ' ' ]. The prior of the second stage is a combination of the first stage posterior 

PDF and the original wide prior for the rest of the parameters:

p(m )=[ p(m'∨d ' ) , p(m' ' )].

The Bayesian update of the whole earthquake can be written for the 2-stage inversion as

p(m∨d )=k−1 p(d∨m )[ p(m'∨d ' ) , p(m' ' )], 

where [ p(m'∨d ' ) , p(m' ' )] signifies a mixed prior of uniform, independent, prior PDF p(m' ' ) and 

1st stage posterior p(m'∨d ' ) that already includes the mutual interdependence of model parameters. 

The major advantage of this approach is that p(m'∨d ' ) is more constrained, including the mutual 

relationships between the dynamic parameters, leading to a much smaller parameter space to explore 

during the 2nd stage dynamic inversion. We need to take into account that the posterior PDF in both 

stages are approximated by the MCMC sampling via finite length MCMC chains. Additionally, the prior 

PDF p(m' ) in the second stage is further approximated as the output of the generator trained on the first-

stage inversion samples of p(m'∨d ' ).
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FIGURE 2: two-stage dynamic inversion method: (a) Illustration of the 2-stage dynamic inversion 

method steps. The thick black line with red and black dots represents the discretized fault, with nodes 

where model parameters are set. The triangles and seismograms represent measured data. Red nodes with 

model parameters included in the subset m’ are constrained from the beginning portions of the 

seismograms during the 1-st stage inversion (1.step), leading to a set of discrete samples from the 

posterior PDF. In the second step, we interpolate between the samples by training a generator G that maps 

its latent space to the model parameter space. The third step consists of a 2-nd stage inversion, 

constraining both the generator latent inputs and the m’’ subset of model parameters to create a database 

of discrete samples of the posterior PDF constrained by all available data. (b) Division of the slip-rate 

distribution of a dynamic model into two-stages, in both time and space. The 1st stage extent is 

represented by a red rectangle in space-time and red points representing model parameter nodes, while the 

2nd stage extent is represented by the black rectangle and black nodes. (c) The slip-weakening friction 

law relating fault slip and shear stress.
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4 Description of the Synthetic test and Results

We present a synthetic dynamic inversion test to compare the performance of the classical PT-MCMC 

dynamic inversion and our 2-stage PT-MCMC dynamic inversion. We designed a dynamic earthquake 

model by prescribing handcrafted values of the dynamic parameters on a 100 km long fault and running a 

2.5D dynamic rupture simulation. Using the resulting source model, we simulate data by computing low-

frequency seismograms and GPS displacements at 12 points along the fault (see Figure 3a for the 

positions with respect to the fault). We then apply both inversion approaches to sample model parameters 

that explain the simulated data.

While we use a handcrafted forward model with known dynamic parameters as a ground truth, the inverse 

problem is still highly non-unique and the shape of the posterior PDF is unknown and could contain 

multiple maxima. First, we assess if the inversion method finds the maximum around the handcrafted 

model, i.e. if the ground truth dynamic parameters are found to have relatively high posterior PDF values. 

Next, we evaluate properties of the inversion methods that are important for practical use, mainly: the 

integrated autocorrelation time, which controls how many independent samples of the posterior PDF are 

generated, and the variability of the results between several MCMC runs, both in the dynamic parameters 

and the kinematic ones. 

The PDFs presented in this section are often strongly non-Gaussian. To better display the shapes of the 

PDFs we show their kernel density estimates (KDE) defined as (Rosenblatt, 1956; Parzen, 1962) : 

f̂ ( x )= 1
nh ∑i=1

n

K (
x−xi

h
),

where n is number of points, h a smoothing parameter, xi the i-th sample from the PDF and K  a Gaussian 

kernel function. We use the standard Scott’s rule to set the value of the smoothing parameter 

h=N p
−1/(d+4 ), where N p is number of samples and d=1, dimension of the function. 

4.1 Description of the test

As described in Section 3.1, we parametrize the distribution of the dynamic parameters as piecewise 

linear distributions along the fault controlled by values on a regular grid of control points with 10 km 

spacing (dots in Figure 3a). The model parameters to be inverted for are the values of stress drop, strength 

excess, and fracture energy at these control points. The control grid starts 10 km along strike, ends at 90 

km, and contains 9 control points in total, leading to 27 model parameters. At the edge of the fault, 

outside of the control grid, we set high values of fracture energy and strength excess together with low 

stress drop to act as a barrier stopping the rupture. The forward simulations use a much finer grid, on 

which dynamic parameters are linearly interpolated between the values of the coarse control grid. We 
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nucleate the earthquake at the center of the fault (50 km along strike) by prescribing time-weakening that 

enforces a rupture front expanding at 2 km/s during 2 seconds. The friction coefficient drops from 0.585 

to 0.4 in the nucleation zone.

We prepare a target dynamic model that nucleates in the center of the fault (50 km along strike) and 

ruptures the whole fault. We show the model parameters, along strike distributions of slip-rate and slip in 

Figures 3c and 3d. The slip rate distribution in space and time is shown in Figure 3e. The eastward 

rupture (0-50 km along strike) propagates at supershear speed, while the westward rupture speed is 

subshear. 

We generate strong motion displacement seismograms in the frequency band 0.05-0.5 Hz at 12 seismic 

stations and coseismic GPS displacements at 12 GPS stations. Their locations are shown in Figure 3a. We 

prescribe a Gaussian distribution of seismogram and GPS error with 15 cm and 2 cm standard deviation, 

respectively. The likelihood function is thus based on the L2 norm of the difference between the target 

and synthetic data of both seismograms and GPS displacements, normalized by the standard deviation of 

their error.

We apply PT-MCMC_seis to sample the posterior PDF. For the direct inversion, we run 5 independent 

dynamic inversions for 25,000 steps. For the two-stage inversion, we first run 3 first-stage inversions and 

construct a GAN prior out of their pooled samples. Then we run 5 independent second-stage inversions 

under the same conditions as the direct (single-stage) inversions. In all cases, each inversion uses 12 

chains with temperatures geometrically distributed between 1 and 30. Each inversion thus visits 300,000 

models. We choose an initial model for the inversion by randomly perturbing the ground-truth dynamic 

parameters by up to 5%. 
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FIGURE 3 Problem setup and target model: (a) Map of the test model fault geometry including model 

parameter nodes (black circles), seismic stations (black triangles), GPS stations (gray upside-down 

triangles) and the nucleation zone (black star). Along-strike distribution of the dynamic parameters (stress 

drop (b), strength excess (c), and fracture energy (d)) with model parameter node values displayed as 

green circles and the linear interpolation between them as black lines. (e) Slip-rate (e) and slip (f) 

distributions of the target dynamic model.

4.2 Two-stage inversion details

The extent of the first-stage model is 60 km along strike and 9 s in time (see Figure 2a). We invert for the 

dynamic parameters at the 5 control points located from -20 km to 20 km along strike, for a total number 

of 15 model parameters. We chose to fit strong-motion seismograms over a limited time window, with 

durations ranging from 8 s for the station furthest from the nucleation to 18 s for the station closest to the 
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nucleation. We show seismogram data and their fit by the inversion in Figure S1. The computational 

demands for one first-stage forward simulation are decreased by 75% in comparison with the full-scale 

simulation, while the dimension of the problem is 55% of the whole.

The first-stage inversion consisted of 3 independent MCMC runs. Their average IAT is 518 +- 151 (the 

large error is caused by one run having an IAT of over 700). We removed the first 2000 samples as a burn 

in period and undersampled by a factor of 60, which led to a training dataset of 1100 models. We chose 

the undersampling factor of 60 as the training process with smoother (less undersampled) dataset was 

easier and allowed the WGAN algorithm to more easily generalize between the samples. This 

undersampling was also sufficient to remove any redundant models stemming from the refused proposals 

in the Metropolis-Hastings algorithm. The posterior PDF of the model parameters is shown in Figures 

4a,b,c, calculated as 1D kernel density estimates from the same training dataset.

We experimented with various setups of the critic and generator architecture and metaparameters of the 

training process. We chose to use an architecture based on fully connected neural networks with 2 internal 

layers for the generator and 3 for the critic. All internal layers consist of 128 neurons with a rectifier 

activation function (ReLu). The original WGAN/WGAN-GP uses convolution layers for image 

generation applications. The difference in our case is a much lower dimension of the problem/output of 

the generator (3 x 5 parameters vs 28 x 28 in the MNIST dataset (Deng, 2012)). Using convolution layers 

can be more advantageous in problems with finer discretization of parameters. 

We use the Adam optimizer to train both networks, with batch size of 16, learning rate of 0.0001, and 

metaparameters β1=0.9 and β2=0.999. We set a three-dimensional latent space for the generator and 

set the PDF distribution of the latent vectors as a 3D Gaussian function with mean of 0.5 and standard 

deviation of 0.33, truncated to the interval [0,1]. The training process took 4 million steps to achieve 

convergence in the cost function of both generator and critic (see Figure 4d). The generator can be then 

used as a prior in the second stage inversion as it generates samples (sets of model parameters) whose 

distribution closely approximates the distribution of the training set (see Figure 6a,b,c for the generated 

prior PDF).

The second-stage inversion involves the same forward model as the whole inversion. The parametrization 

of the problem is different: the second-stage inversion inverts for 4 x 3 dynamic parameters outside the 

first-stage portion of the fault and for the 3-dimensional latent space vectors of the generator associated 

with the first-stage portion of the fault. The total number of model parameters in the second stage is thus 

15 instead of 27 in the direct inversion.
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FIGURE 4: 1-st stage inversion result and training of WGANs: Heat map showing 1D kernel density 

estimates (KDEs) of dynamic parameters along the fault: stress drop (a), strength excess (b) and fracture 

energy (c). Green dots denote target model parameters and purple dots and error bars show mean and 

standard deviation of the posterior PDF.(d) Generator (blue line) and Critic (orange line) cost function 

values as a function of the number of training steps.

Inversio

n type

Spatial 

dimension

Time 

dimension

CPU 

time

Burn-in 

period

IAT (steps) Acceptan

ce T=1

Acceptance of 

exchange

Direct 100 km 30 s 42 s 5000 steps 426 +- 65 0.23+-

0.01

0.24+-0.01

1st stage 60 km 9 s 9 s 3000 steps 518 +- 151 0.40+-

0.01

0.28+-0.01

2nd 

stage

100 km 30 s 42 s 5000 steps 339 +- 81 0.13+-

0.01

0.28+-0.01

TABLE 1 Details of the inversions: Table includes important numerical (spatial and temporal dimension) 

statistical properties (Integrated autocorrelation time, acceptance rates) of the direct and both stages of the 

two stage inversion. 
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4.3 Results

We present the average acceptance rates of chains with lowest and highest temperature and an average 

acceptance rate of the temperature swaps in Table 1. We show KDEs of prior and posterior PDFs of 

dynamic parameters in Figures 5 and 6 for the direct and second stage of the 2-stage inversion, 

respectively. These are pooled results of all 5 runs of either direct or two-stage inversions as would be 

done during the application of dynamic inversion to study a specific earthquake. We present the single 

plots for each inversion in the Supplement to show differences between single MCMC runs.

We present properties of the MCMC inversions, namely IAT and acceptance rates, in Table 1. To 

illustrate the properties of the direct and two-stage inversion methods, we include the estimates of the 

dynamic parameters (Figure S5) and kinematic parameters (Figure S6) from single MCMC runs. The 

estimates are calculated as an average from a model set acquired from the Markov chain by removing the 

burn-in period and undersampling by a factor of 2 x IAT. In Figure 7, we show the histograms of the 

ratios between the variances of estimates of both dynamic and kinematic parameters. 
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FIGURE 5 1D KDEs of dynamic parameter prior and posterior PDF of direct inversion: Heat map 

showing 1D kernel density estimates (KDEs) of prior (a,b,c) and posterior (d,e,f) PDF of dynamic 

parameters from direct dynamic inversion, showing stress drop (a,d), strength excess (b,e) and fracture 

energy (c,f) along the fault. Green dots denote target model parameters and purple dots and error bars in  

(d,e,f) show mean and standard deviation of the posterior PDF.

FIGURE 6 1D KDEs of dynamic parameter prior and posterior PDF of the second stage of the 2-stage 

inversion: Heat map showing 1D kernel density estimates (KDEs) of prior (a,b,c) and posterior (d,e,f) 

PDF of dynamic parameters from the second stage of the 2-stage dynamic inversion, showing stress drop  

(a,d), strength excess (b,e) and fracture energy (c,f) along the fault. Green dots denote target model 

parameters and purple dots and error bars in (d,e,f) show mean and standard deviation of the posterior 

PDF. Prior PDF of the 1-stage parameters (-20 to 20 km along strike) is generated by WGAN.  
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FIGURE 7: Ratios of expectancy variances of dynamic and kinematic parameters: Distribution of ratio  

between normalized standard deviation of mean estimate from 2-stage and direct inversion (values less 

than one mean lower standard deviation of 2-stage results) of (a) stress drop, (b) strength excess, (c) 

fracture energy, (d) rupture time), (e) maximum velocity, (f) rupture velocity, and (g) slip.

6 Discussion

We performed a Bayesian dynamic earthquake source inversion of a target model and compared the 

performance of the original MCMC dynamic inversion with our newly developed two-stage approach. 
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We include results of 5 independent inversion runs for each method, for the first time assessing the 

stability and repeatability of the dynamic inversion results. We parametrize the performance and 

efficiency of the methods by the integrated autocorrelation time (IAT) and the variance between both 

dynamic and kinematic properties of the rupture across different inversion runs.

The IAT values reported in Table 1 demonstrate the difficulty of the dynamic inversion problem and 

motivate our new method. Indeed, with IAT in the range of 400, the direct dynamic inversion produces 

only ~20-30 independent samples from the posterior PDF after visiting 300,000 models. This result 

underscores the need for further improvements of the dynamic inversion methodology. Our novel two-

stage inversion method is a step in that direction: it has a 20% lower IAT than the direct inversion. Note 

that the reported IAT is a maximum over all model parameter dimensions; its value is driven by model 

parameters with high uncertainty that tend to be at the edges of the rupture, e.g. the stress drop at -40 and 

-30 km along strike and the fracture energy at 30 and 40 km along strike. The volume of this subset of the 

parameter space is not decreased by our two-stage method, which ultimately limits the improvements on 

sampling speed. The IAT calculated as mean over all parameter dimensions reaches 178+-19 and 152+-34 

for the direct inversion and 2-stage inversion, respectively. Comparison of the distributions of the IAT for 

all model parameters (see Figure S8) shows a consistent improvement for the 2-stage method in limiting 

the size of the tail at large values of IAT.

The decrease in variance of both dynamic and kinematic parameters (Fig. 7) is more significant: the 

majority of the standard deviations of both dynamic and kinematic parameters estimates are lower for the 

2-stage method. In many cases, more than half of the parameter estimates show a 50% improvement in 

the standard deviation (especially strength excess in Fig 7b and rupture time in Fig 7d). This points 

towards better reliability of the new two-stage MCMC approach. The improvement is very visible even at 

the edges of the rupture not covered by the first-stage prior. Especially, the variance of kinematic 

parameters on the eastern portion of the fault (Figure S4b), which is less covered by data, is much larger 

in the direct inversion than in the two-stage inversion, e.g. rupture time variance of 35% versus less than 

5%.

One of the manifestations of the non-uniqueness of the dynamic inversion problem are trade-offs between 

dynamic model parameters. We calculated correlations between all model parameters (Figure 8a). In 

Figure 8b, we point out very clear correlations between fracture energy and stress drop, both on the 

subshear and supershear portions of the fault. This relationship is weaker at the nucleation zone and at the 

edges of the fault, where rupture arrests. This trade-off is expected based on analytical results from the 

2.5D theory of subshear elongated ruptures (Weng and Ampuero, 2019). This theory establishes a rupture 

tip equation of motion that relates the evolution of rupture speed and rupture acceleration to the ratio of 

fracture energy and static energy release rate Eg /G0. That structure of the equation of motion shows that 
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large subshear ruptures are controlled by the energy ratio Eg /G0. Given G0=τ d
2 W ' /μ, where W '  is a 

measure of rupture width and μ is shear modulus, the energy ratio is proportional to Eg / Δτ d
2. The 

rupture behavior, during subshear portions, should thus depend on the ratio of dynamic parameters 

Eg / Δ τ d
2 and we should expect the trade-off between fracture energy and stress drop. We note that, 

although this theory is so far available only for subshear ruptures, our results suggest that the trade-off 

between fracture energy and stress drop generalizes to supershear ruptures too.

We did not encounter any other consistently occurring local tradeoffs between parameters, but we also 

observe anticorrelation between values of both stress drop and fracture energy among neighboring control 

points (see Figure 8a). As stress drop correlates with slip and therefore with the earthquake magnitude, we 

explain this trade-off by the need to match the earthquake magnitude. 

We note that the posterior PDF shapes are influenced by the properties of the dataset, both in terms of 

frequency, station amount and locations. In particular, the closer are the seismic stations to the fault, the 

better resolution of the rupture velocity as the arrival times at the stations are closer to rupture times on 

specific segments of the fault. Additionally, the inclusion of the static GPS data significantly decreases 

the uncertainty as the static displacement  strongly constrains the amount and position of slip and stress 

drop.

While the Parallel tempering method uses several parallel chains, only one chain samples the posterior 

PDF. The other chains sample the tempered distributions. We can better utilize modern supercomputers to 

increase the number of posterior PDF samples by running several independent dynamic inversions in 

parallel. Running the inversions independently requires expending additional computational resources on 

the separate initial burn-in periods. 

We note that our synthetic test represents an optimal situation in which the target model is known and the 

initial guess is only 5% away from the target, with a burn-in period of 5000 steps (60000 visited models, 

or 20% of the total MCMC steps and visited models). Based on our experience, it can be expected that 

inverting a real earthquake will require a higher percentage of the total to be expended for the exploratory 

burn-in period. For example, in Schliwa et al. (2024), 1.2 million models were visited during the 

exploratory stage and 0.8 million during the sampling stage (40% of the total).

With increasing number of parallel runs, the speedup from this naively parallelized MCMC inversion 

tends towards 1+1/γ , where γ  is the fraction of samples removed as a burn-in period (Wu et al., 2012). 

The advantage of our 2-stage approach is that the computationally more demanding second stage already 

starts with a PDF of the portion of the parameters significantly constrained, thus decreasing the length of 

the burn-in stage and increasing the efficiency of the parallelization. Additionally, the burn-in period for 

the faster first stage inversion is shorter, thus making its parallelization more efficient. 
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Figure 8: Correlations of dynamic paraneters: (a) Matrix of correlation coefficients between the dynamic 

parameters. Red values denote a positive correlation, while blue values denote a negative correlation. 

The first 9 columns correspond to stress drop (from -40 to +40 km along strike), the next 9 to strength 

excess and the last 9 to fracture energy. (b-j) Correlation graphs of stress drop and fracture energy at 

positions from -40 to 40 km along strike.

7 Conclusion

We presented and tested a novel multi-stage approach for dynamic earthquake source inversion, based on 

dividing the earthquake rupture into hierarchical temporal and spatial stages, with information about 

parameters in the earlier stages acting as a prior for the later stages. This approach is made possible by 
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employing Wasserstein Generative Adversarial Networks, trained on the earlier stage inversion results, to 

make proposals of the model parameters. We show a proof-of-concept dynamic inversion of a synthetic 

benchmark, comparing the performance of direct Monte Carlo dynamic inversion with parallel tempering 

to that of our two-stage approach. We show an improvement in relevant performance metrics, including 

integrated autocorrelation time, and show a large increase in stability of the inversion across 5 

independent runs.

The new multi-stage approach has a potential to improve the workflow of Bayesian dynamic earthquake 

source inversion, where the set up of an initial model with high enough posterior PDF is both 

computationally and work intensive. This is alleviated by the multi-stage approach that reduces the 

number of model parameters and data at each stage. In combination with presented performance and 

reliability improvements the multi-stage approach can be a next step in tackling the difficult task of 

nonlinear inversion of physics-based earthquake models.
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Text S1. Variance of the mean estimate 

Here we calculate the error of the MCMC sampling of a random variable f (a dynamic 

source parameter). We assume the chain {𝑓𝑛}, 𝑛 = 1,2, . . 𝑁, is stationary, i.e. its probability 

distribution is not changing across steps. This property is potentially difficult to meet in 

practice, but can be approximated by a long enough convergence/exploration period. 

 

The mean  

𝑀(𝑓) =
1

𝑁
∑ 𝑓𝑛

𝑁

𝑛=1

(1) 

is a random variable with variance 

 

𝑉[𝑀(𝑓)] =
1
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𝑟=1
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where 𝐶𝑟,𝑠(𝑓, 𝑓) is the correlation function 

 

𝐶𝑟,𝑠(𝑓, 𝑓) = 𝑀(𝑓𝑟𝑓𝑠)/√𝑉(𝑓𝑟)√𝑉(𝑓𝑠) (3) 

   

Given the process is stationary,  

√𝑉(𝑓𝑟) = √𝑉(𝑓𝑠) = 𝜎(𝑓) (4) 

   

and thus 

𝑉[𝑀(𝑓)] =
𝜎2(𝑓)

𝑁2
∑ ∑ 𝐶𝑟,𝑠(𝑓, 𝑓)√𝑉(𝑓𝑟)√𝑉(𝑓𝑠)

𝑁

𝑠=1

𝑁

𝑟=1

 (5) 

 

The correlation generally decreases towards zero with increasing lag |𝑟 − 𝑠|. Assuming it 

reaches near-zero values at lags that are small compared to N, we approximate the inner 

sum in (5) as: 

∑ 𝐶𝑟,𝑠(𝑓, 𝑓)

𝑁

𝑠=1

≈ ∑ 𝐶𝑟,𝑟+𝑖(𝑓, 𝑓)

∞

𝑖=−∞

(6) 

   

Owing to stationarity, 𝐶𝑟,𝑟+𝑖 is independent of 𝑟, thus we denote it simply by 𝐶𝑖. Noting 

that the members of the sum over 𝑟 in Equation (2) are identical and equal to 

𝜎2(𝑓) ∑ 𝐶𝑖(𝑓, 𝑓)∞
𝑖=−∞ , we get 

𝑉[𝑀(𝑓)] ≈  
𝜎2(𝑓)

𝑁
∑ 𝐶𝑖(𝑓, 𝑓)

∞

𝑖=−∞

(7) 

     

 

For ‘optimal’ MC, all correlation coefficients except 𝐶0 are 0, and then the variance of the 

mean estimation is 

𝑉𝑜𝑝𝑡[𝑀(𝑓)] =
𝜎2(𝑓)

𝑁
𝐶0(𝑓, 𝑓) (8) 

    

 

For MCMC, we re-write Equation (7) as  

𝑉𝑀𝐶[𝑀(𝑓)] =
𝜎2(𝑓)

𝑁
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𝑖=−∞
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For a same number of steps N, the variance 𝑉𝑀𝐶 of MCMC (Eq. 9) is higher than the ideal 

value 𝑉𝑜𝑝𝑡 (Eq. 8) by a factor defined as twice the integrated autocorrelation time (IAT):  

 

𝑉𝑀𝐶[𝑀(𝑓)] = 𝑉𝑜𝑝𝑡[𝑀(𝑓)] × 2 𝜏𝑖𝑛𝑡(𝑓) (10) 
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where 

𝜏𝑖𝑛𝑡(𝑓) = 0.5 ∑
𝐶𝑖(𝑓, 𝑓)

𝐶0(𝑓, 𝑓)

∞

𝑖=−∞

 (11) 

 

The factor 0.5 in Equation (11) is only a matter of convention.  

The IAT is a measure of the efficiency of the MCMC methods. Equations (8) and (9) show 

that MCMC with 𝑁𝑀𝐶  steps achieves the same variance as optimal MC with 𝑁𝑜𝑝𝑡 steps if 

𝑁𝑀𝐶 = 2 𝜏𝑖𝑛𝑡 × 𝑁𝑜𝑝𝑡. Thus, IAT quantifies how many more steps the MCMC method needs 

to achieve the optimal variance. 

In multidimensional problems with 𝑀 model parameters, we estimate 𝜏𝑖𝑛𝑡(𝑚𝑖) for each 

model parameter 𝑚𝑖 , 𝑖 = 1,2,3, . . . , 𝑀, separately. The maximum value over all parameters 

is then taken to evaluate the efficiency of the MCMC method. 

 

 

 

 

 

 

Station Number Window size (s) Station Number Window size (s) 

0 12.5 6 10.0 

1 17.0 7 17.0 

2 18.0 8 18.0 

3 18.0 9 18.0 

4 15.0 10 10.0 

5 10.0 11 8.0 

 

Table S1: Time windows lengths for each station in the first-stage inversion of the 

synthetic test. The start of the window is 2 s before the time of arrival for all stations.  
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Figure S1: First-stage inversion seismogram fit 

Data fit by the first-stage inversion of the initial portions of the seismograms at station 
locations shown in Figure 3a. Black curves: displacement seismograms. Yellow-red heat 
map: kernel density estimate of the first-stage inversion seismograms.  
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Figure S2: Direct inversion seismogram fit 

Data fit of the seismograms by direct inversion method. Station positions are shown in 
Figure 3a. Black curves: displacement seismograms. Yellow-red heat map: kernel density 
estimate of the seismograms. Each panel of 6x4 pictures results from a single MCMC run. 
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Figure S3: 2-stage inversion seismogram fit 

Data fit of the seismograms by the 2-stage inversion method. Station positions are shown 
in Figure 3a. Black curves: displacement seismograms. Yellow-red heat map: kernel 
density estimate of the seismograms. Each panel of 6x4 pictures results from a single 
MCMC run. 
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Figure S4: 2-stage inversion seismogram fit 

Data fit of the GPS displacements by the direct (a-e) and 2-stage inversion method (f-j). 
Station positions are shown in Figure 3a. Black arrows: target model displacement. Red 
arrows: mean inverted displacement. Red heat map: kernel density estimate of inverted 
displacement.  
 



 

 

 

10 

 

 

 
 
Figure S5 

Mean estimates of along-strike distribution of dynamic parameters (stress drop, strength 
excess and fracture energy) from the 5 runs of the direct dynamic inversion (a-c) and 2-
stage dynamic inversion (d-f). The numbers above the plots are values of variance in mean 
estimates calculated from the 5 different inversions. The numbers on the right are 
variances of mean estimate averaged over the whole fault. 
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