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• Feedback between flow and thaw of pore ice is proposed to explain water track13

formation and regular spacing14

• Model predicts a dominant spacing of flow paths consistent with observations of15

water tracks at Toolik LTER station16

• Further in-situ measurements of flow speed are needed to interpret future behavior17

of permafrost drainage networks18

Abstract19

On many frozen hillslopes, subsurface water above permafrost is routed through20

regularly spaced, linear features known as water tracks. We test whether water21

tracks form through thermal channelization, where heat from viscous dissipation22

in flowpaths deepens the active layer, creating a preferred flow path that attracts23

more water. We derive equations for suprapermafrost Darcy flow and, using linear24

stability analysis, we calculate growth rates and obtain wavelength selection for this25

system, which we compare to observed water track spacing from the high Arctic.26

Our model predictions are sensitive to flow speed, but the predicted cross-slope27

water track patterns are consistent with observed water track spacing under high28

flow conditions in the Low Arctic. Our model implies that signatures of changing29

climate might be found in changing water track spacing. However, feedback between30

flow and thaw is unlikely to drive flow path development in areas of low flow rate.31
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Plain Language Summary32

Water tracks move water across frozen landscapes, transferring water and nutrients from33

the uplands downstream to lakes and rivers, promote increased biological activity, and are34

an outsize source of greenhouse gasses. Sometimes these flow paths are equally spaced,35

and since other equally spaced flow paths associated with landscapes and ice seem to form36

from positive feedbacks between flow speed and melting or erosion, we tested whether37

this framework might explain water track appearance. We mathematically described the38

physics of the system and saw whether perturbations to that system grew or shrank39

depending on their size, and we found that the spacing (wavelength) of the resulting40

system matches well with observed spacing in nature if we chose a flow speed that is41

on the higher end of what has been observed in the field. These results imply that the42

physics we chose to represent this system are a good representation of the real world, but43

more field observations of these systems are needed.44

1 Introduction45

In cold regions, the presence of perennially frozen soil, or permafrost, modulates water46

infiltration and flow on soil-mantled slopes. On some frozen hillslopes in the Arctic47

and Antarctic, the impermeable permafrost table directs surface and subsurface flow48

paths into linear zones of enhanced soil moisture called water tracks (McNamara et al.,49

1999; Luoto, 2007; Levy et al., 2011; Tananaev, 2022; Trochim et al., 2016). These50

suprapermafrost flowpaths are theorized to result from the fact that peak discharge from51

spring snowmelt (Bring et al., 2016) coincides with a relatively shallow permafrost table,52

perching flowpaths at or near the surface (Hastings et al., 1989a; McNamara et al.,53

1999; Bring et al., 2016). Previous authors have noted the morphological similarity54

between water tracks in polar deserts and low-albedo streaks on other solar system bodies55

(Wray, 2021). However, many outstanding questions remain, including whether water56

tracks are transient or steady-state features of frozen landscapes, and whether the spacing57

or morphology of water tracks elucidates climate and/or topographic control on their58

formation (see reivew by Del Vecchio and Evans, 2025).59

Across regional settings, water tracks have been observed to exhibit regular intertrack60

spacing, with track widths that scale with intertrack distance (Figure 1). In the High61

Canadian Arctic, 30 cm wide tracks are spaced about 1 m apart (Paquette et al., 2017);62

in the tundra of Alaska and Russia, tracks of 10-20 m width are spaced 20-60 m apart63

(Curasi et al., 2016; Tarbeeva et al., 2021; Del Vecchio et al., 2023). Antarctic water tracks64

generally do not exhibit regular spacing, though some isolated examples exist (Figure 1c)65

(Del Vecchio and Evans, 2025). The Arctic flowpaths are also often remarkably straight,66

and tend not to branch with adjacent flowpaths for kilometers (Fig 1a). Recurring slope67

lineae (RSL) on Mars also exhibit somewhat regular spacing (Fig. 1d). The formation68

of water tracks may thus be analogous to that of erosional rills (Smith and Bretherton,69

1972) or dissolution karren (Bertagni and Camporeale, 2021), both of which have been70

described using linear stability analysis, a technique to model the onset of regularly71

spaced features. If thermal effects play a more important role, as sediment transport is72

rarely observed in water tracks (Del Vecchio and Evans, 2025), then better analogs that73

have also been studied via linear stability may be the channels that form by thaw on the74

tops of glaciers (Mantelli et al., 2015) or in the subglacial environment (Hewitt, 2011;75

Warburton et al., 2024).76
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Figure 1: Four locations of flows exhibiting regular spacing in frozen landscapes.(a) Planet
SuperDove true color image of Low Tundra vegetated water tracks in Russia near the
Curasi et al. (2016) site. (b) Worldview2 panchromatic image of the Ward Hunt Is-
land site described in Paquette et al. (2017). (c) WorldView2 panchromatic image of
water tracks in the Taylor Valley, Antarctica (Levy et al., 2011). (d) RSL site in south-
east Melas Chasma, Valles Marineris, Mars, visible in black and white HiRISE image
ESP 031059 1685.
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Water tracks comprise a large portion of the effective drainage network (McNamara77

et al., 1999), and their hypothesized position between saturation and incision thresholds78

may contribute to the pan-Arctic trend of low drainage densities in permafrost landscapes79

(Del Vecchio et al., 2024). Water tracks also play important biogeochemical roles in80

permafrost landscapes via the flux of water and nutrients from the uplands downstream81

to lakes and rivers (Evans et al., 2020). By promoting deeper thaw and flow of water82

and nutrients, water tracks promote increased biological activity (Harms et al., 2020;83

Cheng et al., 1998; Hastings et al., 1989b), resulting in water tracks being “hotspots”84

of greenhouse gasses relative to their surface area on landscapes (Harms et al., 2020).85

Discovering the environmental factors that set water track spacing is important because86

changing climate conditions may promote disturbance in water tracks on a landscape87

experiencing perturbations (i.e. climate change) that would drive a change in track88

configuration (Del Vecchio et al., 2024; Evans et al., 2022).89

Although previous authors have speculated on site-specific factors leading to flow-90

path initiation and form, no unified theory of water track initiation and spacing exists91

(Tananaev, 2022; Del Vecchio and Evans, 2025). Some hypothesize they work like ero-92

sional rills, but do not develop into true fluvial channels due to high incision thresholds93

imparted by frozen ground and/or the eluviation of fines and the leaving of a coarse lag94

(McNamara et al., 1999; Paquette et al., 2017; Del Vecchio et al., 2023). In this model the95

balance of fluvial incision (advection) and soil movement via creep-like processes (diffu-96

sion) would operate as in temperate landscapes (e.g. Smith and Bretherton, 1972; Izumi97

and Parker, 1995; Smith, 2010) with the caveat of seasonally imparted erosion thresh-98

olds. Other authors suggest water tracks are merely the saturated surface expression of99

degrading ice wedge polygons and other (thermally controlled) patterned ground such as100

“nonsorted stripes” (Paquette et al., 2017; Tarbeeva et al., 2021; Tananaev, 2022). Harris101

et al. (2025) suggest that water flow is a side effect, rather than a driver, of water track102

patterns, and water track spacing is associated with pre-existing patterned ground. Parr103

et al. (2020) suggest windblown snow preferentially forms protective drifts in upwind wa-104

ter tracks, enhancing spring runoff and erosion, while downwind tracks remain exposed,105

leading to evolution of the observed spacing; however, these authors did not propose that106

this mechanism initiates water tracks. We hypothesize here that an important mecha-107

nism for water track initiation is the generation of heat via flow in water tracks, driving108

focused thaw and initiating a positive feedback, by analogy with supra- and sub-glacial109

channels (Mantelli et al., 2015; Hewitt, 2011; Warburton et al., 2024)..110

In this paper we develop a model for heat transport in a suprapermafrost hillslope111

environment, accounting for the heat produced by viscous dissipation in the flowing water112

warming the surrounding cold soil. We perform a linear stability analysis of the model,113

to calculate the rate at which periodically spaced perturbations, i.e. localized thaw of114

the permafrost table, grow from a laterally uniform background state, as a function of115

the wavelength between features. Positive growth rates are indicative of the potential for116

instability (i.e. water track development), and the wavelength with the largest growth117

rate may correspond to the spacing of the eventual water tracks. We show that the118

most unstable wavelength is consistent with the spacing of water tracks on the North119

Slope of Alaska when field-measured temperature profiles and upper estimates of flow120

conditions are used. We discuss implications of assuming this thermal mechanism for121

water track formation to predict changes in water routing under warming conditions,122

while also considering alternative mechanisms for water track development in regions123

where this thermal model does not indicate a channelizing instability.124
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Figure 2: (a) A diagram of the suprapermafrost landscape, showing the hillslope from
x = 0 to the stream at x = xt. The ground is frozen below z = zint, measured from the
surface at z = 0. (b) Cross-section showing the development of periodic fluctuations in
thaw depth orthogonal to the flow direction.

2 Model for water track initiation125

In this section, we develop a model of flow and thermal evolution designed to repre-126

sent hillslopes in the vegetated Low Arctic. We consider water track evolution along a127

parabolic hillslope (Gilbert, 1909) which starts at a flat summit at x = 0 and ends at a128

stream at its toe, x = xt. Our soil consists of an unfrozen layer, from z = 0 to z = −zint,129

on top of a frozen layer, from z = −zint downwards (figure 2). We assume the unfrozen130

layer is fully water-saturated and the frozen layer is fully ice-saturated. Our aim is to131

track the thaw of ice from the pore space, leading to migration of this top of the per-132

mafrost table, zint, in time and space, accounting for the heat produced by the flow of133

water.134

2.1 Flow model135

We assume that water flows through the unfrozen layer according to Darcy’s law,136

u = −k0

µ
(∇p − ρwgẑ), (1)

where u is the Darcy flux, k0 is an effective permeability for the unfrozen layer, µ is the137

viscosity of water, ρw is the density of water, g is gravity, and p is the water pressure. The138

stream at xt acts as a sink, with a fixed pressure head p(xt) = pt. Due to the aspect ratio139

of the flow, with water tracks much shallower than the horizontal scale of variations, we140

ignore the vertical component of u and consider only flow that is parallel to the surface141

of the hillslope, meaning that pressure is hydrostatic.142

Assuming that the whole of the unfrozen layer is saturated, the water flux through143

the unfrozen layer is, by integration of the Darcy flux, q = zintu. We assume there is no144

flow in the frozen layer. Thus, conservation of mass is given by145

∇ · q = 0, (2)

assuming that the water level equilibrates fast compared to the timescale of permafrost146

thaw, and that all water joins the flow from rain or snow melt at the top of the hillslope.147
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2.2 Thermal model148

We assume the temperature within the unfrozen and frozen layers obeys the heat equa-149

tion, with thermal conductivities ku and kf , and specific heat capacities Cu and Cf ,150

respectively. Given that the flow is predominantly downslope, while the temperature151

gradients are expected to be primarily vertical (and lateral between track and intertrack),152

we neglect advection of heat by the flow as compared to diffusion.153

Thus the temperature within the unfrozen region is governed by154

Cuρu
∂Tu

∂t
= ku∇2Tu + Q, (3)

where dissipation within the water flow provides an internal heat source of155

Q = |u · ∇p| = k0

µ
|∇p|2, (4)

while within the frozen region, there is no flow and therefore no internal heat source, and156

the heat transfer is represented by157

Cfρf
∂Tf

∂t
= kf∇2Tf . (5)

The interface between the layers, zint, is by definition at freezing point, Tu(−zint) =158

Tf (−zint) = Tm, while a balance of latent and sensible heat fluxes across the interface159

means that the melt-rate is given by160

ρwϕL
∂zint

∂t
= ku

∂Tu

∂z
− kf

∂Tf

∂z
, (6)

where L is the latent heat of fusion, ϕ is the pore fraction occupied by water/ice, and ρw161

is the density of water that is changing phase.162

At the surface, we apply a heat flux coming from a combination of incoming solar163

radiation, Frad, assumed constant in space, and a conductive heat flux proportional to164

the difference between the soil surface temperature, Tu(0), and the air temperature, Ta,165

giving166

ku
∂Tu

∂z

∣∣∣∣∣
z=0

= Frad + β[Ta − Tu(0)]. (7)

The parameter β describes the insulation provided by a thermal boundary layer at the167

surface, e.g. within a snow or vegetation layer, to account for the observed difference168

between air and soil temperature.169

2.3 Linear stability analysis170

We write the depth of the frozen-interface as171

zint = z̄int(x, t) + ẑint(x)eiκy+σt, (8)

where z̄int is the laterally averaged value, and ẑint is the amplitude of the perturbation172

at a wavelength λ = 2π/κ, which has growth rate σ(κ). We linearize the governing173

equations to write the perturbations to all other quantities in terms of ẑint, then solve for174

σ(κ) in terms of key landscape variables (topography, ϕ, β, ∂Tf/∂z).175
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Details of the calculation are given in the Supplementary Information. We find that176

the shortest wavelengths are stabilized by diffusion of heat through the frozen layer away177

from the water tracks, while the longest wavelengths are stable because the fixed total178

water availability on the hillslope discourages the formation of very large flow-paths,179

which are hard to fill. Intermediate wavelengths are unstable due to the additional180

heating provided by a greater depth of flow.181

The fastest-growing wavelength of instability, λ = 2π/κ, is given by182

κ8/3√
κ2 + Cfρf

(
Q̄ − β ∂T̄u

∂z

)
/kfρwϕL

= 2.0374 Q̄

kf
∂T̄f

∂z
x

2/3
t

(9)

which has growth rate183

σmax ≈ 1
ρwϕL

Q̄(xt) − β
∂T̄u

∂z

∣∣∣∣∣
−z̄int

 , (10)

where184

Q̄ = ū
dp̄

dx
= ūρwg sin θ (11)

is the maximum heat dissipation by water flow, the product of flow speed ū and the185

down-slope hydrostatic pressure gradient at the toe of the hillslope for a slope angle θ.186

Figure 3 shows values of the fastest-growing wavelength and associated growth rate for187

the parameter values determined in the next section.188

3 Parameter constraints from Low Arctic data189

Our model predicts that water track spacing is sensitive to the topographic parameters190

of hillslope length and slope, the soil properties of porosity, thermal conductivity and191

specific heat capacity, the water flow speed, the depth of thaw, and temperature gradients192

at the top of the permafrost table. The spacing also depends on well-constrained physical193

constants such as the latent heat of freezing, detailed in Table S2.194

Our model most closely resembles water tracks described in the vegetated Low Arctic,195

as opposed to those in the High Canadian Arctic (where the flowpaths are not parallel;196

Paquette et al., 2017) or Antarctica (where the soil is not fully saturated; Levy et al.,197

2011). We extract topographic data from remote sensing in locations with water tracks198

from across the Low Arctic (Evans et al., 2020; Rushlow et al., 2020). However, due to199

limited in-situ data availability, we focus mainly on the Toolik Lake Long-Term Ecological200

Research (LTER) station, hereafter “Toolik”, for which we analyzed air temperature,201

temperature probe data, and discharge data collected from various water track locations202

(Godsey, 2020a,b; Evans et al., 2020). Figure 3 illustrates that while our model can203

be applied to the varied topography of the Low Arctic, and the results do depend on204

e.g. hillslope angle, our predictions are sensitive to the in-situ data, a feature we discuss205

further in Section 4.2.206

3.1 Topographic data207

We collected seven topographic profiles of convex soil-mantled hillslopes bearing water208

tracks to assess realistic topographic inputs (maximum angle, length of slope, shape of209
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profile) to the model. We used the 2 m ArcticDEM elevation product (Porter et al., 2022)210

as hosted on Google Earth Engine; two profiles were drawn in Alaska, one in Yukon, one211

in Nunavut, and three in Siberia, constituting a representative sampling of locations in212

which we have observed water tracks on parabolic hillslopes, shown in Supplementary213

Figure S3.214

3.2 Flow rate data215

Using published data on discharge of water tracks at Toolik (Evans et al., 2020), we define216

a range of observed water track flow rates by discharge and approximated water track217

cross-sectional area during high flows with minimal thaw depths in June and average218

flows with maximum thaw depths in August, producing flow rates of ∼10−4 and 10−2
219

m/s, respectively (Godsey (2020c); Evans et al. (2020); Table S4). We also recorded220

video footage of vegetation being transported by flow following a rain event (Movie S1).221

Particle tracking of this video suggests a higher flow speed of around 0.25 m/s at that222

time.223

3.3 Thermal data224

We used publicly available data from Toolik (Godsey, 2020a,b) to extract soil temperature225

gradients in the frozen and unfrozen layers of soil, a key control on predicted wavelengths226

and growth rates. We calculated temperature profiles at Water Track 6 at Toolik with227

depth in 10-day averages over the data collection period to derive the depth of thaw228

and thermal gradients throughout the profile. For evaluating the model, we extracted229

typical thaw depths z̄int from June to August, and the range of thermal gradients ∂T̄ /∂z230

observed just above and just below the permafrost table over this time frame.231

The thermal properties of the soil depend on the porosity ϕ. We chose a porosity of232

0.9, consistent with numerical models of water tracks (Evans et al., 2020), to calculate233

bulk thermal properties of frozen and unfrozen soil whose void spaces are filled with ice234

and water, respectively (Wang et al., 2020).235

As an estimate of conductive vs radiative heat flux, we assumed insulation from a snow236

depth of 0.5 m, which is typical for May/June (Rushlow et al., 2020) with an additional237

0.2 m of tundra vegetation mat. Conduction through 0.7 m of air gives and an indeed238

small value of β ≈ 0.026W m−1 K−1/0.7m = 0.04W m−2 K−1.239

4 Results and discussion240

Our model of thermal channelization predicts that the fastest-growing wavelength should241

be given by equation (9). Evaluating this expression using estimated parameters at Toolik242

(Table S4), we find a range of wavelengths, inversely proportional to the water flow speed.243

As noted in section 3.2, there is considerable uncertainty in the flow speed, leading to a244

range of predicted wavelengths (figure 3). The corresponding growth rates (equation 10)245

are shown in figure 3b.246

4.1 Model results versus field observations247

At Toolik, the maximum hillslope angle is θ = 4.8◦, and the hillslope length is xt = 1600248

m. As shown in figure 3c,d at the lower end of observed flow speeds, our model predicts249
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Figure 3: Model results compared to field observations (a) Contours of fastest growing
unstable wavelength for a range of hillslope angles and water track flow rates, calcu-
lated from equation (9). All other parameter values correspond to Toolik (Table S4).
Dashed lines demonstrate the approximate range and average water track spacing ob-
served around the Arctic and Antarctic (range: 1-100 m). Wavelengths are not given
where the system is predicted to be stable. (b) Corresponding growth rates from equa-
tion (10). Negative growth rates (stable system) are shown in white. (c) Predicted
wavelength (blue line) at hillslope angle corresponding to Toolik, as a function of flow
speed. Dashed lines indicate the range speeds inferred from Godsey (2020c) (Table S4)
and the August 2024 field observation. Horizontal bar shows range of flowpath spacing
observed from satellite imagery at the WT6 site.(d) Corresponding predicted growth rate,
for the same conditions as (c). Horizontal bar denotes regime where growth rate exceeds
1/year, indicating flow speeds must be above 10−2 m s−1 for an instability to develop over
a single season.
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that thermal channelization should not take place. The predicted wavelengths are an250

order of magnitude too large (figure 3c), and the growth rates are either negative, or251

below 1/yr, indicating that Darcy flow at this speed would not generate enough heat to252

lead to thaw a significant channel feature over the course of a season.253

However, at higher observed flow rates, corresponding to the conditions after a rain254

event, the predicted wavelengths are within the 5-120 m range of observed water track255

spacings at Toolik. Further, the associated growth rates reach 102/yr, large enough that256

a thermal flow-thaw feedback mechanism could plausibly lead to the initiation of the257

observed patterning in the wake of rain or snowmelt events. Further in-situ and flume-258

based flow measurements would add confidence in the model results, particularly in better259

understanding the flow and permeability structure.260

4.2 Controls on water track spacing assuming a thermal mech-261

anism262

Across a range of realistic field parameters, we predict that water track spacing is in-263

versely proportional to flow rate and slope (Figures 3, S1). The spacing increases slightly264

with hillslope length and strength of the temperature gradient in the permafrost (Figure265

S1). The growth rate is most sensitive to flow rate, slope, insulation between air and266

water temperature, and the temperature gradient in the permafrost. Paralleling the pro-267

posed “top-down” climate and “bottom-up” geology controls on water track properties268

(Del Vecchio and Evans, 2025), we can also consider how these factors might influence269

water track initiation and spacing. In our model the climate factors include temperature270

gradients as well as water availability (flow rate) as well as snow and/or tundra vegeta-271

tion thickness (controls on insulation). Geologic and geomorphic factors include hillslope272

length and angle and soil porosity/hydraulic conductivity (which is also modulated by273

tundra vegetation). We might therefore expect to see trends in water track spacing and274

occurrence with rain fall, slope angle and, to a lesser extent, hillslope length.275

Climatic factors may change as amplified Arctic warming progresses, shifting both276

temperatures and hydroclimates. Warming of the Arctic (Masson-Delmotte et al., 2019;277

Rantanen et al., 2022) will likely shift the depth of the active layer and thermal gradients278

in the permafrost below. In the Arctic, it is also predicted that less precipitation may279

fall as snow and more precipitation may fall as rain (Bintanja and Andry, 2017; Landrum280

and Holland, 2020) with increased extreme rainfall events (Tebaldi et al., 2006). Within281

our flow-heating model of water track initiation, the spatial density of water tracks is282

predicted to increase strongly with rainfall.283

In fact, we observed what appears to be at least one incipient water track form-284

ing between existing water tracks spaced about 80 meters apart near the Toolik LTER285

(Figure 4). Differencing DEMs created from lidar scans in 2017 and 2022 showed a slope-286

perpendicular, streak-like pattern of subsidence that resembles the morphology of the287

nearby tracks. When visiting this feature in August 2024, we noted thermokarst-like dis-288

turbance of the tundra, taller and greener grasses (Figure S4), and enhanced moisture in289

this area, implying a water track is forming. This dynamic could be evidence for climate290

control on water track spacing. As climate changes, the thermal and hydrologic state of291

the hillslope changes, and so might the most unstable wavelength. In this case, higher292

flow speeds might be driving the formation of more closely spaced water tracks.293

Interestingly, water track spacing in the Low Arctic is quite consistent, on the scale294

of 10s of m, and frequently between 20-60 m (Del Vecchio and Evans, 2025; Tananaev,295
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2022), a pattern occasionally observed in other polar settings (Figure 1), which may296

appear to conflict with the predicted dependence on topography. However, sensitivity297

analysis (figure S1a) shows that our model consistently predicts that, independent of298

hillslope shape, whenever the growth rate exceeds 1/year (i.e. single season formation),299

the fastest growing mode remains below 100 m, although this is sensitive to the values300

taken for surface insulation and thermal gradient. While encouraging that our model301

captures the range of spacings at the Toolik site given site-specific parameters, the limited302

variability in spacing across the Arctic serves as a reminder that the parameters of our303

model may be inter-correlated, such that predicting large-scale regional trends requires304

further in-situ measurements, particularly of flow rate and thermal state.305

4.3 Model limitations and extensions306

As a novel exploration of the initiation of water tracks using linear stability analysis, we307

make certain simplifying assumptions based on the setting and data availability which308

may not apply across polar settings in general. These could be relaxed in future work,309

especially if supported by field observations or flume data. We assume a permeability310

that is constant in time and space. However, permeability may evolve in time due to311

erosion or sediment transport associated with flow in the water track. Thus, we may312

be underestimating the growth rate of flow-driven instabilities by neglecting this possible313

feedback mechanism. Conversely, assuming that permeability is constant with depth may314

lead to an overestimate of the growth rate, by overestimating the flow speed close to the315

frozen-thawed interface.316

Our thermal feedback mechanism does not predict water track characteristics in the317

High Canadian Arctic and in Antarctica, and there is field evidence that our mecha-318

nism is not applicable in these settings. In the High Canadian Arctic, the water flowing319

through preferential flowpaths has a cooling effect on the soil and leads to shallower thaw320

under these flowpaths, an anomalous occurrence in the literature (Paquette et al., 2017;321

Del Vecchio and Evans, 2025). In the Antarctic, there is often no regular spacing and con-322

ditions are far from saturated; flowpaths are also not found on convex hillslopes. In these323

two non-vegetated landscapes, the association of water tracks with ice wedges, polygons,324

and “non-sorted stripes” has been noted (Del Vecchio and Evans, 2025). Recent work325

using ground-penetrating radar determined that in the Low Arctic, under the tundra,326

water tracks were also forming associated with ice wedges, which were otherwise invisible327

at the surface (Harris et al., 2025). Thus, a potential alternative mechanism may involve328

linking water tracks to massive subsurface ice. Our model also does not predict the close329

spacing (<10 m) of RSL on Mars (Figure 1d), where any liquid flow rates are likely low330

(Huber et al., 2020), implying the thermal feedback mechanism may not operate in that331

system either.332

We note that our model is fundamentally a linear model for feature initiation. How-333

ever, observations of water tracks show them to be a persistent, non-linear feature of the334

landscape. The spacing of water tracks may not conform to the spacing of the linear in-335

stability (c.f. subglacial channels, Warburton et al., 2024), but instead reflect non-linear336

interactions that develop in the wake of pattern initiation. The initial patterning may be337

due to thaw-flow feedbacks as explored in this work, or another source of heterogeneity in338

the landscape, or both. Future work could explore the non-linear flow and temperature339

patterns that develop around an established water track.340
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Figure 4: Potential initiation of a new water track around Toolik Lake observed in re-
mote sensing. (a) True-color image of hillslide with existing water tracks and location
of subsidence observed in lidar. (b) DEM of difference from 2017 to 2022 lidar surveys
demonstrating linear zones of subsidence. Field photo of this location can be found in
Figure S4.

5 Conclusions341

We developed a model to describe and test the hypothesis that suprapermafrost flow-342

paths (water tracks) develop from a feedback between porous media flow and thaw of the343

pore space ice. By employing linear stability analysis, we extracted the fastest growing344

wavelengths of instability in the system and compared them to the observed separation345

between water tracks in the vegetated Low Arctic. Our model does successfully replicate346

observed inter-track distances using conditions at Toolik Lake Long-Term Ecological Re-347

search station. We suggest that water track density may increase in response to increasing348

rain events, although not necessarily across the whole Arctic.349

Open Research Section350

Data for air temperature, soil temperature, and discharge at water tracks are derived from351

Godsey (2020a, 2020b, 2020c). Digital elevation models derived from lidar collected by352

NEON (National Ecological Observatory Network) can be found at National Ecological353

Observatory Network (NEON) (2025a,b). High-resolution imagery for the Toolik area354
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Introduction

In this supplemental document, we include full details of the linear stability analysis
calculation, additional sensitivity analysis and field data plots, a table of variables and
parameters and their values, and a caption for the supplementary video.

Text S1 Linear stability analysis

In our analysis, we allow our background state (which we denote with overbars) to vary
along the length of the hillslope but to have no cross-slope variation; i.e. T̄u(x, z, t)
denotes the average temperature profile at along-slope position x and depth z, at time
t. The inclusion of time in the background state is to account for the yearly freeze-thaw
cycles that occur in permafrost landscapes. Rather than impose that the background

∗klpw3@cam.ac.uk
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state be in thermal equilibrium, we work with a base state that may be actively thawing
everywhere, on top of which we look for unstable growth of thawing preferential flow
features. We assume that the background temperature profiles satisfy the y-independent
governing equations, but rather than solving for T̄u numerically, we will directly use field
observations for the background vertical temperature structure (see Table S4).

On top of the horizontally uniform background state we introduce small perturba-
tions that are periodic in the cross-slope direction with wavenumber κ (equivalent to a
wavelength λ = 2π/κ) and grow exponentially at a rate σ(κ) to be determined by our
modeling; i.e. Tu = T̄u(x, z, t) + T̂u(x, z)e

iκy+σt.
We write all our variables as a background value plus small perturbation, then in-

sert these expressions into our governing equations. After multiplying out, we retain
only the terms that are linear in the perturbations, neglecting the higher order terms
as much smaller. We obtain perturbed versions of all the governing equations: for mass
conservation

d

dx

(
ẑint

dp̄

dx
+ z̄int

dp̂

dx

)
− κ2z̄intp̂ = 0, (1)

heat production

Q̂ = 2
k0
µ

dp̄

dx

dp̂

dx
, (2)

temperature diffusion in unfrozen layer

CuρσT̂u = ku

(
∂2T̂u

∂z2
+

∂2T̂u

∂x2
− κ2T̂u

)
+ Q̂, (3)

and temperature diffusion in the frozen layer

CfρfσT̂f = kf

(
∂2T̂f

∂z2
+

∂2T̂f

∂x2
− κ2T̂f

)
. (4)

Similarly, we find perturbed versions of all the boundary conditions: from constant
pressure at the stream we obtain

p̂(xt) = 0, (5)

from imposing melting temperature at the interface

− ∂T̄u

∂z

∣∣∣∣
−z̄int

ẑint + T̂u(−z̄int) = − ∂T̄f

∂z

∣∣∣∣
−z̄int

ẑint + T̂f (−z̄int) = 0, (6)

from the melt-rate at the interface

ρwϕLσẑint = ku

(
− ∂2T̄u

∂z2

∣∣∣∣
−z̄int

ẑint +
∂T̂u

∂z

∣∣∣∣∣
−z̄int

)
− kf

(
− ∂2T̄f

∂z2

∣∣∣∣
−z̄int

ẑint +
∂T̂f

∂z

∣∣∣∣∣
−z̄int

)
(7)

= Q̄ẑint + ku
∂T̂u

∂z

∣∣∣∣∣
−z̄int

− kf
∂T̂f

∂z

∣∣∣∣∣
−z̄int

, (8)

and from heat transfer to the air

ku
∂T̂u

∂z

∣∣∣∣∣
z=0

= −βT̂u(0). (9)
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Together, these equations implicitly define the growth rate σ(κ) as the value that
allows the four differential equations (1-4) to be solved while respecting all the perturbed
boundary conditions. We now describe the process of simplifying these differential equa-
tions based on the scales of the system so that the equations can be solved by hand, and
we can extract a relatively simple and explicit expression for the growth rates.

Text S1.1 Perturbed temperature structure

We first solve for the depth-structure of the perturbed temperature profile, making the
assumption that, since hillslopes are several orders of magnitude longer than the depth
of the active layer, variations in temperature along the hillslope are much slower than
variations with depth, and we can therefore ignore gradients in the x-direction compared
to gradients in z. This reduces the diffusion equations for T̂u and T̂f to(

Cuρσ

ku
+ κ2

)
T̂u =

d2T̂u

dz2
+

Q̂

ku
(10)

and (
Cfρfσ

kf
+ κ2

)
T̂f =

d2T̂f

dz2
, (11)

forced by the boundary conditions at the melting interface (6) and (8).
If temperature fluctuations decay deep into the frozen layer, then the solution to (11)

that is at melting point at the interface, so obeying (6), is given by

T̂f =
∂T̄f

∂z
ẑinte

√
κ2+Cfρfσ/kf (z−z̄int), (12)

and therefore the increased heat loss into the frozen region underneath a water track is

∂T̂f

∂z

∣∣∣∣∣
−zint

=

√
κ2 +

Cfρfσ

kf

∂T̄f

∂z
ẑint. (13)

Similarly, the solution to (10) that is consistent with the expression for surface heat
flux (9), while also being at melting point at the interface through (6) is

T̂u =
Q̂

kuκ̃2
(1−cosh(κ̃z))+

β sinh(κ̃z)− kuκ̃ cosh(κ̃z)

β sinh(κ̃z̄int)− kuκ̃ cosh(κ̃zint)

(
∂T̄u

∂z
ẑint −

Q̂

kuκ̃2
(1− cosh(κ̃z̄int))

)
,

(14)
where κ̃ =

√
κ2 + Cuρσ/ku, and therefore the increase in heat loss through the unfrozen

layer of a water track is

∂T̂u

∂z

∣∣∣∣∣
−zint

=
Q̂

kuκ̃
sinh(κ̃z̄int)+

βκ̃ cosh(κ̃z̄int) + kuκ̃
2 sinh(κ̃z̄int)

β sinh(κ̃z̄int)− kuκ̃ cosh(κ̃z̄int)

(
∂T̄u

∂z
ẑint −

Q̂

kuκ̃2
(1− cosh(κ̃z̄int))

)
.

(15)
This accounts for heat flux from the deeper water tracks into the frozen soil that surrounds
them, and the additional heat lost from the warmer water tracks into the atmosphere by
conduction, only partially insulated by the snow at the surface.

In the limit of flowpaths that are much further apart than the depth of the unfrozen
layer, κ̃z̄int ≪ 1, and where heat transport across the unfrozen layer is more efficient than
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transfer between the air and the surface, βz̄int ≪ ku, equation (15) reduces to the much
simpler

∂T̂u

∂z

∣∣∣∣∣
−zint

=
Q̂

ku
z̄int −

(
β

ku
+ κ̃2z̄int

)
∂T̄u

∂z
ẑint. (16)

The first term describes changes in heating due to changes in flow speed, the second from
changes in heat loss to the atmosphere, and the third from lateral heat flow from track
to intertrack areas.

Inserting the perturbed heat fluxes across the thawing interface, (13) and (16), into
the thaw rate (8), and using the definition of Q̂ from (2), we find that the growth rate of
perturbations to the depth of the unfrozen layer is given by

ρwϕLσẑint = Q̄ẑint + 2
k0
µ

dp̄

dx

dp̂

dx
z̄int − β

∂T̄u

∂z

∣∣∣∣
−z̄int

ẑint −

√
κ2 +

Cfρfσ

kf
kf

∂T̄f

∂z

∣∣∣∣
−z̄int

ẑint,

(17)
where we have dropped the term describing lateral heat transport in the unfrozen layer as
it is small compared to lateral heat transport in the frozen region (again since κ̃z̄int ≪ 1).
The instability is driven by Q̄ẑint, the additional heating that occurs in deeper regions
of flow, which is consistent with our proposed hypothesis for water track formation. The
shortest wavelengths are stabilized by lateral heat fluxes. In the following section on the
along-slope depth structure of a water track, we explore how long-wavelength pertur-
bations are stabilized through the dp̂/dx term. This leads to intermediate wavelength
selection.

Text S1.2 Along-slope depth structure

To calculate the growth rate σ of a particular wavelength λ = 2π/κ, we must simul-
taneously solve the differential equations (17) and (1) for the along-slope shapes of the
perturbations in active layer depth ẑint and pressure p̂. These equations have the form of
an eigenvalue problem, that is, there is a particular value of the growth rate σ(κ) such that
the boundary conditions at the top and bottom of the slope are satisfied. Here our bound-
ary conditions are the perturbations start from zero at the ridgeline, so ẑint(0) = p̂(0) = 0,
and that the pressure at the stream at the toeslope is fixed (hydrostatic), p̂(xt) = 0.

For a particular hillslope on which we had full knowledge of the background temper-
ature and pressure fields along the full length of the slope, this eigenvalue problem could
now be solved numerically, extracting the growth rates of flowpaths for this particular
geometry. However, this is both impractical with our current observational record, and
less useful, since by making a few further approximations we find an explicit expression

for σ(κ) in terms of key landscape variables (slope, ϕ, β,
∂T̄f

∂z
), gaining insight into the

controls on water track spacing.
In particular, in the limit of flowpaths that are closer together than the length of the

hillslope (κ ≫ d/dx), the along-slope conditions change slowly, so (1) can be approxi-
mated by

dp̄

dx

dẑint
dx

= κ2z̄intp̂. (18)

After differentiating (18) to find dp̂/dx and inserting into (17), we get the single eigenvalue
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equation for ẑint,

2Q̄

κ2

d2ẑint
dx2

=

[
ρwϕLσ − Q̄+

√
κ2 +

Cfρfσ

kf
kf

∂T̄f

∂z

∣∣∣∣
−z̄int

+ β
∂T̄u

∂z

∣∣∣∣
−z̄int

]
ẑint, (19)

the solution to which determines σ(κ), the growth rate of each possible water track
spacing, and ẑint(x), the profile of the track. However, this is still a difficult equation to
solve, so we attempt to simplify the problem further.

If we ignore along-slope changes in the depth of the water track and set the left-hand
side of equation (19) to 0, then the growth rate at any given point along the slope is
given by

ρwϕLσ0(x) = Q̄−

√
κ2 +

Cfρfσ

kf
kf

∂T̄f

∂z

∣∣∣∣
−z̄int

− β
∂T̄u

∂z

∣∣∣∣
−z̄int

. (20)

The shortest wavelengths are stable (σ < 0) as we have captured the impact of efficient
lateral heat diffusion out of closely spaced tracks, but the infinitely long wavelengths
(κ = 0) are the most unstable. This is physically impossible, resulting from an oversim-
plification in the model, in particular that we have ignored the along-slope structure; a
similar effect is seen in the development of subglacial channels (Warburton et al., 2024).

Instead, we consider water tracks whose depth changes as we go along the hillslope.
When we account for this along-slope depth change, the largest spacings are stabilized,
such that the fastest growing wavelength is at a physically realistic spacing. A key insight
is that σ0(x) varies along the slope, since the thermal dissipation rate Q̄, the driver of the
instability, depends on the flow speed and slope angle, which increase towards the base
of the hillslope. A larger growth rate further along the slope suggests deeper thaw there.
To keep a deepening feature full, it must pull in water laterally from the surrounding
area. With a limit on the total water flux through the system, wider tracks cannot
gather enough water, so in becoming deeper they also become slower. However, since the
thermal dissipation rate is proportional to flow speed, the widest tracks therefore thaw
more slowly.

To quantify this further, we approximate (20) with a linear function that accounts for
a gradient in the thermal dissipation rate Q̄ along the hillslope. Using the definition of
Q̄ as

Q = |u · ∇p| = k0
µ
|∇p|2, (21)

and assuming a hydrostatic pressure gradient, we find that

∂Q̄

∂x
= 2

k0
µ

dp̄

dx

d2p̄

dx2
= 2Q̄

d2p̄/dx2

dp̄/dx
= 2Q̄

dθ/dx

θ
. (22)

If we assume a parabolic profile for the hillslope (figure S3), then dθ/dx = θ/x, and so
this simplifies conveniently to

∂Q̄

∂x

∣∣∣∣
x=xt

= 2
Q̄(xt)

xt

. (23)

Meanwhile, we assume that the local heat transport terms in (20) do not change signifi-
cantly over the length of the hillslope. A scaling argument supports this, since to satisfy
the heat equation, Q̄ ∼ kuTair/z̄

2
int. Thus, again assuming track spacing is larger than

active layer depth, κ̃z̄int ≪ 1, and heat transport across the active layer is more efficient
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than between the atmosphere and the water track, then the βz̄int ≪ ku, all the remaining
terms are very small compared to kuTair/z̄

2
int, and therefore much smaller than Q̄.

We can therefore write

ρwϕL
dσ0

dx
≈ 2Q̄

xt

(24)

and use as our linear function

σ0(x) ≈ σ0(xt) +
2Q̄(x− xt)

ρwϕLxt

. (25)

Inserting (25) into the eigenvalue equation (19), we end up with

2Q̄(xt)

ρwϕLκ2

d2ẑint
dx2

=

[
σ(κ)− σ0(xt)−

2Q̄(x− xt)

ρwϕLxt

]
ẑint, (26)

which now is simple enough to solve analytically for σ(κ), while still capturing the mech-
anisms leading to wavelength selection. Similarly to the case of subglacial channels (War-
burton et al., 2024), we have obtained a rescaled version of Airy’s equation, for which
exact solutions exist, such that a direct extraction of growth rate can be obtained without
having to solve (19) numerically.

In particular, defining rescaled variables

σ0(xt)− σ(κ) = S
2Q̄

ρwϕL

(
1

κxt

)2/3

, xt − x =
(xt

κ2

)1/3
X, (27)

our governing equation (26) simplifies to

∂2ẑint
∂X2

= (X − S) ẑint, (28)

exactly Airy’s equation with a shifted coordinate system, with the rescaled growth rate
S setting the shift. Thus, the shape of ẑint(x) is an Airy function, Ai(X−S). We find S,
and hence σ(κ), by applying the pressure boundary condition p̂(xt) = dẑint/dx(0) = 0,
and so S must be a value where the Airy function has zero gradient. In particular, the
largest growth rate will be associated with the smallest possible value of S, which is
S = 1.0187 . . . .

Text S1.3 Wavelength selection

Reassembling σ(κ), we find that the growth rate of flowpaths on a hillslope at a wavenum-
ber κ is given by

ρwϕLσ = Q̄− β
∂T̄u

∂z
−

√
κ2 +

Cfρfσ

kf
kf

∂T̄f

∂z
− 2.0374 Q̄

(κxt)2/3
, (29)

which is stable at both the shortest wavelengths (large κ) due to lateral diffusion of heat,
and the longest wavelengths (small κ) due to the pressure gradients induced by limits on
water availability in the system. We therefore can expected wavelength selection at an
intermediate value of κ.
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Differentiating with respect to κ to find the most unstable wavenumber, we have
dσ/dκ = 0 when

κ√
κ2 + Cfρfσ/kf

kf
∂T̄f

∂z

∣∣∣∣
−z̄int

=
2.0374 Q̄

(κ5x2
t )

1/3
(30)

where all quantities are evaluated at xt. Note that this expression does still depend on
σ, so would have to be evaluated numerically for complete generality. However, if the
maximum growth rate occurs when neither lateral heat transport nor pressure gradients
are large, then

σmax ≈ 1

ρwϕL

(
Q̄− β

∂T̄u

∂z

∣∣∣∣
−z̄int

)
, (31)

the sign of which depends on whether deeper thaw is unstable due to the increased heat
production in regions of deeper flow, or stable due to being at increased depth, such
that there is less heat coming from the surface. In regions where σmax > 0, melt-driven
channelization is possible, and the most unstable wavenumber is approximately given by
the root of

κ8/3√
κ2 + Cfρf

(
Q̄− β ∂T̄u

∂z

)
/kfρwϕL

=
2.0374 Q̄

kf
∂T̄f

∂z
x
2/3
t

(32)

where all quantities are evaluated at x = xt, and the temperature gradients are evaluated
at the base of the unfrozen layer. The associated wavelength is λ = 2π/κ.

A technical consideration when interpreting the output of our model is that the mod-
eling assumptions break down at very small and very large wavelengths. Our solution
to the thermal model relies on the simplification that the inter-track distance is greater
than the depth of the active layer. In the high flow speed, high slope angle regime that
appears to predict closely spaced tracks, we would have to numerically solve for the tem-
perature. However, observations consistently show tracks spaced wider than the active
layer depth, and there are few places in the literature reporting water tracks on slopes
above 20◦. At slopes greater than 20◦, advection and diffusion of sediment might start
to control flowpaths, and true fluvial channels or rills may form.

7



Figures S1 to S5

Figure S1: Sensitivity of the fastest growing wavelength to control parameters, across a
range of flow speeds. Wavelength is not shown when the associated largest growth rate
(figure S2) is negative, and thus are not shown for the smallest flow speeds except at very
high slope angles or high degrees of insulation (low β). Default values are xt = 1600,

θ = 5◦, ϕ = 0.9,
∂T̄f

∂z
= 10, β = 0.04.

Figure S2: Sensitivity of the maximum growth rate to control parameters. Default values

are xt = 1600, θ = 5◦, ϕ = 0.9,
∂T̄f

∂z
= 10, β = 0.04. Growth rate depends on a balance

between dissipative heat flux (a function of slope and flow rate) and conductive heat loss
(a function of β and ∂T̄u/∂z) only.
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Figure S3: Topographic profiles of hillslopes with water tracks, and quadratic fits to their
shapes.

Figure S4: Field photo of the new water track pictured in Figure 4 in August 2024. Tus-
socks in the center and foreground are slightly greener and uneven and exhibit evidence
of subsidence of the surrounding ground compared to the tussocks on the edges of the
photo.
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Figure S5: Histograms of temperature gradients in the unfrozen and frozen soil at the top
of the permafrost table at Water Track 6 from 2012-2014 (Godsey, 2020). Gradients are
computed by resampling thermal data daily, identifying the depth at which temperature
switches from positive to negative, and then computing the gradient above and below
that switch point.

Tables S1 to S4

Variable Definition
u Darcy flux (m/s)
p water pressure (Pa)
q water flux through unfrozen layer (m2/s)
zint depth of the permafrost table (m)
Q dissipative heating per unit volume (W/m3)
Tu temperature of unfrozen layer (K)
Tf temperature of frozen layer (K)

Table S1: Variables used in the model: symbol, definition and units

Variable Definition Value
ρw density, water (kg/m3) 1000
ρs density, sediment (kg/m3) 2600
ρi density, ice (kg/m3) 900
Cw specific heat capacity, water (J/K kg) 4184
Cs specific heat capacity, sediment (J/K kg) 700
Ci specific heat capacity, ice (J/K kg) 2050
kw thermal conductivity, water (W/m K) 0.598
ks thermal conductivity, sediment (W/m K) 1.460
ki thermal conductivity, ice (W/m K) 2.220
g gravitational constant (m/s2) 9.8
µ viscosity, water (kg/ms) 8.9 x 10−4

L latent heat of melting (J/kg) 3.34 x 105

Table S2: Physical constants used in the model: symbol, definition, units, and value.
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Variable Name Value
Cf specific heat, frozen layer (J/K kg) 1915
Cu specific heat, unfrozen layer (J/K kg) 3835.6
kf thermal conductivity, frozen layer (W/m K) 2.728
ku thermal conductivity, unfrozen layer (W/m K) 1.2682

Table S3: Derived thermal constants for the soil, based on porosity of 0.9

Variable Name June August
Qwt discharge, water track (m3/day) 955.6 21.6
dwt thaw depth, water track (m) 0.10 0.70
Kwt bulk flow rate, water track (m/day) 1194.5 3.86
wwt width, water track (m) 8
xt hillslope length (m) 1600
θ slope (◦) 4.8
β insulation parameter (W/m2 K) 0.04

∂Tu/∂z|−z̄int
thermal gradient in the frozen layer at the interface (C/m) [5, 25]

Table S4: Parameter values measured at Toolik, representing peak June flows with min-
imal thaw and average August flows with maximum thaw (Evans et al., 2020) and field
measurements, used in Figure 3 of the main paper.

Caption for Video S1

Flow through the vegetation mat of a water track following a rain event, Toolik, August
2024. Leaves and grasses transported by the flow indicate a speed of approximately
0.25m/s.
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