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Key Points:

e The MT impedance composed of six elements is independent of the source and is a
unique response function of the spherical Earth.

e 4-element spherical impedances and tippers are dependent on the source amplitude.

e 4-clement and 6-element spherical impedances can be related through tippers.

Abstract

The magnetotelluric (MT) impedances of the three-dimensional (3-D) Earth are typically
modelled in a Cartesian coordinate system, ignoring the curvature of the Earth’s surface. This
approximation is proven to be valid only for the one-dimensional (1-D) Earth. In case of the 3-D
Earth, the accuracy of MT impedance estimates derived from Cartesian modeling (Cartesian
impedance) must be verified by comparison with estimates obtained reliably using a spherical
coordinate system (spherical impedance). While Cartesian impedances under the plane-wave
approximation are known to be independent of the source, the influence of the source on
spherical impedances remains poorly understood. Therefore, we conducted a systematic study of
the source effects on spherical impedances through 3-D modeling for both oceanic and
continental regions, employing degree-one sources. Our observations revealed that the source
amplitude influences the 4-element spherical impedances and tippers. The 4-element spherical
impedance is non-unique, varying with the source amplitude. Tippers are even more significantly
and unavoidably affected. To address the non-uniqueness issue of the 4-element impedance, we
introduced new impedance elements that incorporate induction by the radial magnetic
component, deriving a novel expression for spherical impedance comprising six elements.
Numerical experiments demonstrated that the 6-element spherical impedance is uniquely
determined (independent of the source amplitude) when three linearly independent sources are
provided. Furthermore, we derived a relation between the 6- and 4-element impedances through
tippers. The relation not only accounts for the non-uniqueness of the 4-element impedance but
may also explain phenomena such as seasonal variations in the impedances.

Plain language summary

This study investigates how to accurately model Earth's properties using the magnetotelluric
(MT) method, a geophysical method based on measurements of electric and magnetic fields.
This method explores the Earth’s electrical structure by modeling the so-called MT impedance,
which defines a linear relationship between the two horizontal components of the measured
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fields. While modeling in a Cartesian coordinate system has been shown to approximate the
Earth effectively in simple one-dimensional models, its reliability becomes questionable when
applied to more complex three-dimensional Earth structures. To address this limitation, we
conducted a systematic numerical study using a spherical coordinate system, which better
accounts for the Earth's curvature. Our results revealed that the amplitude of the source
(magnetic disturbances originating in the Earth’s ionosphere and magnetosphere) significantly
impacts the traditional MT impedance, consisting of four elements, posing challenges in
accurately determining Earth's properties. To overcome this issue, we introduced a new MT
impedance model consisting of six elements, which establishes a linear relationship between two
horizontal electric components and three magnetic components. Numerical experiments
demonstrated that this new MT impedance is essentially independent of the source amplitude,
offering the potential for improved accuracy in MT modeling and inversion.

1 Introduction

The magnetotelluric (MT) method (Cagniard, 1953) is one of the most effective natural-
source electromagnetic (EM) induction techniques. It utilizes the impedance, represented as the
complex ratio of horizontal electric to magnetic fields, as a response function that provides
information about the Earth’s electrical conductivity structure. MT data consist of time series of
electric and magnetic fields recorded at an array of observation sites, either on land or the ocean
floor. The MT method enables the exploration of depths ranging from the near-surface to several
hundred kilometers in the upper mantle. It has been extensively applied in various geophysical
investigations, including the petroleum and mineral industries (e.g., Strangway et al., 1973;
Livelybrooks et al., 1996; Garcia & Jones, 2000; Jiang et al., 2022), as well as studies of crustal
and deep mantle structures (e.g., Stanley et al., 1977; Rosell et al., 2011; Tada et al., 2016; Zhang
et al., 2016; Matsuno et al., 2017).

EM induction studies can be broadly classified into two approaches based on the spatial
scale of the target and the range of frequencies. The first approach is referred to as global or
semiglobal induction studies, in which the Earth is treated as a spherical conductor and the
fundamental equation of EM induction is solved in a spherical coordinate system (e.g., Banks,
1969; Schmucker, 1999a, 1999b; Shimizu et al., 2011; Kuvshinov and Semenov, 2012; Grayver
et al., 2017; Guzavina et al., 2019; Zhang et al., 2023). The second approach, known as local or
regional induction studies, involves observing a relatively small area of the Earth’s surface,
which is typically assumed to be flat. The MT method falls under this category.

Srivastava (1966) and Utada (2018) demonstrated that, when the induction wavenumber
dominates the source wavenumber, MT impedances in both spherical and flat Earth models are
equivalent, provided the Earth’s structure is one-dimensional (1-D). However, MT studies
are generally conducted under the flat Earth approximation, even when the three-dimensional (3-
D) structure of the Earth is considered. This approximation is deemed valid for regional- and
local-scale approaches conducted at mid-low latitudes and for periods up to a few hours (e.g.,
Simpson & Bahr, 2005; Chave & Jones, 2012). As a result, modeling in a Cartesian coordinate
system is typically preferred in MT studies due to its simplicity and advanced development
compared to spherical coordinate system modeling. Advances in computational power have
further facilitated the progress in 3-D MT modeling and inversion techniques. These
developments now allow MT surveys to be conducted at hundreds of sites, enabling extensive
spatial coverage suitable for investigating the Earth’s 3-D structure (e.g., Wannamaker et al.,
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1984; Mackie et al., 1993, 1994; Newman & Alumbaugh, 2000; Siripunvaraporn et al., 2005;
Egbert & Kelbert, 2012).

However, 3-D modeling in a Cartesian coordinate system requires additional
considerations. A Cartesian model serves as a substitute for a spherical model to study 3-D Earth
structures, ignoring the Earth’s curvature. This approach necessitates the use of map projections,
which inevitably result in geometric distortions (Utada 2018; Grayver et al., 2019) because no
map projection can simultaneously preserve area, distance, and angle. In certain cases, the
modeling domain of a regional study extends horizontally over several thousand to ten thousand
kilometers to account for the influence of distant lateral conductivity contrasts, such as those due
to coastlines (e.g., Baba et al., 2010). Under such conditions, 3-D MT inversion using a forward
code in a Cartesian coordinate system may produce artifacts due to geometric distortions
introduced by a map projection. Several recent studies have identified this issue and attempted to
perform 3-D MT modeling of a laterally heterogeneous Earth using spherical models to
quantitatively assess the validity of employing Cartesian models for regional MT
studies (Grayver et al., 2019; Luo et al., 2019; Han et al., 2020; Han & Hu, 2023). These
investigations evaluated the differences between impedances calculated in Cartesian and
spherical coordinate systems. However, differences exist among these studies, including the
treatment of conductivity models and the source.

Regarding the treatment of the models, Grayver et al. (2019), Han et al. (2020), and Han
and Hu (2023) examined the impedance of continental (land) regions to evaluate their modeling
results. However, considering the presence of highly conductive seawater with complex
bathymetric undulations and coastlines, a stronger lateral heterogeneity effect on EM induction is
expected in oceanic regions. In this study, we first focus on modeling MT impedances in an
oceanic region of the Philippine Sea, where a three-year-long seafloor EM survey was conducted
(e.g., Baba et al., 2010; Tada et al., 2014). For comparison, we also examine the behaviors of MT
impedances in a continental region of the Qinghai-Tibet Plateau in southwestern China, where a
large-scale MT array study was conducted (e.g., Yang et al., 2020).

Regarding the treatment of the source, Luo et al. (2019), Han et al. (2020), and Han and
Hu (2023) applied a combination of two orthogonal external magnetic dipoles. These dipoles
generate spatially uniform fields to represent the external magnetic fields that are tangential and
oriented northward and eastward, respectively, at the intersection of the equator and central
meridian. Grayver et al. (2019) applied another source combination comprising three orthogonal
external magnetic dipoles to ensure the matrix for calculating impedances anywhere on the Earth
remains of full rank. In their study, two of the three dipoles matched those used by Luo et al.
(2019), Han et al. (2020), and Han and Hu (2023), while the third dipole represented the external
magnetic field directed radially at the intersection.

In a Cartesian model under the plane wave approximation, any pair of linearly
independent sources provide unique values of impedance elements, regardless of their amplitude
and polarization (Berdichevsky and Dmitriev, 1997; Berdichevsky, 1999). Therefore, in a
Cartesian coordinate system, the source effect refers to the source wavenumber effect (also
known as the source dimension effect; see Appendix A), which has been the focus of most
related studies in the past (e.g., Schmucker, 1987; Garcia et al., 1997). However, few studies
have explored source effects on MT impedances in a spherical coordinate system. This gap in
literature has motivated the present study.
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When the plane-wave approximation is not considered, there are three kinds of source
effect in MT: harmonic degree (wave number), polarization, and amplitude effects. Although
previous studies employing spherical models have applied different source combinations, none
have systematically examined the source effect on the MT impedance (Grayver et al., 2019; Luo
et al., 2019; Han et al., 2020; Han & Hu, 2023). This represents a critical issue, as the MT
impedance under plane-wave approximation intended to function as a response dependent solely
on frequency and subsurface electrical conductivity distribution, and not on the source. In this
study, we focus on the presence or absence of a source amplitude effect in spherical impedance
estimates. More specifically, we address whether the impedances obtained from various source
combinations in a spherical model are consistent, particularly with respect to the amplitude of
each external dipole source.

2 Formulations

2.1 Basic equations and coordinate systems

In this study, we perform MT forward modeling in a spherical coordinate system. We solve
the basic equations for the time-varying EM field (Maxwell’s equations) in the frequency domain
as follows:

VX E( w) = —iwuH(r, w), (D)
Vx H(r,w) = o(r)E(r, w) + j**(r, w), (2)

where E(r, w) and H(r, w) denote the electric and magnetic fields at position r and angular
frequency w. Here, i denotes the imaginary unit, ¢ the magnetic permeability, o (r) the electrical
conductivity, and jé**(r, w) the source electric current density. The displacement current is
ignored in Eq. (2). We assume y = u, everywhere, where p, represents the magnetic permeability
of vacuum. We consider periods between 1,000 and 10,000 sec in modeling an oceanic region and
between 100 and 10,000 sec in modeling a continental region.

The position vector at any location in a geographic spherical coordinate system, with
respect to the reference coordinate system (&,1, (), is defined as r = (r, 0, ¢)¢, where the center
of the Earth is taken as the origin (Figure 1a). Here, 7, 6, and ¢ denote the distance from the origin,
colatitude, and longitude, respectively. Superscript t indicates the transpose.
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Figure 1. (a) A spherical coordinate system with the center of the Earth as the origin. (b)
Coastlines on the spherical Earth. The two great circles shown as red lines represent the equator
and central meridian in the rotated spherical coordinate system. Black dots mark the positions
where the &', n’ or {'- axis intersects the Earth’s surface. The area enclosed by the red dashed
lines indicates the study region for the oceanic model. Red crosses denote locations of the seven
selected sites considered in later sections.

For numerical modeling, the longitudinal grids may become asymmetric between the
northern and southern parts of the study region if the center of the study region is not located at
the equator. Such asymmetry can lead to differences in computational precision between the
northern and southern parts of the study region (a portion of the spherical surface). To mitigate
this effect, we introduce a rotation of the reference coordinate system from (¢,7,{) to (¢',n,{")
using two of the three Euler angles, a and f (See Figure S1). The position vector with respect to
the rotated reference coordinate system (¢',1’,{") is denoted as v’ = (r,0’, ¢')t. In this study,
we rotate the reference coordinate system to align the intersection of the equator and central
meridian in the rotated system (8’ = 90° and ¢’ = 0°) with the center of the study region as
shown in Figure 1b.

It is important to note that the introduction of coordinate rotation in our study is not only
aimed at improving computational precision within a fixed coordinate system but also at
enabling a rigorous comparison between results obtained in Cartesian and spherical coordinates
at the same location with the same structural model. Moreover, when performing
electromagnetic modeling and inversion in spherical coordinates for real data applications,
achieving the highest possible computational accuracy becomes essential. Therefore,
incorporating coordinate rotation enhances both the accuracy of our current study and its
applicability to future research.
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2.2 MT impedance and deviation

Using the solutions of the basic equations, we can calculate the MT impedance Z, which
relates the electric and magnetic fields as follows:

E(rob' (‘)) = Z(rob' w)H(rob' w) + SGE (3)

at an arbitrary observation site r,;, and angular frequency w. §€g is the residual term and the
impedance is determined by solving a least squares problem to minimize §€g”. In conventional
MT, two horizontal components of the EM fields are considered in Eq. (3); therefore, the
impedance is a complex-valued 2 x 2 (4-element) tensor.

In this study, the location of each observation site is specified by the colatitude (6) and
longitude (¢) in the original spherical coordinate system. At any observation site, the directions
of tangential axes in the rotated spherical coordinate system (positive 8’ and ¢') deviate from
those of positive 8 and ¢ in the original spherical coordinate system. The impedance elements
calculated by modeling in the rotated spherical coordinate system were converted to those
defined in the original spherical coordinate system to ensure consistency with actual field
measurements. The four impedance elements are denoted as Z;;(r,),, w) where subscripts i and j
denote 8 or ¢. Hereafter, the position and frequency dependences of electromagnetic fields and
impedances, (r,;,, ), are omitted for simplicity.

To compare the impedances calculated at a location r,;, and frequency w under different
conditions (source combinations, for example) 1 and 2, we use the Frobenius norm (F-norm)
deviation, defined as:

N "
1zl
where Z! and Z? are the two impedances to be compared. The F-norm of Z is defined as:
1/2
2
12l = (@ Dy =1 |7, (5)
iJ

where superscript H denotes the Hermitian (complex conjugate) transpose.

In certain cases, we calculate the average F-norm deviation over the entire study region,
which is defined as:

N
L 10z - 22
Az =5 ) i ©)
n=1

Zl

where subscript n represents a calculation cell, and N is the total number of calculation cells in
the study region on the seafloor (oceanic model) or the surface (continental model).

In this study, we set the target level of the F-norm deviation of impedance to 0.01, which is a
typical error level of the MT impedance in case of seafloor observations (Tada et al., 2012). In
subsequent comparisons, two impedances are considered consistent when the F-norm deviation
is smaller than this target level.
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To represent the complex-valued elements of the impedance, the apparent resistivity and
impedance phase are also used, defined as:

12|
pa ij - Wiy (7)
and
i = arg[Zij] ) )]
respectively. In several cases, we compared the spatial distributions and differences of the
numerically calculated pg;; and ¢;;, along with the F-norm deviation of the impedance Z,
between two modeling results. The differences in p,;; and ¢;; are defined as:
Pai;
dpul;? =—2 O
pa l]
and
dgl? = o — 93, (10)
respectively.

2.3 External source

In a rotated spherical coordinate system, we consider an external magnetic source of
spherical harmonic degree one (dipole term), which generates a spatially uniform field. The
external magnetic field above the Earth’s surface (r > r,, where r, = 6371 km is the Earth’s
radius) can be obtained from the spatial gradient of the scalar potential, generally expressed by
the spherical harmonic expansion as:

V(r,0', ¢ ,w) =1(qY(w)cosd’ + qi(w) cos ¢’ sinfh’ + si(w) sin ¢’ sinH’), (11)
where ¢ (), g1 (w), and s] (w) are expansion coefficients of the axial and two equatorial dipole
terms, respectively.

Using B=—-VV and H = “E, the three components of the external magnetic field are
0

obtained as:

1
H.(r,0,¢' 0w) =— - (g2 (w) cos B’ + q}(w) cos @'sin@' + s} (w)sing’'sin@’),  (12)
0

1
Hy(r,0',¢',0) = — - (—qY(w) sin @' + q}(w) cos @' cos 8’ + si(w)sing’ cosH"), (13)
0
and
! ! 1 1 : ! 1 !
H,(r,0,¢' w) = —H—(—ql(w) sing’ + s;(w) cos @’). (14)
0

For convenience, we represent the three basis sources (external dipoles) in the rotated spherical
coordinate system by three unit vectors in {’, £’, and n’ directions, denoted as §(/, S ¢’ and §,1/,

corresponding to the harmonic expansion coefficients 9, 1, and s, respectively (Figure 2a).
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0 1 1
243 By setting ‘h”(w) = qlu(w) = Sl‘fw) = —1, these sources generate uniform magnetic fields of unit
0 0 0

244 amplitude in the positive {'-, &’-, and n’- directions, respectively. An arbitrary source in the
245  rotated spherical coordinate system, denoted as S(8¢, @¢) is specified by the pole location

246 (Os, @s) (Figure 2b). The source S can be expressed by a linear combination of the three basis
247 sources:

248 8(95{, (pé) = a('gi' + anlgn/ + afls\gl, (15)

249 where a;1, a,, and ag are real-valued arbitrary amplitude factors. For a normalized source, the
250  unit amplitude expression in an arbitrary direction is given by:

251 §(95’~, (pé) = ai'gi' + c’inlgn/ + afls\gl, (16)
252 where
253 a; = L cos b, 17)
<1885 @9l
a.,.’
254 4,1 = ———1—— = sin 0% sin @}, (18)
T 18(6s, @3)|
255  and
Az’
256 Agr = + = sin 6 cos @5 . (19)
1S(Bs, 93|
é‘!
S¢ (65, )
b5
Sy n
Se /s
6!
257 (@) (b)

258  Figure 2. (a) Distribution of magnetic field components on a spherical surface for the three basis
259  sources in the rotated coordinate system. The black dots mark the location of the intersection of
260  the equator and central meridian. (b) External dipole sources in the rotated coordinate

261  system. S is a source dipole of arbitrary polarization and amplitude with one of its poles located
262 at (65, 93).

263 The external field generated by an arbitrary source S is expressed as H,,:(r,8', ¢, w, S).
264 Using Eq. (15) and the linearity of the EM field, this can be written as:

265  Hexe(r,0",0",0,8) = agHey (1,0, 9", 0,8;) + 4, Heore(1,6', 0", 0,5,0) + agrHeye (1,67, 9, 0,81, (20)
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where
0 o' cos 8’
4 q%(w) [ cos
Hext(rfg r(p Fw’ Sf,) = - - <_Sin 6’ = _Sin 9’ ) (21)
Ho 0 0
1 sin 8’ cos ¢’ sin 6’ cos ¢’
ror S a1 (w) ’ ’ ’ ’
Hext(r,e , 0, w, Sn') = _,u— cos@'cose’ | = cosB' cosq’ |, (22)
0
and

sin 8’ sin ¢’
cosf'sin¢’ |. (23)
cos ¢’

1 sin 8’ sin ¢’

1(w) S

cosf'sing’ | =
cos ¢’

. s
Hexi (7, 0", 9", @, SE’) = _ ™

—sin ¢’ ( —sin ¢’
These external fields given in Eq. (21)-(23) correspond to —H', —H?, and —H? in Grayver et al.
(2019).

The Maxwell’s equations are solved by providing a source boundary condition at the
outer boundary of the model domain using Eqs. (21)—(23). The resulting solutions for the source
S}I, for example, are denoted as E(r, o', ¢, w, §(,) and H(r, 0, ¢, w, §(,), The solutions for an
arbitrary source S can then be obtained as a linear combination of the solutions for the three basis
sources:

Er,0,¢,0,S) = a(rE(r,H’,(p’, w, §</) + aan(r,B’,(p’, w,S,)+ afrE(r, 0, ¢ w, §5/) (24)
and

H(r,0',¢',w,S) = aer(r,H’,q)’,w, §(r) + anrH(r, 0,9, 0,8, )+ aE/H(r,H’,(p’, w, §€I), (25)

respectively.

In this numerical modeling study, the MT impedance is estimated from the EM field
solutions by providing a set of external dipole sources. A set of two or three sources is denoted
by {S4,S,} or {S4,S,,S;}, respectively, where S,, S,, and S5 are external dipole sources with
arbitrary directions and amplitudes.

3 Model setup

3.1 Modeling methods and surface inhomogeneities

Modeling in a spherical coordinate system was performed using a global forward code
modified from Uyeshima and Schultz (2000). This code employs a staggered-grid finite
difference method to solve Maxwell’s equations, with all variables calculated in double
precision. The source field, as expressed in Eq. (20), was set at the outer boundary of the model
domain (r = 107,). The source altitude was chosen sufficiently far from the Earth’s surface to
ensure that the internal part of the primary field is negligible. The inner boundary was set at the
core-mantle boundary (CMB) (r = 3479 km), where the radial magnetic field component is set
to zero as a boundary condition. Convergence of the numerical solution was confirmed through
iteration, when the normalized change in the magnetic field solution, defined by the dot products
of the magnetic vector integrated over the entire calculation domain, reached 10716
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The model assumes the Earth’s interior to consists of two thin, laterally heterogeneous
shells on the surface and a 1-D (radially symmetric) structure beneath them. The shallowest layer
is a 4-km-thick inhomogeneous shell representing the land-sea electrical conductivity contrast,
with variable conductance reflecting bathymetric undulations. Land topography is ignored
because conductance is smaller on land than in the sea. The second layer is a 1-km-thick
inhomogeneous shell that simulating lateral variations in oceanic sediment thickness. Figure 3
shows the assumed 1-D profile below these two shells, which was designed with reference to the
oceanic mantle model of the western Pacific (Baba et al., 2010; Shimizu et al., 2010), with
simplifications.

0

200+

400+

Depth (km)

6001

800+

1000 : : ;
10* 102 102 107" 10° 10!
Conductivity (S/m)

Figure 3. 1-D electrical conductivity structure and the radial gridding (depth from 5 km to 1,000
km) assumed for the numerical models. The structure is designed by considering the 1-D
structures beneath the Pacific obtained by Baba et al. (2010) and Shimizu et al. (2010).

We assumed electrical conductivities of the sea water, sediment, and crustal rock in the
two surface shells to be 3.0, 0.1, and 0.01 S/m, respectively. For the oceanic area of the surface
shell, we first averaged the bathymetry data from ETOPO1 (Amante & Eakins, 2009), which
originally had a resolution of 1’ x 1’, within each cell. The conductance and average conductivity
in the 4 km-thick surface shell were calculated under the assumption of homogeneous
conductivity within each cell. For the sediment shell, we employed the Laske and Masters (1997)
model. The sediment thickness, originally provided at a resolution of 1° x 1°, was first
interpolated, and then the conductance and average conductivity were calculated in a manner
similar to that used for the first shell. In the oceanic model, the MT impedance was estimated at
the seafloor (the boundary between the top two heterogeneous shells) using the modeled EM
solutions. In the continental model, the MT impedance was estimated at the surface.

3.2 Grid spacing

We adopted identical grid spacings for both the oceanic and continental models to
facilitate comparison. Because it is not practical to solve the basic equations with a fine grid
spacing across the entire modeling domain, non-uniform gridding is applied in both the radial
and tangential directions. The lateral size of the study region was defined as 20° x 20°. The
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center of the study region was set at (25°N, 135°E) for the oceanic model and at (32°N, 90° E)
for the continental model. These center locations were then positioned at (0°N, 0°E) in the
rotated coordinate system.

The radial grid spacing was uniformly set to 500 m in the land-sea contrast shell and to
250 m in the sediment shell. In the 1-D shells, the radial grid spacing gradually increased
following logarithmic equidistance (Fujita et al., 2018) until the CMB. The lateral grid size was
set to 0.25° in the central area, including the study region, and gradually widened to 1°, 2°, and
5°, depending on the distance from the center. The area of the finest (0.25°) grids was defined as
40° x 40° based on numerical tests (Figure 4, S2, and Table S1 for the influence of the area of
the finest grids). The radial grid spacing near the seafloor was confirmed to be sufficiently fine
for the 3-D model (Figure S3). In total, the grid system consisted of 89 cells in the r-direction,
including 17 cells in the air, 194 cells in the 8'-direction, and 230 cells in the ¢'-direction.

00 | | J \ 1 \ | \

60 — —

30— —

2

latitude (de;
<
|
I

-30 — —

-0 | | \ J |

0 60 120 180
longitude (deg)

Figure 4. Lateral grid spacing for spherical model in the rotated coordinate system. The red
dashed square indicates the study region.

4 Influence of the source on estimating the MT impedance in a spherical model

To obtain four elements of the MT impedance from the EM components of numerical
modeling solutions, at least two linearly independent sources are required. In the case of a
Cartesian model under the plane-wave approximation, the MT impedance is known to be
independent of the source amplitude and polarization, and therefore serves as an EM response
function of the Earth (See Appendix B). In a spherical model, the conventional impedance,
consisting of four elements, can be estimated from the EM solutions for two independent sources
by solving (Grayver et al., 2019)

(E; Eg>_<299 qu,)(H; H§> 26)
E; Ej Zpg Zpp)\Hy Hg)'

where superscripts 1 and 2 denote two linearly independent external sources.
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By re-writing Eq. (26), we obtain a positive definite system of equations b = Ax, where
b is a vector composed of modelled electric field components Eg, E3, Ej, and E3, A is a matrix

composed of modelled magnetic components Hg, H, Hj, and Hj, and x is a vector composed of

four impedance elements Zgg, Zg,, Z g, and Z,,. The unknown vector x can be obtained by

x=(A"A)"'A"b. (27)

Grayver et al. (2019) pointed out that solving Eq. (27) is not globally feasible because matrix A
may not be of full rank at the pole location of the source dipole field. However, it is possible to
estimate four elements of the impedance using two independent sources within a specific part of
the Earth’s surface (the study region), where the matrix rank is confirmed to be full.

Here, we considered the oceanic model (Figure 5a), which includes the study region of a
seafloor MT experiment conducted in the Philippine Sea by Baba et al. (2010). We calculated the
MT impedances in the rotated spherical coordinate system for two periods: 1,000 and 10,000 sec.
We compared two results obtained by using different combinations of external dipole sources of
unit intensity: {§<r, §n’ } and {5(45°, 45°), §(135°, 45°)}. The first source combination provides
the best similarity to MT modeling in a Cartesian coordinate system with two orthogonal plane-
wave sources polarized in the N-S and E-W directions. These two combinations are chosen for
this experiment because they exhibit the largest angular distance from each other. The results at
seven selected sites showed significant F-norm deviations (Figure 5b), indicating that the
impedance estimated using these two sources is non-unique but depends on the source
polarization. Through further systematic numerical experiments, we confirmed that in a spherical
coordinate system, impedances obtained from an arbitrary pair of orthogonal sources are unique
only when the sources lie within a single great circle plane and have no components normal to
that plane.

0
T16
TO1
[
éﬂ ‘7"‘ =11 107 : 4
3 F‘N ToOS [ ] [
E = T °
g & T14 [ ]
3 ~ 27TI0—*
-3
-10 0 2 3 4 5
Longitude (deg) 10 10 ' 10 10
—— ? Period (s)
~8000 0 8000
Bathymetry/Topography (m)
(@) (b)

Figure 5. (a) A map showing the bathymetry and site locations of the oceanic model. Red
crosses show the seven selected sites (after Baba et al., 2010). (b) F-norm deviations at seven
selected sites between calculated impedances with source combinations of {S(45°, 45°), §(135°,
45°)} and {§<f, §,7/}. Model: the oceanic model in a rotated spherical coordinate system.

Next, we consider three independent sources to estimate the impedance, as suggested by
Grayver et al. (2019), to address the problem of non-uniqueness in impedance determination. We
attempted to estimate the four elements of the MT impedance from the modeling results with
three orthogonal sources of unit amplitude by solving the matrix equation of an overdetermined
system:
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(E; E§ Eg> B <299 qu,) (H; H§ Hg> N (6659 ez, 5@9) 28)
- 1 2 3 )

E, E; E; Z Z H, H; H} ek, Oeg, O€p,

where superscripts 1, 2, and 3 represent the EM solutions for the respective independent sources.

Rewriting Eq. (28), we obtain an overdetermined system of linear equations b = Ax + §€g,
which can be solved by minimizing the residual term, as in the case of Eq. (27).

%) QP

Similar to the previous experiment, the modelled impedances were examined and
compared using two different source combinations in the oceanic model. In each source
combination, two sources were kept to be the same as in the previous case, and a third source
orthogonal to the other two was added. The source combinations considered are {§(r, gn" S ¢
and {S5(45°, 45°), §(135°, 45°), §(90°, 135°)}. The newly added basis source, §51, produces a

magnetic field only in the radial direction at the center of the study region in the rotated spherical
coordinate system.

For both source combinations, the four elements of the MT impedance were estimated
using Eq. (28). The F-norm deviations at all selected sites turned out very small, at the level of
10, indicating that the impedances estimated from the two source combinations were consistent.
Differences in the apparent resistivities and impedance phases were also sufficiently small, at a
level of 10°—10% (See Figure S5).

The source combinations described above, which provide unique impedances, consist of
three mutually orthogonal external dipole sources with equal (unit) amplitudes. However, natural
source fields (geomagnetic disturbances) are complex; their amplitudes and polarizations change
dynamically over time. To examine whether more complex source combinations with different
polarizations and amplitudes yield unique impedances as shown above, we conducted further
numerical experiments and compared the impedances estimated from various source
combinations. When one of the three sources is not orthogonal to the other two, it can be
decomposed into three sources so that one of them is orthogonal to the other two, thereby
independently contributing to impedance estimation. Thus, the source polarization effect can
essentially be regarded as a source amplitude effect. We considered cases in which two of the
three orthogonal sources had unit amplitudes, while the amplitude of the third source was varied.

The source combinations examined were: {a;S(45° 45°), S(135°,45°), §(90°,135°)},
{8(45°,45°), a,5(135°,45°), $(90°,135°)} and {S(45°, 45°), S(135°,45°), a55(90°,135°)}
where amplitude factor, a,, a,, and a3 took values 107%°, 1, and 10%°, respectively. The
impedances calculated from these source combinations in the oceanic model were compared with
those obtained from the reference source combination {S}r, §11’= S ¢'}- The F-norm deviations of
the impedance obtained at seven selected sites exceeded 0.01 at most sites when a4, a,, or as
was 1073 or 103 (See Figure S6). Additionally, the largest deviation occurred at T16 or T09,
while the smallest deviation was observed at T10, suggesting that the deviation decreases with
increasing distance from the coastlines and/or the areas with steep bathymetric changes.
Differences in the apparent resistivity and impedance phase also showed significant anomalies
not only near coastlines but also in flat basins (see Figure S7 for the case where a; is 1077).
These results suggest that the impedance estimated from the three independent sources depends
on the source amplitude.
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Next, the average F-norm deviation of the impedance was calculated for the entire study
region over a wider range of amplitude factors. The impedances obtained from different values
of a;, a,, and a; were compared with those from the reference source combination consisting of
three basis sources. The amplitude factors a, (represented by open blue circles), a, (represented
by solid blue squares), and a5 (represented by open blue squares) varied between 107 and 10°.
The results are shown in Figure 6. We found that the averaged deviations were approximately 10
? only when a4, a,, and a5 were exactly 1. Outside this narrow range near unity, the F-norm
deviations exceeded the typical observation error level (0.01), with the largest deviation at a level
of 0.1. The deviations also exhibited slight asymmetry with respect to the unit amplitudes. The
results of these numerical experiments clearly indicate that the MT impedance consisting of four
elements is not unique and depends on the source amplitude.

0 1 1 L L !
Q@ % aaas
-2
T3 4
N
=
¥ o]
_g| Oa|
@ m
4-element spherical O a,
-10

4 2 0 2 4
log (a,) or log (a,) or log (a,)

Figure 6. Dependence of dZg, on log(a,), log(a,), or log(as) in a range when a,, a, or az is
between 10 and 10° in the entire study region at period of 10,000 sec. Open blue circles
represent dZ}“_,j between the 4-element impedances from source combination of {a; S(45°,45°),
$(135°,45°), §(90°,135°)} and from {§¢r, §n’= §€r}, solid blue squares between those from
source combination of {S(45° 45°), a,8(135°,45°), §(90°,135°)} and from {§€’= §,7/, S}r},
and open blue squares between those from {S(45°,45°), §(135°,45°), a;5(90°,135°)}, and
{§<I, §,1/, S ¢ - Hatched area corresponds to horizontal range of a; considered in Section 6.
Model: the oceanic model in a rotated spherical coordinate system.

We conducted an additional experiment on the continental model of the Qinghai-Tibet
Plateau region (Figure 7a). Two tests were performed: one with and one without a highly
conductive anomaly (Yang et al., 2020). In the model with the anomaly, a polygonal structure
with a conductivity of 0.1 S/m was assumed, centered in the study region and to have dimensions
of 16° x 6° laterally (represented by the green rectangle in Figure 7a), extending from 4 to 100
km in depth. In the absence of the 3-D anomaly, the model is nearly 1-D because the study
region is far from the coastlines and the crust and mantle are assumed to be laterally
homogeneous with a conductivity of 100 S/m.
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We first examined the case without a 3-D anomaly and estimated the four elements of the
impedance at five selected sites, L05, L02, L03, LO1, and L04 (Yang et al., 2020, see Figure 7a
for their locations), where MT measurements were conducted. The estimations were made for
three periods, 100, 1,000 and 10,000 sec. Source combinations of {a1§(45°, 45°), §(135°, 45°),
$(90°,135°)}, where a, is 103, and {§§r, §n” §€,} were used. As shown in Figure 7b, the F-
norm deviations of all five sites are significantly small, at the level between 107> and 1073,
However, the results changed dramatically when the 3-D anomaly was introduced. As shown in
Figure 7c, the F-norm deviations calculated at two sites (L04 and LO05) near the edge of the
anomaly were several orders of magnitude larger than those at a site (L03) far from the
boundary. These large deviations exceeded the typical observation error level of 0.01.

The modeling results, together with those of the oceanic model, suggest that the
spherical MT impedances estimated from the three independent sources are non-unique when the
structure is laterally heterogeneous (See also Figure S8).

-1 -1
L05 LOS s ¢
R _pjLoz _pfL02
oo
Q) —_ —_ [ )
2 T _3{Lo 3L °
E ;tg/ L04 $ g L04
< w —4 a0 —4 1
3 & . k-
-5 8 _5
0 10 -6 -6
Longitude (deg) 10" 102 100 10*  10° 10" 102 100 10 10°
8000 —4000 O 4000 8000 Period (s) Period (s)

Bathymetry/Topography (m)
(a) (b) (©)

Figure 7. (a) A map showing the study region and site locations of the continental model. Green
crosses show the five selected sites (Yang et al., 2020). Green rectangle shows the location of the
3-D anomaly. (b) The F-norm deviations of the spherical impedances with source combinations
of {a,5(45°, 45°), §(135°, 45°), §(90°, 135°)} where a; is 10°* and {S;/, S,/, Sz} at the five
selected sites in the continental model (b) without a 3-D anomaly, and (c) those with a 3-D
anomaly.

5 Impedance including the induction by the radial magnetic component

5.1 Tippers and impedance non-uniqueness

Thus far, we have observed that the impedance consisting of four elements, as estimated
in a spherical coordinate system, is not unique but rather depends on the source amplitude. This
non-uniqueness is more pronounced in areas near coastlines or boundaries of lateral
heterogeneity. Such lateral contrasts in electrical conductivity are known to cause anomalous
radial components of the induced magnetic field (e.g., Parkinson, 1959; Schmucker, 1970;
Kruglvakov & Kuvshinov, 2022). These observations strongly suggest that induction by the
radial magnetic component plays an important role in the non-uniqueness of the four elements of
the MT impedance calculated in a spherical coordinate system using Eq. (28).

To further investigate the relationship between the radial magnetic component and the
non-uniqueness of the impedance, we examined the behavior of tippers (geomagnetic transfer
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functions). Tippers describe a linear relation between the tangential and radial magnetic
components as:

Hr = TgHg + T(pH(p + SEHT, (29)

where Ty and T, are the 8- and @-components of the tipper, respectively, and §ey,_ is a residual
term of linear fitting. To compare two tipper vectors, we used the L2-norm deviation, defined as:

Tl _ T2
ai-s < 1T =Tl 0)
IT2]]
where the L2-norm of a tipper vector is given by:
231/2
1Tl = {ITe? + |7, |} " (31)
We also defined the averaged L2-norm deviation of tippers over the entire study region as:
1 T} — T?
dTC}ng — || n > TL”Z, (32)
N £ ITZ 112
n=1,N

similar to the average F-norm deviation of the MT impedances given by Eq. (6). Superscripts 1
and 2 denote the tippers for the two-source combinations of variable amplitude factors and those
for a reference source combination {§5r, §n” S ¢’} respectively.

Kruglyakov and Kuvshinov (2022) modeled tippers in a spherical coordinate system with
a plane-wave treatment by creating a source that does not produce a radial magnetic component
at the Earth’s surface. However, the radial component of the source magnetic field does not need
to vanish at the Earth’s surface as long as the condition for plane-wave approximation is satisfied
for the primary field; that is, the induction wavenumber dominates the source wavenumber
(Utada, 2018). This condition is satisfied in the present study, given the values of electrical
conductivity and the period range used in the modeling calculations. Additionally, it is not
feasible to select different sources to estimate the MT impedances and tippers from the field data.
Therefore, we used external dipoles, the same sources as those used to estimate impedances in
Section 4 (Figure 6), for the calculation of tippers on the spherical Earth.

Figure 8 shows the numerical modeling results for the continental model (see also Figure
S9), presenting the averaged L2-norm deviations of the tippers. These deviations were calculated
when a, (represented by open black circles), a, (represented by solid black diamonds), and a;
(represented by open black diamonds) varied between 107 and 10°. Overall, the average
deviation of the tippers (Figure 8) closely resembles the behavior of the impedances (Figure 6).
The deviations are approximately 108 and 107 when the amplitude factor is near unity, whereas
they increase sharply when the amplitude factor deviates slightly from unity. The deviations are
stable at high values, ranging between 107! and 1 when the amplitude factors are smaller than 10~
2 or larger than 102. Figure 8 also illustrates the behavior of Cartesian tippers (represented by
solid green circles). In this case, the amplitude of the E-W source was varied from 1075 to 103,
while the amplitude of the N-S source was held constant at unity. The tippers were then
evaluated and compared with those obtained when both source amplitudes were set to unity, to
calculate the average deviations. The deviations of the Cartesian tippers are significantly smaller
than those of the spherical tippers and remain stable at approximately 10-'> or smaller than 1071,
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This result suggests that Cartesian tippers can be regarded as a unique EM response function,
unlike spherical tippers.
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Figure 8. Dependence of dT,,; on log(a,), log(a;), or log(as) in a range when ay, a,, or as is
between 107°* and 10 in the entire study region at a period of 10,000 sec. Open black cirlces
represent dZ%;2 between tippers from source combination of {a,S(45°45°), $(135°,45°),
$(90°,135°)}; and from {§(r, §n1, S ¢’} solid black diamonds between those from source
combination of {8(45°,45°), a,S8(135° 45°), §(90°,135°)} and from {§€’= §,7/, S}r}, and open
black diamonds between those from {§(45°,45°), $(135°,45°), a55(90°,135°)}, and {§51, S
S ¢} Solid green circles represent deviations between 4-element Cartesian impedances (See
Appendix B). Model: the continental model with a 3-D anomaly in a rotated spherical coordinate

system and in a Cartesian coordinate system with the azimuthal equidistant projection (e.g.,
Snyder, 1987).

Figure 9a and 9b show maps of the L2-norm of tippers and the F-norm deviation of
impedances for the continental model with a high conductivity anomaly and for the oceanic
model, respectively. In these maps, tipper norms are obtained using a source combination of
{§<I, §,1/, S ¢} and impedance deviations are obtained between the impedances for the source
combinations of {a,S(45°, 45°), §(135°, 45°), §(90°,135°)}, where a; is 103, and {§<r, gn"
S ¢} A strong correlation is observed between the two maps. Figures 10a and 10b display a
correlation plot between the impedance deviations and tipper norms for the continental and
oceanic models, respectively. Figure 10a demonstrates a clear positive correlation between the
impedance deviation and tipper norm for the continental model whereas Figure 10b indicates a
similar but weaker positive correlation for the oceanic model. The results from both numerical
experiments suggest that the impedance deviation due to the source amplitude effect tends to
increase with the tipper norm.

n'>



manuscript submitted to Journal of Geophysical Research: Solid Earth

10
0
o £
E 0 o1 8
£ =)
g
-3 ™
-10 T 3
-10 0 10
longitude
-1
g
25
8 8
2 5
E S
3~
0
S
(a -4
longitude longitude
o £
E g
2 e
k| <
g
e
S
K] z
S &
E g
= N
=4
=
(®)
547 longitude longitude

548  Figure 9. Top: Logarithm of tipper norms calculated with {S}/, Snr, S ¢} Bottom: Logarithm of
549  F-norm deviations between impedances calculated from source combinations of {a;S(45°, 45°),



550
551

552

553
554
555
556
557

558

559
560
561
562

manuscript submitted to Journal of Geophysical Research: Solid Earth

S(135°, 45°), §(90°,135°)} when a, is 10%% and {S}/, §n1, §€,}, (a) for the continental model
and (b) for the oceanic model, in a rotated spherical coordinate system.
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Figure 10. Dependence of F-norm impedance deviation on tipper norm at selected sites (top) and
at all grid points at the surface of the Earth in the study region (bottom). Tippers are calculated
from {§<r, gn” S ¢} F-norm impedance deviations are calculated between results from

{a;,5(45°, 45°), §(135°, 45°), §(90°, 135°)} where a; is 105 and {S;1, S/, S/}, (a) for the
continental model and (b) for the oceanic model, in a rotated spherical coordinate system.

5.2 6-element spherical impedance

The positive correlation between the impedance deviation and tipper norm obtained in the
previous section strongly suggests that the radial component of the magnetic field (both source
and induced) contributes to the non-uniqueness of the spherical impedance. Based on these
findings and a simple theoretical consideration of the impedance when the primary field includes



563
564

565
566
567
568
569

570

571
572
573
574
575
576
577

578
579

580
581
582
583
584

manuscript submitted to Journal of Geophysical Research: Solid Earth

a vertical component (Appendix A), we introduced a new MT impedance in a spherical model
that accounts for induction by the radial magnetic component.

In general, the linear relation between three components of the electric and magnetic
fields in a conductive medium is expressed by a complex-valued 3 x 3 impedance tensor. Since
the radial component of the electric field diminishes at the surface of the Earth, the new MT
impedance ZY becomes a complex-valued 2 x 3 matrix. This impedance can be determined by
solving a linear equation relating the EM components from three independent sources:

HY H} H}
Eg E5 E3\_ (%6 Zop Zor\[( .1 .5 oo 23
El EZ E3 - ZU ZU ZU H‘P H‘P H(P ' ( )
@ ¢ @ [ QP Qr HY H2 H3
T T T

Hereafter, we refer to the new impedance with symbol U as the 6-element spherical impedance,
where the notation with superscript U distinguishes it from the spherical impedance consisting of
four elements (hereafter referred to as the 4-element impedance) calculated using Eq. (26) or
(28). Dmitriev and Berdichevsky (2002) proposed the 6-element impedance in a Cartesian model
and named it a generalized impedance. They introduced a method to calculate the impedance
using 3-D Cartesian forward modeling, although no calculation results have been reported thus
far.

Figure 11 presents the apparent resistivities and impedance phases at site T16 in the
oceanic model, which is the site nearest to the coastline. The results from the 4-element spherical

impedances for {§5r, §n/} (represented by solid red triangles) or {§<r, §,1r, §5r} (represented by
open green squares), as well as those from the 6-element spherical impedance for {gf” §n1, S ¢
(represented by solid blue circles) are shown. The results indicate that apparent resistivities
calculated from Z§,. and Z or are of a similar order of magnitude to those estimated from the
other four elements.
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Figure 11. Period dependance of apparent resistivities and impedance phases at T16. Solid red
triangles: 4-element impedances from {§(/, §nr}; open green squares: 4-element impedances

from {§(r, §n" S}r}; solid blue circles: 6-element impedances from {§(f, §n” §§,}, Model: the
oceanic model in a rotated spherical coordinate system.

The source amplitude dependence of the estimated impedances in the oceanic model was
further examined using the source combinations {a,S(45°, 45°), §(135°,45°), §(90°,135°)},
{5§(45°,45°), a,5(135°,45°), §(90°,135°)} and {S(45°, 45°), S(135°,45°), a55(90°,135°)},
which are the same source combinations used in Section 4 (Figure 6). The 6-element impedance
from a combination of the three basis sources was used as the reference. Figure 12 shows the
averaged F-norm deviations of the 6-element spherical impedances obtained when each value of
the amplitude factor a, (represented by open black circles), a, (represented by solid black
diamonds), or a5 (represented by open black diamonds) was varied from 107 to 10°. The
deviations are on the order of 107'* when the amplitude factors are near unity and remain below
10 across the entire range of amplitude factors examined, which can be considered as
sufficiently small compared with the target level of 0.01. Considering that the convergence
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criterion in our numerical calculation was set to 107!°, deviations on the order of 10'* can be
attributed to the accumulated numerical errors. Therefore, the 6-element spherical impedance can
be regarded as essentially unique.
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Figure 12. Dependence of dZé;; on log(a,), log(a,), or log(as) in a range when a,, a,, or as is
between 107° and 107 in the entire study region at period of 10,000 sec. Open black circles
represent averaged deviations between 6-element impedances from source combinations
{a;,S(45°,45°), $(135°,45°), §(90°,135°)}, and {S,, §,+, §¢}, solid black diamonds between
those from {S(45° 45°), a,5(135°,45°), §(90°,135°)} and {S}r, §n" §5r}, and open black
diamonds between those from {S(45°,45°), §(135°,45°), a;S(90°,135°)}, and {gf" §ﬂr, S}r}.
Solid green circles represent deviations between 4-element Cartesian impedances (See Appendix
B). Model: the oceanic model in a rotated spherical coordinate system and in a Cartesian
coordinate system with the azimuthal equidistant projection.

Results of similar numerical experiments in a Cartesian coordinate system are
represented by solid green circles in Figure 12 (See Appendix B for details). These results
demonstrate that the level of uniqueness of the 6-element spherical impedance is comparable to
that of the 4-element Cartesian impedance. We conclude that both the 4-element Cartesian
impedance and the 6-element spherical impedance are independent of the source amplitude and
can be employed as EM response functions.

6 Discussion

The 4- and 6-element spherical impedances are examined numerically in Sections 4 and
5, respectively. In Section 5, we found that tippers and 4-element impedances are related. Here
we demonstrate that tipper plays an important role in causing the non-uniqueness of the 4-
element impedance. The 6-element impedance ZY in Eq. (33) can be substituted into the 4-
element impedance Z in Eq. (26) using the tipper components Ty and T,, in Eq. (29). Substituting
Eq. (29) into Eq. (33), while ignoring the residual term §ey, , we can approximately express the
4-element impedance in terms of the 6-element impedance and tippers as

Zgg ~ Zgg + Z, Ty, (34)

Zop = Zg, + 2§, Ty, (35)
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Zpo = Zgg + 25, T, (36)
and
Zpp = Zop+Z5.T,. (37)

Dmitriev and Berdichevsky (2002) derive a similar relationship in a Cartesian coordinate system.

This relationship can account for certain properties of the 4-element spherical impedance,
particularly its non-uniqueness, because the 6-element spherical impedance is shown to be
unique, while the tippers are not. More precisely, the 4-element spherical impedance is not a
unique response of the Earth’s conductivity structure but exhibits considerable source amplitude
dependence unless the Earth’s structure is nearly 1-D (laterally uniform), where the tippers are
negligible so that the second terms on the right-hand side of Eqs. (34)—(37) are also negligible.

As an application of this relationship, we consider seasonal variations in tippers and MT
impedances, which have been documented in different land regions across a wide range of
periods (e.g., Kappler et al., 2010; Briandlein et al., 2012; Araya et al., 2013; Ernst et al., 2020,
2022). Ernst et al. (2020, 2022) reported that seasonal variations in tippers were more significant
than those in 4-element impedances, attributing this to variations of the external radial (vertical)
magnetic component. Based on this observation and considering the role of tippers in connecting
the 6-element to the 4-element spherical impedance (Egs. (34)—(37)), it would be valuable to
examine the behavior of tippers for different amplitudes of the radial component of the source
fields in spherical models. In this study, we used a continental model with one 3-D anomaly
(Figure 7) because this model exhibits a simple and clear pattern with large tippers only near the
boundaries of the lateral conductivity contrasts (Figure 9).

We examined tippers with the source combination {S}r, §n" affg ¢} and {S}r, an’gn"

S ¢}, where the amplitude factors a; and a,r were set to 1, 2, 5, or 10. This test allows us to
separately analyze the influence of the radial and tangential components of the external magnetic
fields on the tippers. We selected site L04, located near the northern edge of the conductivity
contrast, where significant amplitudes of the tippers were expected (Figure 9a). The calculated
tipper amplitude showed a tendency to increase with a;s (Figure 13a). However, changes in T, is

more pronounced than those in Ty. This tendency is opposite to the observation by Ernst et al.
(2020), where variations in Ty were larger than those in T;,. In contrast, variations in the tippers
when a,, was varied (Figure 13b) were significantly smaller than those observed for variations
in a;r (Figure 13a). Based on these results, we focused on the case of varying a,s, which

corresponds to the influence of changes in the radial magnetic component of the external field.
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Figure 14a shows the difference in tippers observed by Ernst et al. (2020), who calculated
the absolute seasonal differences between tippers estimated from the magnetic field data in
summer and winter (represented by black solid circles). Additionally, the absolute differences in
the real and imaginary parts between two tippers, which were calculated in this study with
various ag and those with a;r = 1 at L04, are shown in Figure 14a. We found that the seasonal
changes in the real and imaginary parts of Ty reported by Ernst et al. (2020) can be roughly
explained by a change in the amplitude of the source radial magnetic component between 1 (at
shorter periods) and 9 (at longer periods) and those of T, can be explained by a smaller change,
approximately 1. Although fitting the continental model results to the observations of Ernst et al.
(2020) is not the main aim of this study, these findings suggest that the magnitude of seasonal
variations in tippers can be explained by varying the amplitude of the external radial magnetic
component using only degree-one (spatially uniform) sources.
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Figure 14. Period dependence of (a) absolute differences in tipper norm and (b) apparent
resistivity at L04 for different values of the source amplitude (ag=1, 2, 5 or 10). Model: the
continental model with a 3-D anomaly in a rotated spherical coordinate system.

We further examined the apparent resistivity differences at site L04 for varying a;

values and compared them to those obtained from observed data by Ernst et al. (2022) as shown
in Figure 14b. Differences of approximately 0.01 in Pa g and 0.1 in p, 9y L2 period of 10,000

sec at L04 could be attributed to a case where a g~ 10. A more detailed discussion of the

amplitude differences between the sources requires the use of a more realistic model of electrical
conductivity below the study area in Europe. We also suggest that examining six elements of the
impedance, rather than four, would better capture time-dependent changes in the Earth's
electrical conductivity. This is because the 6-element impedance is independent of the source
amplitude, so far as only external dipoles are considered.

To gain deeper insights into the uniqueness and non-uniqueness of the 6- and 4-element
spherical impedances, we analyzed cases where one of the amplitude factors (ala_lal, a2a 2a2,
or a3a_3a3) of the three independent sources was varied (Figure 12). For the 6-element
impedance, the average deviation remained nearly constant at a negligibly small value (~107'%)
when the amplitude factor ranged between 107! and 10! (Figure 12). In contrast, we observe a
gradually increasing trend in the average deviation when the amplitude factor is smaller than 10~
or larger than 10! (Figure 12). This occurs because the amplitude of one of the three orthogonal
sources is significantly smaller or greater than that of the other two, accumulating rounding
errors in solving Eq. (33) for the six impedance elements. Nevertheless, acceptable solutions
were still obtained within a wide amplitude range of 107 to 10° (Figure 12). These results
indicate that estimating unique values of the 6-element impedances is stable and feasible for
most combinations of the three external dipole sources over a broad amplitude range.

1

In contrast, in the case of 4-element spherical impedance, we observed a sudden and
significant increase in the F-norm deviations when the amplitude factor of one of the three
independent sources slightly deviated from unity (Figure 6). Figure 15 shows the detailed
behavior of the deviations for the ranges of a,, a,, and a; corresponding to the hatched interval
in Figure 6. The deviations continued to increase for amplitudes decreasing from unity to 107! or
increasing from unity to 10!, and then remained nearly stable at values between 0.01 and 1 for
further decreasing or increasing amplitudes (Figure 6). This behavior suggests that unique
estimation of the 4-element spherical impedances may be possible, but only under limited
condition where the given sources to be decomposed into three orthogonal sources with nearly
equal amplitudes. However, the minimum deviation of the 4-element impedance is notably larger
than that of the 6-element impedance.
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Figure 15. Dependence of dZé;; on log(1-a;) or log(a;—1) (i=1, 2 or 3) in a range between —7
and —0.5 (hatched area in Figure 6) in the whole study region at period of 10,000 sec. Symbols
are the same with Figure 6. Model: the oceanic model in a rotated spherical coordinate system.

Note that the residual terms in Eq. (28) of the overdetermined problem to estimate the 4-
element impedance are significant. Here, we define the averaged residual across the entire study

region for the external source k as:
k
dek = L z ek,
E — s )
N Ek
£ T,

where subscript n represents a calculation cell in the study region, and N is the total number of
cells for the oceanic model or the continental model. For a source combination of {S}r, §n" S £
the average residuals for the three sources are listed in Table 1 for two periods. We noticed
relatively large residuals for S ¢'» indicating the significant influence of ignoring the induction by
the radial magnetic components when calculating the 4-element impedance. The effects of
induction by the radial magnetic component are incorporated into the four elements through the
linear relationships in Egs. (34)—(37). As a result, the impedance relation expressed using the 4-
element impedance is inaccurate, particularly for S ¢ which generates a source field oriented
nearly in the radial direction within the study region (Table 1). This explains why the deviation
of the 4-element impedance cannot be as small as that of the 6-element impedance, even when
three basis sources are given.

Table 1

(38)

Averaged residuals def when calculating 4-element impedances from the source combination of

{§<,, §,1/, §5f }. Model: oceanic model in the rotated spherical coordinate system.

Source T=1,000s 10,000 s
§<., 0.0112 0.0080
Sy 0.0121 0.0090
S/ 0.5837 0.6174
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The source effect discussed thus far is observed only in the 4-element spherical
impedance, which we call the “source amplitude effect.” In general, any source combination can
be decomposed into three basis sources with specific amplitude factors. The source amplitude
effect in 4-element spherical impedance arises when the amplitude factors of decomposed three
orthogonal sources are unequal. However, questions remain, such as how significant the non-
uniqueness of the 4-element spherical impedance is and whether estimating the 6-element
spherical impedance is necessary in practice. Further investigation is required to address these
questions. Once the validity of using the 6-element impedance is established, both modeling and
inversion of MT observational data should be conducted in a spherical coordinate system rather
than in a Cartesian coordinate system.

Another type of source effect is known to exist, which affects both the 4- and 6-element
spherical impedances. We refer to this as the “source harmonic degree effect”, caused by sources
with different harmonic degrees. This type of source effect similarly manifests in the Cartesian
MT impedance as the source wavenumber effect, also known as the source dimension effect (see
Appendix A). The large impedance residual for the source S ¢, which increases with period

(Table 1), can be partially attributed to this effect. While addressing how to properly account for
this effect at higher harmonic degrees in a spherical coordinate system is an important problem,
it is beyond the scope of this study.

7 Conclusions

In this study, we conducted systematic MT modeling in a spherical coordinate system,
using laterally heterogeneous oceanic and continental models to examine the effects of source
polarization and amplitude on the MT impedance. Our results revealed that the 4-element
spherical impedance, estimated from two independent sources, is non-unique and exhibits
considerable dependence on source polarization and amplitude, unless the Earth’s structure is
nearly 1-D. When three independent sources are applied, the 4-element spherical impedance no
longer exhibits a source polarization effect; however, source amplitude dependence persists. We
observed that the non-uniqueness in the 4-element spherical impedance is positively correlated
with the tipper norm. Based on this observation and a simple theoretical consideration (Appendix
A), we introduced a new impedance model consisting of six elements, which incorporates
induction by the radial magnetic components. Our findings demonstrated that the 6-element
spherical impedance can be uniquely estimated, independent of the amplitude of three
independent dipole sources. However, tippers remain non-unique even when three independent
sources are applied. Furthermore, we established that the 6-element impedance can be related to
the 4-element impedance through tippers. This relationship provides potential explanations for
observed seasonal variations in tippers and 4-element impedances, which may result from
variations in the amplitudes of the radial components of the external magnetic field. The 6-
element impedance is a unique function only of the Earth’s conductivity structure and frequency,
and it is independent of the source amplitude. Therefore, the 6-element impedance is expected to
serve as a more reliable EM response function for inverting the field data.
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Appendix A

Impedance relation including the source wavenumber for a uniform half-space

Here, we address the solution of the EM induction equation in a Cartesian coordinate
system with the origin at the Earth’s surface. We consider the behavior of the primary EM field
within a uniform half-space (conductivity o) in response to the incidence of an external magnetic
field polarized in the x-z plane with wavenumber v and angular frequency w, where z points
verticaly downward. At the surface (z = 0) and within the Earth, two components of the
magnetic field (H, and H,) and one component of the electric field (E,) can be expressed as
(e.g., Utada, 2018):

H.(x,0) = %el(v, w)e YZelvx (A1)
iv? .
H,(x,w) = M—oel(v, w)e TZe!X, (A2)
and
E,(x,w) = —wve (v, w)e "“e%, (A3)

where €, is a coefficient to be determined by applying a boundary condition at the surface, u, is

the magnetic permeability, and y = /v? + iwopy. The impedance relation for E,, can be
obtained from Ampere’s law as:

E, (x, w) = (1 i) H, (v, ) — (1 i) H, (v, )

00z o 0x
=72 (v, ) Hy(vy, w) + Z,(v, w) - H,(v, w). (A4)

Using (A1)—(A4), we derive the expressions for the yx- and yz-elements of the MT
impedance as follows:

10H, (v, w)
Belnw) = % / A (A%)
and
_10H,(v,w) .
)= @ 0x |/ v w) = (A6)
If the combination of w and o satisfies the condition for the plane-wave approximation

(v? < liwopel), Zy, vanishes and Zy), approaches the well-known expression of the MT

impedance first presented by Cagniard (1953). Note that Zjl,’z is purely imaginary because it is
caused by eddy currents.

Price (1962) derived an MT impedance element Zf,’x directly from Egs. (A1) and (A3):

E,(x, w) _ il
HWv,w) vy

Zy(v,w) = (A7)
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This expression is mathematically correct but not physically consistent, as it combines two
induced electric fields arising from different mechanisms.

Appendix B

MT modeling in a Cartesian coordinate system

The source effects in a Cartesian coordinate system were examined by forward modeling
using the ModEM code, which employed the finite difference method (Egbert & Kelbert, 2012).
In this code, two uniform external source fields polarized in the N-S and E-W directions are
assigned at the top boundary (1629 km in altitude) of the model domain.

We adopted a nearly identical grid spacing for both the spherical and Cartesian modeling
studies, as well as for both the oceanic and continental models, to facilitate the comparison. For
numerical modeling in a Cartesian coordinate system, the grid design of the two shallowest
layers is the same as that in the spherical modeling, except for grids near the seafloor. To
accurately estimate the MT impedance at the seafloor in the oceanic model, where there is a
significant contrast in electrical conductivity between the layers above and below, 13 additional
grids with denser spacing were employed near the seafloor. Such treatment was necessary
because the ModEM code interpolates the magnetic field components from values at grids above
and below the seafloor, whereas the spherical code extrapolates values from two grids below the
seafloor (Tada et al., 2012). We confirmed that Cartesian and spherical solutions give consistent
estimates of the MT impedance for a 1-D case (See Figure S3). The vertical grid spacing near the
seafloor is also confirmed to be sufficiently fine for a 3-D model (See Figure S3).

The horizontal size of the Cartesian modeling domain was set to 10 007.538 6 km x 10
007.538 6 km (~ 40° x 40°). The horizontal grid spacing was set to 27.7 987 km (~ 0.25°) in the
study region and gradually widened to 111.1 949 km (~ 1°), 222.3 898 km (~ 2°), and 555.9 745
km (~ 5°), depending on the distance from the study region. In total, there were 84 grid points in
the z-direction and 176 grid points in both the x- and y-directions.

Here, we present numerical results from three experiments to demonstrate that the
Cartesian impedance is independent of both source polarization and amplitude, using the oceanic
model. Note that the calculated impedance elements were converted to those in the original
coordinate system for consistency with an actual field measurement. The position vector at any
location is defined by r = (x, y, z)t, where x, y, and z denote the geographical northward,
eastward, and downward directions, respectively. The superscript t denotes the transpose. The
azimuthal equidistant projection (e.g., Snyder, 1987) is employed for the map projection.

Let a plane-wave source with arbitrary polarization and amplitude in the Cartesian
coordinate system be denoted as S(ys), where the azimuth yg represents the angle from the x-
direction (Figure B1). The source S(ys) can be decomposed into two basis sources as:

S()/S) = axsx + aysy: (Bl)
where a, and a,, are amplitude factors. By normalizing S, we can derive a plane-wave source of
unit amplitude with arbitrary polarization as:

S(VS) = axsx + aysyi (BZ)
where

i, = <= cos(ys) (B3)

a, = = cos(y

RN >
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and

i, = —2 — sin(ys). (B4)
Y IS(ys)l

Let the external magnetic field due to an arbitrary source S(ys) in a Cartesian coordinate
system be denoted as H,,.(r, w, S). Using Eq. (B1) and the linearity of the EM field, we derive:

How (r,w,S) = ayHp (1, 0,8,) + a,Hop (1, 0, S). (B5)

The solution of Maxwell’s equations, E(r, w,S) and H(r, w, S), for an arbitrary source
S(¥s) in a Cartesian coordinate system can then be obtained as linear combinations of the solutions
for two basis sources:

E(r,»,S) = a,E(r,0,5,) + ¢, E(r,0,§,), (B6)
and
H(r, ,9) = a,H(r,0,5,) + a,H(r, »,S,). (B7)
X
S
m S(7s)
s

Figure B1. External sources in the Cartesian coordinate system. S is a source of arbitrary
polarization (azimuth yg) and amplitude.

Here we have tested three cases. In Case 1, the polarizations of two orthogonal sources
were changed by the same angle y5 to calculate E(r, w,S) and H(r, w, S). The external source
combination in this case was {S(¥s), S(¥s + 90°)}, where y5=22.5°, 45°, and 67.6°. The resulting
impedances were compared with those for the source combination {S(0°), $(90°)} to calculate
the averaged deviation across the entire study region. As shown in Figure B2, the averaged
deviation is consistently between 10-1* and 10715, suggesting that the Cartesian impedance is unique
and independent of the polarizations of the two sources.

)
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Figure B2. Dependence of dZ }l;; on ys when yg=22.5°, 45°, and 67.5° in the entire study region

at a period of 10,000 sec. Model: Cartesian oceanic model with azimuthal equidistant projection
method.

In Case 2, the polarization of only one external source was changed, resulting in two
sources that were not orthogonal. The external source combination is denoted as {S,, S(ys)},
which can also be expressed as {S,, cos(ys)§y+sin(y5)sy} by definition. The results shown in

Figure B3 suggest that the Cartesian impedance is unique unless yg is nearly equal to zero, i.e.,
unless the two sources are almost parallel.

-3 3
[ ] L]
% ® % o
= 9 = 9
2 ° 2 °
—124 : ~12 .
[ ]
- ] 5 7 4-element (ante:zm ¢ ¢ I - 1 5 | 4-element Cartesian
0° 22.5° 45° 67.5° 90° -6 -4 -2 0
s log(7s)

(a) (b)

Figure B3. Dependence of dZ }l;; on (a) ys when yg is between 10-° and 67.5° and (b) log(ys)
(corresponding to the shaded zone in (a)) in the entire study region at period of 10,000 sec.
Model: Cartesian oceanic model with azimuthal equidistant projection method.

In Case 3, the amplitude of one of two orthogonal sources was chosen to be variable. The
source combination is denoted as {S,, ayﬁy}, where the amplitude factor a, varies between 107
and 10°. The results, shown in Figure 12, indicate that the Cartesian impedance is independent of
the source amplitude.

We summarize the results of the above three cases that the Cartesian impedances calculated
from a combination of EM fields generated from two independent sources are unique and
independent of the source amplitude and polarization. The source polarization effect in Case 2 can
be regarded as a source amplitude effect when the amplitude of one source is very small. However,
in Case 3, we confirmed the absence of the source amplitude effect even when the amplitude is
either very small or very large. Therefore Case 3 provides a more general examination of this
phenomenon.
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