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SUMMARY

Green’s function expressions for seismic interferometry in acoustic and elastic media
have been extensively studied and applied across a wide range of applications, includ-
ing surface-wave tomography and generating virtual shot gathers. However, analogous
expressions for coupled acoustic-elastic media systems remain absent, despite their im-
portance for analysing cross-correlation wavefields from ocean-bottom nodal and seis-
mometer recordings and other seismic problems in marine settings. To address this is-
sue, we derive convolution- and correlation-type reciprocity relations for physically cou-
pled acoustic-elastic media by combining Rayleigh’s and Rayleigh-Betti reciprocity the-
orems, incorporating the constitutive equations governing coupling at the acoustic-elastic
interface, and applying time-reversal invariance principles for an arbitrary 3-D inhomo-
geneous, lossless medium. The derived relationships show that the acoustic and elastic
Green’s functions between any two observation points in the medium can be expressed
as integrals of cross-correlations of wavefield observations at those locations, generated
by sources distributed over an arbitrarily shaped closed surface enclosing the two obser-
vation points. When the Earth’s free surface coincides with the enclosing surface, inte-
gral evaluation is required only over the remaining portion of the closed surface. If the

sources are mutually uncorrelated ambient sources, the Green’s function representation
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2 Pandey et al.

simplifies to a direct cross-correlation of wavefield observations at the two points, gener-
ated by a specific ambient source distribution on the closed surface. However, in practical
scenarios, the ideal source distribution necessary to retrieve Green’s functions is rarely
realized, for example, due to non-uniform illumination. To address these challenges, we
represent the ambient cross-correlations as self-consistent observations and introduce a
cross-correlation modelling methodology that accounts for practical limitations in source
distribution for coupled acoustic-elastic media scenarios. We illustrate the theory by mod-

elling ambient cross-correlation wavefields for a deep-water scenario.

1 INTRODUCTION

Recent advances in sparse, large-scale, multi-component ocean-bottom sensor array deployments —
including ocean-bottom seismometers (OBSs), cables (OBCs), and nodes (OBNs) — offer a unique
opportunity to enhance our understanding of marine ambient wavefield phenomena by extracting low-
frequency (sub-2.0 Hz) wavefield information at the seabed. Many continuous ocean-bottom acqui-
sitions lasting for durations spanning one to three months are designed for active-source seismic ex-
ploration, where short-duration windows are extracted to form shot gathers, with the remainder of the
data archived and often disregarded as containing little useful information for subsurface investigation
- especially below the 2.0 Hz low-frequency cutoff of typical marine air-gun sources.

Long-time continuous seafloor recordings, though, also capture a rich broadband spectrum of am-
bient seismic energy in the 0.01-1.0 Hz frequency range, and a growing number of studies demonstrate
that this low-frequency energy can be transformed into useful surface-wave information through seis-
mic interferometry (de Ridder & Dellinger 2011; Girard et al. 2023, 2024). For example, ambient
virtual shot gather (VSG) volumes derived from continuous wavefield data recorded on OBC arrays at
the Valhall (de Ridder & Dellinger 2011) and Ekofisk (de Ridder & Biondi 2015) fields in the Norwe-
gian North Sea, as well as OBN arrays in the Gulf of Mexico (Stewart 2006; Girard et al. 2023, 2024),
reveal dispersive surface- and guided P-wave modes. These VSGs also exhibit surface-wave sensitiv-
ity to strong lateral velocity heterogeneities (e.g., salt bodies) within the sub-2.0 Hz frequency band.
de Ridder & Dellinger (2011) further used VSG data for ambient eikonal tomography to perform
near-seabed imaging at the North Sea Valhall field, while de Ridder & Biondi (2015) used VSG-
derived dispersion panels to image Scholte-wave group velocities via straight-ray tomography. These
examples demonstrate the potential of using the low-frequency information recorded on ocean-bottom

sensors for subsurface investigation, complementing conventional exploration methods.
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Ocean-bottom Seismic Interferometry 3

To fully exploit the potential of ambient VSG data and move toward low-frequency elastic Earth
model building through full-waveform inversion (FWI), it is essential to understand the physical sig-
nificance of the cross-correlated wavefield recorded on ocean-bottom sensors. This understanding re-
quires interpreting ambient wavefield information within the context of marine settings characterized
by physically coupled acoustic-elastic media and accurately modelling these wavefields for FWI work-
flows within an appropriate seismic interferometry (SI) framework. Consequently, it is imperative to
develop Green’s function representations for SI in such coupled-media systems, to understand when
the underlying assumptions are realized, and to develop methodologies for using approximate repre-

sentations for SI when they are not.

In SI, waves recorded at two receiver locations are correlated to approximate Green’s function be-
tween these locations. Seismic wavefield energy, continuously generated by a diverse array of sources
— including active sources, oceanic phenomena, and localized seismic events such as earthquakes —
form the basis for such correlation-based interferometric analyses. Wapenaar & Fokkema (2006) pro-
vides a comprehensive overview of Green’s function representations in terms of cross-correlations of
full wavefields in arbitrary configurations (Weaver & Lobkis 2004; van Manen et al. 2006) and dis-
cusses modifications for their application in SI for both acoustic and elastodynamic systems, without
assuming wavefield diffusivity. Lobkis & Weaver (2001), Wapenaar (2004), and Wapenaar & Fokkema
(2006) demonstrate that the interstation correlation of ambient wavefields can approximate the inter-
station Green’s function under the assumption of a diffused, equipartitioned, random, and uncorrelated
“noise” field. Applications of Green’s function retrieval using SI in acoustic and elastic systems have
been extensively studied and successfully applied across various fields, including helioseismology
(Rickett & Claerbout 2000), ultrasonics (Lobkis & Weaver 2001) as well as exploration (Bakulin &
Calvert 2004) and global (Sager et al. 2018) seismology. However, Green’s function representations
for SI in coupled acoustic-elastic media, such as those encountered in ocean-bottom acquisition in

marine environments, remain poorly studied and are notably absent from the literature.

This paper derives reciprocity relations for coupled acoustic-elastic systems by employing consti-
tutive equations at the acoustic-elastic interface and reciprocity theorems for the associated acoustic
and elastodynamic media. We establish source-receiver reciprocity expressions and give an overview
of Green’s function representations for pressure and particle velocity data in such systems, expressed
through cross correlations of full wavefields in arbitrary configurations within inhomogeneous, loss-
less media. We consider both open and free-surface configurations with approximations introduced to
address practical SI challenges, including source availability and characteristics. For practical applica-
tions, we present a cross-correlation modelling (CCM) approach derived from Tromp et al. (2010) for

realistically representing and modelling of ambient wavefield cross correlations, supported by a syn-
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4 Pandey et al.

thetic simulation that highlights CCM waveform differences from the corresponding direct Green’s

function response.

2 RECIPROCITY FOR COUPLED ACOUSTIC-ELASTIC SYSTEMS

In many applications, such as exploration focused OBN deployments or globally focused marine seis-
mic acquisition, waves propagating in an acoustic medium are physically coupled to wave motion in
the underlying elastic solid through constitutive equations (Sun et al. 2017; Sethi et al. 2021). Fig-
ure 1 illustrates the configuration of such a coupled domain where the acoustic medium, denoted as
V%, is governed by acoustic wave-equation physics while wave propagation in the underlying elastic

medium, denoted as V¢, is described by the elastic wave equations.

2.1 Acoustic Region

In the acoustic region V¢, Rayleigh’s reciprocity theorem as (Rayleigh 1878; de Hoop 1988; Fokkema
& van den Berg 1993; Wapenaar & Fokkema 2006) is given by:
/ (ﬁA qB — Vi fi,B —4aDB + fiA @',B) d’x

(1)

—§  Eatin - BB Ext § (PaTis - Gia)

ovea ovn

where p(x,w) and v;(x,w) respectively represent the acoustic pressure and particle velocity with the
A and B denoting two independent acoustic states; and ﬁ(x,w) and q(x,w) represent the source
distributions in terms of external volume force density and volume injection rate density. Domain V¢
represents an arbitrary acoustic spatial region enclosed by boundaries V¢ and OV with the outward-

pointing normal vector n® = n{

= [n$,ng, ng], where a superscript * indicates a quantity defined in
the acoustic medium. The boundary V"' represents a coupled interface between the acoustic and
elastic media (see Figure 1). Lowercase Latin subscripts take values of 1, 2, 3, and x = [z1, z2, T3]
denotes the Cartesian coordinate vector with the x3-axis oriented positive downward. Finally, note
throughout that the summation convention applies for repeated subscripts, and a circumflex accent
over a variable [e.g., p(x, w)] indicates a Fourier transformed quantity in the frequency domain:
0
lx.w) = [ plx,t) exp(-wt)dt, @
—oc0
where j is the imaginary unit and w is angular frequency.
Equation 1 represents the acoustic reciprocity theorem of the convolution type, where frequency-

domain products (e.g., pa U; p) correspond to convolutions in the time domain. The field quantities in

equation 1 - p(x,w), v;(x,w), ¢(x,w), and ﬁ-(x,w) — satisfy the space-frequency-domain acoustic
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Figure 1. Configuration for a coupled acoustic (V' *)-elastic (V ©) system. The domains are coupled at common
interface V" by the constitutive equations. The sources acting in V¢ include the volume injection rate density
q, and volume force density f; while the observed wavefields are the pressure p and the particle velocity vector
v;. In V¢, the sources are the external deformation rate density h;; and the external volume force density f;,
with the observed wavefields being the stress tensor 7;; and the particle velocity vector v;. The uv-plane shown

is locally tangential to V", with n as the normal vector.

wave equations representing a coupled first-order system in a lossless, arbitrarily inhomogeneous fluid

medium:

J0p™T; + 0P = f; )
and

JWKD + 0iv; = G, 4)

where 0; denotes the partial derivative with respect to the z;-direction; and p® = p®(x) and k* =

k%(x) are the density and compressibility of the acoustic medium, respectively.

2.2 Elastic region

In elastic region V¢, we express the Rayleigh-Betti reciprocity theorem (Knopoff & Gangi 1959;
De Hoop 1966; Aki & Richards 2002; Wapenaar & Fokkema 2006) as

~ 7 ~ 7 ~ ~ P 3
/ (_Tij,A hij,B — Via fi,B + hijaTijB + fia Ui,B) d’x
e
5)

~ o~ ~ o~ 9 ~ o~ ~ o~ 9
= f (Ui, ATij.B — Tij,A Ui,B) n§ d°x + f (Vi,A Tij,p — Tij,a Ui,B) 0§ d7x,
ove ovn
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where 7;;(x,w) and v;(x,w), respectively, are the components of the stress tensor and particle ve-
locity vector with subscripts A and B again denoting two independent elastodynamic states; f;(x,w)
denotes the external volume force density; and h;;(x, w) represents the external deformation rate den-
sity source types. Domain V¢ represents an arbitrary elastic spatial region enclosed by boundaries
OV® and OV with an outward-pointing normal vector n® = ng = [ng, n§, n§| where a superscript ©
denotes a quantity defined in the elastic solid. Boundary V"' again represents the common coupled
interface between acoustic and elastic domains 0V and OV °.

Equation 5 represents the elastodynamic reciprocity theorem of the convolution type. The associ-
ated field quantities — 73 (x, w), v (x, w), hi j(x,w), and fi(x, w) — satisfy the space-frequency domain
elastic wave equations forming a coupled, first-order system in a lossless, arbitrarily inhomogeneous

anisotropic elastic medium

Jwp°t; — 0755 = [, (6)
and
e ~ 1 ~ =~ 7
TIWSikIThL T (0:v5 + 0;0;) = hij, (7)

where p© = p°(x) and sf;;; = s7;;,(x) are the density and compliance of the elastic medium, respec-

tively.

2.3 Interface boundary considerations

Applying the boundary conditions that couple the elastic and acoustic domains at the interface V"
requires enforcing the continuity of traction and the normal component of the particle velocity. The

continuity of traction at the acoustic-elastic interface V"' is given by:

whereas

~

tny = er = O, (9)

because an inviscid fluid cannot support shear stress. The continuity of the normal component of the

particle velocity is expressed as

0 =70r. (10)

In equations 8-10, ?n, ?nu, and tAm, represent the normal and shear tractions, while v, and v;¢ are the
normal particle velocity components in the acoustic and the elastic solid, respectively, at any point on

V", The normal vector n is relative to a locally orthogonal coordinate system, where the uv-plane
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7

is locally tangential to that point on the interface V"' (see Figure 1). The stresses and traction are

related by t = Tijn;.

By virtue of equation 9, the reciprocity relation in equation 5 reduces to

ﬁve

~ 7 ~ 7 -~ ~ o~ 3
/ (—Tij,A hijB — i A fi,B + hijaTijB + fia Ui,B) d’x

~ o~ ~ o~ e 12
(Vi,ATij,B — Tij,AVi,B) N5 d°X + j{

(i}\n,A %\n,B - ?n,A i)\n,B) d2X.

ovn

(1D

Using equations 8 and 10, and the fact that the normals defined on opposite sides of the interface V"

must satisfy n® = —n®, we rewrite equation 1 as:

[ (aiin = 5a Fon = @4 + Fain) @'

~ o~ ~ o~ 2 ~ PN 2
= ?{ (PaviB — Vi aDB) nj d*x — j{ (’Un,A th,B —tnA vn,B) d“x.
ove ayn

Adding equations 11 and 12 yields

| (an =5 Fo = @B + Fra i) d'x

~ 7 ~ 7 -~ ~ P 3
+/ <—Tz‘j,A hij,B — Vi A fi,B + hijaTijB + fiA Ui,B) d’x

~ o~ ~ o~ 2
=]4 (PaBop — B4 D) n%d x+74
ovea ove

~ o~ ~ ~ e 12
(Ui,ATij,B _Tij,AUi,B) njd X.

(12)

(13)

Equation 13 represents the convolution-type reciprocity for a coupled acoustic-elastic system, as

frequency-domain products (e.g., pa v;, g) correspond to time-domain convolutions. A similar reci-

procity relation to equation 13 is given in de Hoop (1990).

Because the acoustic and elastic media are assumed to be lossless, the principle of time-reversal

invariance (Bojarski 1983) can be applied to both domains. In the frequency domain, time rever-

sal is replaced by complex conjugation, which is denoted by the * symbol over the field quantities.

Time-reversal invariance states that if p and v; are solutions to the acoustic wave-equation system in

equations 3 and 4 with source terms f; and ¢, then p* and —v;* will satisfy the same equations with

source terms f;* and —¢*. Similarly, when 7;; and v; are solutions to the elastic wave-equation system

in equations 6 and 7 with source terms f; and h;;, then ?Z; and —v,;* will obey the same equations with

source terms f;* and _h{;*

Enforcing time reversal for state A in equation 13 leads to

[ (B3ds+90 Fon+ @i0m+ Foatis) @'x

~x 7 ~x 7 Tx =~ Tx o~ 3
+ /V <_Tz;,A hijB + VA fi,B — hijaTijB + fia ”i,B) d”x
e

jgva

PN ~ o~ 2
(PADi,B + 0 4PB) ni d°x — j{
ove

~x o~ ~x o~ e 12
(Ui,A Tij,B t Tij A i,B) n; d°x.

(14)
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Figure 2. Configuration for coupled source-receiver reciprocity relations derived in Section 3.1. Points x 4 and

x p are respectively located in the acoustic (V') and elastic (V') medium.

Equation 14 represents the correlation-type reciprocity for a coupled acoustic-elastic system, because
frequency-domain products (e.g., D4 ¥;, ) correspond to time-domain correlations. Finally, in both the
coupled convolution and correlation-type reciprocity theorems above, the medium properties in states

A and B are assumed to be identical.

3 COUPLED ACOUSTIC-ELASTIC DOMAIN’S GREEN’S FUNCTION
REPRESENTATIONS

In this section, we first derive the source-receiver reciprocity relations for the coupled acoustic-elastic
system by substituting Green’s functions for the wavefields in the convolution-type reciprocity re-
lation (equation 13). We then derive the coupled-domain Green’s function representations using the
correlation-type reciprocity relation (equation 14). These representations form the foundation for SI
in physically coupled acoustic-elastic systems, such as those found in exploration OBN settings. We
consider a domain V' = V*UV*® (see Figure 1). Boundaries 9V * and 9V ¢ do not necessarily coincide

with physical boundaries; however, they must be continuous on the V"' interface.

3.1 Source-receiver reciprocity relations in coupled acoustic-elastic domain

We consider two cases involving two impulsive point sources: one located in the acoustic medium in

state A, and the other in the solid in state B. In each case, x4 is in the acoustic medium V¢ and xg
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Table 1. Summary of different source configurations in states A and B used in the coupled convolution-type

reciprocity theorem for deriving coupled source-receiver reciprocity expressions.

Case State A (x4 in V%) State B (xp in V°)

~

a), fia=0 /}Zij,B =0, E,B =0(x —xp)dy
h

ij,B = 0(X — xpB)0ir0js, ﬁ,B =0

=]

1 qa =9o(
ga=9

X —X
(X_XA)v .]?i,A:O

10 1s in the solid medium V° (see Figure 2). Table 1 summarizes these two cases and the chosen source
1 type.

182 Case 1 represents scenarios where only impulsive point sources of volume injection rate q (x, w)
s at point x4 in V' in state A and impulsive point force sources ﬁ (x,w) at point xp in V¢ in state B

18 are present. In this case, the coupled convolution-type reciprocity relation (equation 13) simplifies to
Gan d3 T o dd
—/ qappd X—/ UiA fip d°x

o~ o~ ~ o~ 2 ~ o~ ~ ~ 2
= ]{ (PAVi,B — Vi, ADB) Ny X + 7{ (Vi,A Tij,B — Tij,A Vi,B) nj d°x.
ava ove

(15)

s For an unbounded medium, we can consider the surface of integration 0V'* and 0V'¢ as a spherical
s arc with infinite radius » — oo. In this case, the contributions from the boundary integrals over 9V
w7 and OV ¢ vanish, as they will be of order O(r~!). Because the right-hand side of equation 15 vanishes
s on both AV* and V¢, the result is independent of the specific choice of boundaries 9V and 0V ¢,

o provided points x4 and xp are contained within OV* U 9V °. This further simplifies equation 15 to

©

/ Gapp dix = / Biafin d'x. (16)
10 Table 1 presents the Case 1 source definitions found in equation 16:
ga(x,w) =0(x —x4) (17)
191 and

fip(x,w) = 8(x — xp)0u, (18)

12 where §(x) is the Dirac delta function and d;; is the Kronecker delta function. The wavefields in states

©

s A and B, needed in equation 16 due to above sources, can be expressed in terms of impulse responses

194 (i.e., acoustic and elastodynamic Green’s functions):
PB(x,w) = G’p’lf(x,XB,w) (19)

15 and

UiA(x,w) = @f’q (x,x4,w) . (20)
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10 Pandey et al.

Here, the Green’s function notation @f’q(x, x 4, w) represents the impulse response observed at x due
to a source at x 4. The double superscripts (v, ¢ here) respectively represent the observed field quantity
(here particle velocity v) and the applied source (here impulsive point sources of volume injection rate
q). If the observed field quantity or source is a vector or tensor, its component or direction is indicated
by the subscripts. In this case, subscript ¢ denotes the ¢-th component of the observed particle velocity
v. No subscript is required for scalar ¢ quantities. A circumflex accent on G denotes the Fourier
transform of causal time-domain Green’s function G;*!(x, x4, t).

Substituting equations 17-20 into equation 16 and using the sifting property of the delta function

leads to a source-receiver reciprocity relation for the coupled acoustic-elastic system:
Gp’lf(XAvaaw) = _Grq (XBaxAvw) . (21)

Equation 21 represents the source-receiver reciprocity for an OBN acquisition scenario where the
airgun sources or noise sources acting as a distributed pressure field are present anywhere above the
seabed (i.e., in the water column), while the receivers are located just below the seabed (i.e., in the
elastic solid).

Similarly, Case 2 is a scenario where we replace the source in equation 18 by a point impulsive

source of external deformation rate density h;; (x,w) defined as

~

hij B(X,w) = 0(x — XB)dirdjs, (22)

where the other sources remain the same as Case 1. Table 1 presents this Case 2 source definitions.

Here, the coupled convolution-type reciprocity relation (equation 13) simplifies to
/ gappdPx = — / Tij, A Eij,B d*x. (23)
a Ve

We may express the wavefields needed in above the equation due to sources in Case 2 (Table 1) as

PB(X,w) = @P;’;(X,XB,w) (24)
and
Talx,w) = GT(x, %, w). (25)

Substituting equations 17, 22, 24 and 25 into equation 23 and using the sifting property of the

delta function yields the following coupled source-receiver reciprocity relation
GVl (xa.xp,w) = —GI(xp,X4,w). (26)

For sources and receivers both located either in acoustic or elastic-solid media, the source-receiver
reciprocity remains as presented in Wapenaar & Fokkema (2006). When both the source and receiver

are in water and only impulsive point sources of volume injection rate g are acting in both states,
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Table 2. Choice of sources and wavefields in V* and V¢ in states A and B, when points x4 and xp are in V¢,

to be used in the coupled convolution-type reciprocity theorem to derive pressure Green’s function expression.

Domain Parameter State A State B
q(x,w) d(x —x4) d(x —xp)
ﬁ- X, W 0 0
in Ve ( ) ~ ~
p(x,w) GP(x,x4,w) GP1(x,xp,w)
vi(x,w) Waiép’q(X7XA,w) #(x)aiép’q(xa Xp,w)
EZ‘]‘ (X,LU) 0 0
:' X, W 0 0
in V¢ N G,00) N ~
7ij (%, w) G (x,xa,w) G (%, %xa,w)
Ui(x, w) C??’q(x,XA, w) é?’q(x, Xp,w)
reciprocity is given by
ép’q(xB,xA,w) = CA}p’q(xA,xB,w). 27

When both the source and receiver are in solid media, three scenarios must be addressed. First, for

cases where impulsive point sources of force f are acting in both states, the reciprocity relation is
G%{n(xB,XA,w) = GZ:{,Z(XA,XB,W). (28)

Second, when impulsive point sources of force f act in state A and point sources of deformation type

h act in state B, the reciprocity relation

@g;,{cm(xB,xA,w) = @fﬁ]fqr(xA,xB,w). (29)

Third, when point sources of deformation type h are acting in both states, the reciprocity relation is

A 7h’ —_ ~ 7h‘
G;—r,mn(xB> XA, w) = G;mn,qr (XA, XB; Ld). (30)
3.2 Pressure-type Green’s function expression for seismic interferometry in coupled

acoustic-elastic media

As with the coupled source-receiver reciprocity relations derived earlier, one can make specific choices
regarding the wavefields and source fields in states A and B to derive the pressure Green’s function
representation for SI. In this section, we examine various cases for the locations of points x4 and xp
inside OV* U 9V ¢ and define the corresponding sources and wavefields to derive the expression for
the pressure-type Green’s functions using the correlation-type coupled reciprocity relation derived in

equation 14.
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3.2.1 Points x5 and Xp in acoustic media V°

For the scenario where points x4 and xp are located in acoustic medium V¢, one need only consider

impulsive point sources of volume injection-rate density ¢ (x, w) defined by

Iy(x,w) =6(x—x,) for x=AB, (31)

~

while the external forces f(x,w) in V' are assumed to be zero in both states. There are no sources
in V¢ for states A and B. In this scenario, the correlation-type coupled reciprocity relation given in

equation 14 simplifies to

Sk o sk y a3
/ (PAdB +qabB) d°x
(32)
= ]{ (P 91,5 + 07 4 D) mf d*x — ]{ (AT + 7.4 D) mj A
ove ove

We define the recorded pressure wavefield p(x,w) at x in V¢ for both the states as the observed

impulse responses (Green’s functions), given by:
Py(x,w) = @p’q(x, xy,w) for x=A,B. (33)

We then obtain the expressions for the particle velocities observed at x in V' for both the states by
substituting equation 33 and fA(x, w) = fp(x,w) = 0 into the acoustic wave equation 3 as:
-1

— 9GP X,Xy,w) for x=A,B. (34)
Jwp*(x) (%0 )

Vi (X, w) =

For the stress and velocity wavefields recorded at x in V¢ for both states, we define the stress and

velocity Green’s functions due to the sources in equations 31 as

~

Tijx (%, w) = Gil(x,xy,w) for x=A,B, (35)

and

~

Uiy(x,w) = G (x,xy,w) for x=A, B. (36)

Table 2 summarizes the sources along with the corresponding wavefields in V¢ and V¢ for both states.
Substituting equations 31, 33-36 into equation 32 and applying the sifting property of the Dirac

delta function obtains
GP(xp,xa,w) + GP(x4,Xp,w)

1 N N . .
= j{ _ (Gp’q*(x,xA,w) 0;GP(x,xp,w) — 0;GP¥*(x,x4,w) Gp’q(x,xB,w)> n% d*x
ava Jwp(x)
—% (@f’q*(x, XA, W) égq(x, xp,w) + é;’-q* (x,%4,w) (A;f’q(x, XB, w)) ng d’x.
ove
(37)
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ove

Figure 3. Seismic interferometry by cross-correlation for the pressure-type Green’s function representation
when receivers are in V. Green’s function GP 9(x4,Xp,w) can be obtained by cross-correlating the observa-
tions at x4 and xp, and integrating along the source coordinate x at V' and 0V ¢ (equation 38). The figure
shows the wavefields observed at x4 and xp along with the corresponding sources required at x on 9V* and
0V¢ for pressure Green’s function retrieval. Note that the rays represent the full responses between the source
and receiver points, including primary and multiple scattering mode conversions due to inhomogeneities inside

and outside the region 0V * U 9V °.

Applying source-receiver reciprocity from equations 21-27 into both sides of the above results in
2R {@p’q(xA, XB, w)}

1 N N N N
= ———— (GP*(x4,x,w) %;GPY(xp, x,w) — 0;GPT* (x4, x,w) GPI(xp,x,w) | n¢d*x
o (6o x.w) 0GP e %, (x4, %,0) BP9 (x5, %, 0))

— j{ (@p’if*(XA, X, w) @p;?(xB, X, w) + (@p’ihj*(xA, X, W) @p’if(xB,x, w)) n§d2x.
ave 38)
where the I operator extracts the real part of a complex argument.

In the time domain, the products on the right-hand side of the above equation (e.g., GPax 0; @p’q)
correspond to cross correlations, while the left-hand side represents the pressure Green’s function
and its time-reversed counterpart [i.e., GPY(x4,%xpB,t) + GP%(x4,xp,—t)]. The term GP9 under
the acoustic-surface integral faw denotes the response of the volume injection-rate density sources
g at x on OV°. Similarly, the terms GP/ and GP" under the solid-surface integral §6V€ respectively
represent the responses of force sources f and deformation sources A at x on 9V ¢. Integration in both

integrals is performed along the source coordinate x (see Figure 3).
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The exact relationship expressed in equation 38 provides a means to retrieve the complete pres-
sure Green’s function ép’q(x A,Xp,w) using cross correlations of observed Green’s functions from
sources on OV and V¢ (Figure 3). This formulation applies to any lossless, arbitrary, inhomo-
geneous, anisotropic, coupled acoustic-elastic medium and forms the basis for acoustic SI when re-
ceivers are located within the acoustic medium. The retrieved Green’s function is complete, containing
all arrivals—direct and scattered—including primaries, multiples, and mode conversions from inho-
mogeneities both within and outside the boundaries 0V and OV °.

Although equation 38 is an exact representation of the acoustic Green’s function, it is impractical
for field data applications in its current form due to its complexity. Specifically, one must evaluate the
superposition of two correlation products under both integrals, fava and fave' Furthermore, monopole
GP4 as well as dipole responses &(Aﬂ”q are required for all source positions x on V. Similarly, two
different types of sources, f(x, w) and ﬁ(x, w), are required for all source positions x on V¢. To
overcome these challenges, we develop practical approximations for both integrals.

Simplification of the acoustic boundary integral (equation 37): When the wavefield on the bound-
ary 0V satisfies outgoing (i.e., radiation or absorbing) boundary conditions such that the outward-
propagating wavefield at the 9V boundary does not return after being scattered by external inhomo-
geneities V¢, Wapenaar & Fokkema (2006) demonstrates that the acoustic boundary integral can be

approximated as:

Acoustic Boundary Integral ~ GPa* (x4,%X,w) (A;p’q(xB, x,w) d*x, (39)

prct Joya

where the acoustic medium at and outside 9V is assumed to be homogeneous with a propagation
velocity ¢ and mass density p®.

Simplification of the elastic boundary integrand (equation 37): To approximate the contribution
of sources on the elastic boundary OV to the acoustic Green’s function 2 R{GP%(x4,xp,w)} in
equation 37, we can follow the procedure developed in Wapenaar & Fokkema (2006) starting with
equation A-9 found therein. This simplification involves decomposing the wavefield under the domain
boundary integrand into inward- and outward-propagating components and assuming that the medium
outside the domain is isotropic and homogeneous, ensuring the absence of cross-terms between inward
and outward propagating waves. The complete argument is thoroughly developed in Wapenaar &
Haimé (1990). Accordingly, we assume the solid medium at and outside 0V to be homogeneous,
isotropic, and source-free, with mass density p°, and P- and S-wave velocities cp and cg. The elastic
boundary integral term in the convolution-type reciprocity relation (equation 14) can then be expressed

as (see equation A-9 in Wapenaar & Fokkema (2006)):

~p @atunt Riat) s (085 8a+ (0,80) Tus) f dx, (40)
ove ove

Jwp©
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where @ and \le respectively represent the observed P- and S-wave potentials at x on 9V with
subscripts A and B correspond to states A and B. These potentials satisfy the Helmholtz equations
(Aki & Richards 2002).

In the current case (Case 1 in Table 2), points x4 and xp are located above the seafloor, and we
have chosen impulsive point sources with volume injection-rate density g(x,w) at points x4 in state
A and at xp in state B. For x in V¢, the velocity and stresses in both the states due to above sources
at x4 and xp are expressed in terms of coupled Green’s functions as given in equations 35 and 36.
For x at or outside V¢ but still in solid, we express the P- and S-wave potentials in states A and B in

terms of Green’s functions as
O, (x,w) = GO(x,xy,w) for x=AB 41)

and
\/I\fk7x(x,w) = @f’q(x,xx,w) for x=A4,B, (42)

where the superscript ¢ denotes that the observed wavefield quantity at x is a P- or S-wave potential.
To describe both wave types with a single Green’s function, we use subscript K that takes on values 0,
1,2, and 3. Hence, in @f(’q()g xp,w), the observed wavefield at x is a P wave for K = 0 or an S-wave

component for K = k = 1,2, 3. Substituting equations 35, 36, 41 and 42 into equation 40 gives

2

—j{ (@?’q*(x, XA,w)@Z-T]’-q(x, xp,w) + @;ﬁq*(x, XA,w)@;)’q(X, XB,w)> ng d?x
ave ) (43)

~ ;G4 (x,x4,w) G4 (x,xp,w)né d*x.
gwpe Jove T K !

Note that the repeated subscript ' now represents a summation from 0 to 3, accounting for the dif-

ferent wave types in equation 40, and that the left-hand side is the elastic boundary integral from
equation 37. Let us examine the source-receiver reciprocity for the Green’s function CA}?(’Q (x,%x4,w),
where x lies in the solid and x 4 is in the water. In this case (refer to Table 1, Case 1 for the source

configuration), we can write the source-receiver reciprocity relation (equation 21) as

GPf (xa,x,w) = =GP (x, %4, ). (44)

~

Alternatively, if the source f(x,w) is replaced with impulsive P- and S-wave point sources (Wapenaar

& Berkhout 1989) at x, we can define another coupled source-receiver reciprocity as:
GP(xa,x,w) = =GR (x,%x4,w). (45)

In this case, the superscript ¢ in GP f((x A, X,w) indicates a P-wave source for K = 0 or a vector-
polarized S-wave source for K = k = 1,2,3. Accordingly, in @?(’q(x, x4,w), the observed wave

potential at x is the P-wave potential for K = 0, and the S-wave potential for K = k£ = 1,2, 3.
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Introducing the above reciprocity relation in equation 43 results in

Elastic Boundary Integral ~

o T aj@p’ﬁ* (x4,%X,w) @p’;’; (xB,x,w)nj d?x. (46)

Despite its simple form, the above equation requires the availability of monopole and dipole responses,
GP¢ and (%@p ’f;, from P- and S-wave sources at x. Assuming as previously that the solid medium at
and outside 9V is homogeneous with mass density p® and P- and S-wave velocities ¢ and ¢,
respectively, the dipole response can be approximated in terms of a monopole response (Wapenaar &

Fokkema 2006) as
GV (x4, %,w), (47)
where

P
c for K =0
K = (48)

¢ forK=Fk=1,2,3.

Note that since K does not appear as a subscript in ¢/

, no summation takes place over K on the
right-hand side of equation 47. Using the dipole approximation from equation 47 in equation 46, the
elastic boundary integral reduces to:

@p?ﬁ(* (XA, x7w) @Pv}i (XB, X, w) d2x. (49)
ave

Elastic Boundary Integral =~

pe cK
Using the acoustic and elastic boundary integral approximations (equations 39 and 49), the pressure

Green'’s function in equation 37 approximates to:

R {@p’q(xA,XB,w)}

1 ~ N
~ GPT* (x4, %, w) GPY(x 3, X, w) d2x (50)
pret Jove
1 D P A, b 9
ek e GP (x4, x,w) G (xp,x,w) d°x.

This approximation is highly accurate when 0V and 0V ¢ are part of a sphere with a sufficiently large
radius such that all rays are normal to OV * and OV ¢; otherwise, it may introduce significant amplitude
errors. Additionally, events that would be otherwise completely cancelled when using equation 38 may
instead give rise to artifacts due to incomplete destructive interference. Nonetheless, the application

of equation 50 will correctly retrieve the phases of all arrivals.

3.2.2 Points x4 and xg in the solid media V°

When both points are located beneath the seafloor, we place impulsive point sources of the external
deformation rate density ﬁij (x,w) at x4 and xp within V¢, with all other sources set to zero. Table 3

summarizes these sources and the resulting wavefields in both V* and V' for the two states. Substitut-
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Table 3. Summary of sources and wavefields in states A and B, used for the pressure Green’s function expres-

sion when points x4 and xp are in V°.

Domain Parameter State A State B

q(x,w) 0 0
ﬁ- X, W 0 0

inV*e 0,00) N
p(x,w) Grh (x XA,W) G”’h ' (X, Xp,w)
ﬁz(x,w) wpt (x)3 G (vaA,w) wpt (x)3 G (X XB,w )
ﬁ”(x w) d(x—x4)0im 0(x —xp) 0
fi X, w 0 0

inVe . o) ~h ~h
Tij(x,w) Gijmm(X»XAaW) Gi]'irr(x XpB,w)
ﬁi(xﬂ*)) Gf:zm(x7xz47w) Gfrhr(x XB,W )

ws  ing the parameters from Table 3 into the reciprocity relation in equation 14 and using the Dirac delta

ws function sifting property yields:

(G:rh;;zm (XB’ XA, W ) G;:Lm rr (XAv XB, w))

1
- p,h* p, b a2
72‘/& o (%) (G 5 (%, %4, w) OGP (x, %3, w) — ;GPI* (x, x4, w) GP(x, X, w )) nfd?x

+j{ <é’;’:;n(X,XA, )@UM(X,XB, )+G1]f;:m(x,x,4, )@”T(X,XB,W)) n;d2X
ove

(S

a7 Using the source-receiver reciprocity of equations 26, 29 and 30 into the above equation results in

2R { G o (5, x,0) |
:7{ 1 (GTq*(xA,X w) 8¢(A¥Z;q(xB,x,w) 0; GT‘J T (x4,X,w) é,f’rq(xB,x,w)> n?d2x

+ f;ve (G:n{n l(an X OJ) G:Thzj (XB, X, CU) GZ’—YL};/TL Z] (XA7 x7 CL)) étr’vrfz (XB7 X w)) n§d2x
(52)

xs  Assuming an isotropic elastic solid, we define pressure as the stress tensor trace (Bennethum 2006)

. ..o . .
pe:—g(711+722+733)' (53)
w9 Because the sources are impulsive point stress sources, we write the above pressure equation as
]/9\6 _ _@Ttr,htr _ _1 (GT Jhir + GT SR + GT htr)
3
= ((Gn u G 22t Gh 33) (54)

1

9
AT h

+ ( 22 1+ G22 22+ Goy33)

+ (G33 11+ G33 22t G33 33))
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XA®

ép ,if(xAzwi)

~e
T G? ’Z-(XA,X,UJ)

T2
x3

ove

Figure 4. Pressure-type Green’s function representation through interferometry when both the receivers are in
V¢. According to equation 56, the Green’s function Groa (x4,Xp,w) can be obtained by cross-correlating the
observations at x4 and xp, and integrating along the source coordinate x at 9V and 0V ¢. The wavefields
observed at x4 and xp, along with the corresponding sources required at x on dV® and 9V¢ for Green’s
function GP*4° (x4,xp,w) retrieval, are shown. Note that the rays in this figure represent the full responses
between the source and receiver points, including primary and multiple scattering, as well as mode conversion

due to inhomogeneities inside and outside the region 0V * U 9V °.

due to a corresponding composite source of volume injection type
. L/~ - -
q° = hy = 3 <h11 + hao + h33) : (55)
Using these definitions and applying the summation convention, we rewrite equation 52 as:
2% {@pe’qe(xA,xB,w)}
—1 € € € ~_ e
= ——— ([ GP T (x4, x,w) O;GP (xp,x,w) — 0;GP " (x4,x,w) GP {(xp,x,w ) ndd?x
ﬁVaJwP“(X)( (4, %,0) 0 (x5, %,0) = 0 (x4,%, w) (xB,%,w) ) n;
~ € ~p€.h ~p€.h ~ €
— }éve (Gp ’Z-f*(xA,x,w) G? %j(xB,X,w) +G? ;j*(xA,X,w) G? ’if(xB,x,w)> n?dZX.
(56)
Figure 4 illustrates the Green’s functions of the above equation observed at x4 and xp and corre-
sponding sources required at x on 9V* and V¢ to obtain the Green’s function Gr (x4, XB,w).

Equation 56 is identical to equation 38, except that p© and ¢ in this context are defined for the

elastodynamic state. Consequently, it can be approximated using a similar expression to equation 50:

aga G T (x4, %, w) GP 9 (xp, x, w) d2x

1 e b ~ e
ek e Gpj(d) (x4,x%,w) Gpl’f’(xB,x,w) d’x,

R {épe’qe (XA,XB,w)} ~
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Table 4. Summary of sources and wavefields in states A and B, used for the pressure Green’s function expres-

sion when point x 4 is in V¢, and point xp is in V°.

Domain Parameter State A State B

q(x,w) O(x—x4) 0
filx,w 0 0

in V@ ,\( ) ~ ~
p(x,w) GP(x,%x4,w) GP).(x,%xB,w)
Bixw) oA 0iGPIxxa,w) g 0GPl (x,xp,w)
Eii(& w) 0 5(x —xpg) dir
filx,w 0 0

in V¢ ~ ( ) AT AT, h
7ij (%, w) G (x,xa,w) G (%, Xp,w)
Ui(x,w) é;’q(x, XA,w) @;”’r};(x, Xp,w)

where the superscripts p and ¢ in the Green’s functions on the left-hand side of equation 38 are respec-
tively replaced by the elastodynamic pressure and source, p© and ¢ as both x4 and xp are located
within the solid. Similarly, the superscript p in the Green’s functions on the right-hand side is replaced

by p¢, reflecting that x 4 is within the solid medium.

3.2.3  Point x4 in the acoustic media V* and Xp in the solid media V°

We now consider impulsive point sources of volume injection-rate density ¢ (x,w) at point x4 in V*
for state A, and point impulsive sources of external deformation rate density Eij (x,w) at xp in V¢ for
state B. Table 4 summarizes the sources and corresponding wavefields in V' and V® for both states.

Substituting the parameters from Table 3 into the convolution-type reciprocity relation 14 results in:
GPl (x4, xp,w) — G (x4, %XB,w)

1 . ~ ~ .
= 7{ o (%) (Gp’q*(x, x4,w) ;GPI (x,xp,w) — GPI* (x, x4, w) Gp’,’f”r(x,xB,w)> ngd?x
ove
~ b ~ Avh
—fg (Gf’q*(x,xA,w) G (%, X, W) + G (%, x4, w) * Gy (X, XB,w)) nSd*x.
VE

(58)

Using the source-receiver reciprocity relations 21-27, 29, and 30 on both sides of the equations gives,

Gl (x4, xp,w) + GP (x4, x5, w)
1 ~ ~ ~ ~
= j{ o (%) (Gp’q*(xA,x,w) 0;GT(xp,x,w) — 0;GPT* (x4, %, w) Gz;q(xB,x,w)) nd*x
ove
+% (@p;f*(xA,x,w) é:;{lij(xB,x,w) + @p;?*(xA,x,w) ép’if(xB,x,w)> n§d2x.
ove
(59)

Applying summation notation and using the previously defined elastodynamic pressure p® and its
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ap’q(xA,x,w)

ove

Figure 5. Pressure-type Green’s function representation through interferometry when one receiver is in V¢
and other in V°. According to equation 60, the Green’s function Gra° (x4,xp,w) can be obtained by cross-
correlating the observations at x4 and x g, and integrating along the source coordinate x at 9V ® and oV°.
The wavefields observed at x4 and x , along with the corresponding sources required at x on 0V and 9V°
for Green’s function GP+4° (x4,xp,w) retrieval, are shown. Note that the rays in this figure represent the full
responses between the source and receiver points, including primary and multiple scattering, as well as mode

conversion due to inhomogeneities inside and outside the region 0V* U 9V°.

corresponding composite source ¢° definitions at point xp yields,

2R {@p’qe (x4,X%p, w)}

_1 = o€ ) €
= % — (Gp’q*(XmX,w) 0;G? 1(xp,x,w) — 0;GPT* (x4, %x,w) GP ’q(XB7X7w)> n{ d’x
gy Jwp®(x)

—% ((A;pl-’f*(xA,x,w) @pegl;(xB,x,w) + @p;?*(xA,x,w) * @peéf(xB,X,wD ng d?x.
ove 60)
Figure 5 illustrates the Green’s functions of the above equation observed at x 4 and x g, along with the
corresponding sources required at x on OV * and 9V ¢ to obtain the Green’s function Gpa© (x4,XB,w).
This expression is analogous to equation 38, except that p€ and ¢° at point xp are defined for the
elastodynamic state. An expression similar to equation 50 can be written to approximate this Green’s

function, as was done in the previous section.
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ove

Figure 6. Illustration of interferometry by cross-correlation for the velocity Green’s function representation
when receivers are in V°. According to equation 62, the Green’s function @Z{ (x4,xp,w) can be obtained by
cross-correlating the observations at x 4 and x5, and integrating along the source coordinate x at OV and 9V °.
The wavefields observed at x4 and x g, along with the corresponding sources required at x on 9V * and 9V ¢
for velocity Green’s function retrieval, are shown. Note that the rays in this figure represent the full responses
between the source and receiver points, including primary and multiple scattering, as well as mode conversion

due to inhomogeneities inside and outside the region 9V U 9V ©.

3.3 Velocity Green’s Function expression for seismic interferometry in coupled

acoustic-elastic domain

To derive particle velocity Green’s function expressions appropriate for SI, we keep points x4 and
xp in solid V¢ (see Figure 6) and choose impulsive point force sources f(x, w) at both points; all
other sources in V¢ and V® are set to zero. Table 5 summarizes the choice of sources along with the
wavefields they generate in V' and V'® for both states. Substituting parameters from Table 5 into the

convolution-type reciprocity relation (equation 14) yields

@Z,’g*(xB,XA,w) + @Z:{(XA,XB,W)
71 Apmf* Apyf Apvf* Apvf a 32
= J0pa(X) (G 2 (%, %4, w)0,GY (x,XB,w) — ;G (%, x4,w) G (x,xB,w)> n¢ d?x
ovae

)

—7{ (ézg*(x,x,q,w)agf;(x, xp,w) + é;];:(x, XA, w)ég’lf(x, xB,w)) ng d?x.
ove
(61)

Applying source-receiver reciprocity of equations 21, 28 and 29 yields
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Table 5. Choice of sources and wavefields in V' and V¢ for states A and B, when x4 and xp are in V¢, to

be used in the coupled convolution-type reciprocity theorem to derive velocity Green’s function expression.

Domain Parameter State A State B
q(x,w) 0 0
ﬁ(x, w) 0 0
in Ve N o f oo f
p(X, (.d) Gp];; (Xa XA, LU) Gp[ (X7 XB; w)
0(x,w) ﬁaiép,;f(x,xmw) ﬁ(x)&-apl’f(x,x]g,w)
ﬁlj(x, w) 0 0
. fi(x,w) 8 (x —xa) Gk 8 (x — xp) b
inVe R S f St
7ij (%, w) G, x4, w) Giji(x,xp,w)
Ui(x,w) éf”g(x,xA, w) @f,’lf(x, Xp,w)

2R { Gy (xa,x,w) }

1 - . .
== f T YARY (qu (XAa X, W)al'Gz}7q(XB7 X, W) - aiG’lk);’q (XA7 X, w)G?q(XB) X, OU)) n? d2X

—j{ (@Z:Z *(x4, X, w)@;”ﬁ(xB, x,w) + GV (x4, x,w)éz;f(xB, x,w)) n; d*x.

" (62)
Figure 6 illustrates the Green’s functions of the above equation observed at x 4 and x g, along with the
corresponding sources required at x on 9V'* and 9V © to obtain the Green’s function @Z{ (x4,XB,w).
The above expression provides an exact representation of the elastodynamic Green’s function in a
coupled system. However, similar to the case of the pressure Green’s function, it is not particularly
useful in its current form due to the superposition of two correlation products under both integrals,
as well as the need for different source types on the boundary. To address this, we again approximate
the acoustic and elastic boundary integrals by adopting a similar approach and assumptions as in

the simplification of the pressure Green’s function in Section 3.2.1. Assuming homogeneous material

properties at and outside of boundaries 9V ® and 9V ¢ leads to the following result:

R{Cpf (xa,xp,w)} ~ f Gy (x4, %,0)G) " (x5, %,w) d*x
ove

poct

1 ~ ~
P % GZ?{* (x4,%,w) G}’f() (xp,x,w) d’x.
ave

(63)

The above approximation is again highly accurate when 9V and @V ¢ are portions of a sphere with a
sufficiently large radius, such that all rays are normal to OV* and OV °. In other cases, the approxima-

tion primarily introduces amplitude errors but correctly retrieves the phases of all arrivals. However, it
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Figure 7. Modified configuration with a free surface OV e,

may also lead to artifacts due to incomplete destructive interference of events, which would otherwise

be fully cancelled when using the exact form in equation 62.

3.4 Configuration with a free surface

We consider a modified configuration (Figure 7) in which the closed surface is defined as 0V =
oV U gviree U gVe. Here, V™ represents a portion of the Earth’s free surface, V' is an ar-
bitrarily shaped surface enclosing part of the closed surface within the acoustic medium, and 0V *
bounds the elastic solid part of the closed surface (see Figure 7). oV® and dV* do not necessarily
coincide with a physical boundary. The observation points x4 and xp are located within the volume
enclosed by OV U dVTee U gVe. For this configuration, the results derived in the previous sec-
tions for the pressure and velocity Green’s functions can be directly applied. Because the acoustic
pressure p(x,w) vanishes on V™, the integral fav«z appearing in equations above need only only
be evaluated over OV . Consequently, Green’s functions @p’q(x A,Xp,w) and @Z{ (x4,Xp,w) can
be obtained by cross-correlating and integrating the responses of sources located solely on oV and

OV¢; no sources are needed on the free-surface boundary 9V free,

4 UNCORRELATED AMBIENT SOURCES
4.1 Green’s function through uncorrelated ambient sources

The previous sections assumed that the sources on the boundaries 0V and OV ¢ are impulsive point

sources. However, many ocean-bottom SI studies (de Ridder & Dellinger 2011; Girard et al. 2023,
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w01 2024) rely on ambient sources. Therefore, in this section, we consider mutually uncorrelated ambient
w2 sources (Weaver & Lobkis 2001; Snieder 2004; Wapenaar 2004; Shapiro et al. 2005; Wapenaar &
«s  Fokkema 2006) acting on these boundaries.

404 We assume that ambient sources are acting on a closed surface AV U 9V ¢ (see Figure 1) with
ws pressure-type sources on 9V and P- and S-wave source type on 9V ¢. When all ambient sources act

~obs

«s simultaneously, the observed particle velocity wavefield v,°° at x 4 and xp can be expressed as

%% (x4, w) = @Z’q(xA,X,w)Nq(x,w) d*x +/ @Z’?((XA,X,W)NK(X,UJ) d*x  (64)
ava ave 7
«07 and
7% (xp,w) = / é?’q(xB,X',w)Nq(x’,w) d?x’ + @ff(xB,X’,w)ﬁL(X',w) d?x’, (65)
ove ove 7
we where N9(x,w) and N%(x',w) are the pressure-type not s at the boundary dV® and Ng (x,w),
w N (x',w) are the ambient signal at the boundary 0V, with K, L = 0 for a P-wave source and

a0 K, L =1,2 3 for a S-wave source with different polarizations.

411 The continuous cross-correlation functions (CCFs), denoted as C,: ’lv, of the ambient wavefield

obs( obs(

sz recordings v77° (x4, w) and v,°°°(x g, w) can be written as

oy (x4, xp,w) = O (x4, W)™ (X, w). (66)

«s  Here, the notation C; l’:l’v specifies the physical quantities being cross-correlated in the superscripts and

a2 their components in the subscripts. Substituting equations 64 and 65 into above yields

~

CA,:’IU(XA,XB,w) :/ / @Z’q*(xA,x,w) é;”q(xB,x',w) NT(x,w) Nq(x’,w) d?x d%x’
’ ave Java
+/ / @Z’q*(xA, X, w) éf’}f(xB, X', w) N (x,w) N (¥, w) d*x d®x’
ave Jove ’
/ / @”’?(*(XA’ x,w) G} (xp, %', w) Nj (x,w) N(x',w) d*x d*x’
ove

k
/ / ?( (x4,%,w) @?f(xB,x/,w)N}k{(x,w) Np(x',w) d®x d?x’.
ove Jove "

(67)
s We assume that two ambient sources are mutually uncorrelated so that they obey
(N (3, w) N1, (', w)) = (Nie(x,0) NU(x,w) = 0. (68)
«s  However, same ambient-source types result in
~ ~ 1 ~
* / _ /
(N (x,w) NI(x',w)) = pacaé(x—x)S(w) (69)
a7 and
(N (x,w) Np(x,w)) = Srcr 8(x — x')S(w), (70)
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where (-) denotes an ensemble average; and S (w) is the ambient source power spectrum. All sources
are assumed to have the same power spectra for all x but different power normalization factors,
2/(p%c?) for x at OV* and 2/(p°cX) for x at V¢, respectively. Taking the ensemble average of

equation 67 and accounting for equations 68-70, equation 67 yields the ensemble cross correlation

—~ 1 ANU,q* AU g
G axp ) =iz [ G ea ) G ) 5(w)
Va

a ~Q
’ 1C (71)
Gvor Av.d T
pecK Ve GZ,K (XA’ X, w) GZK(XB, X, W) S(W) d°x.
Combining this with equation 63 (considering the case when x 4 and xp lie within V'¢) obtains
%{@Z:{(XA,XB,CU)}S((«J) ~ <€1:,}U(XA,XB,M)). (72)

This relation suggests that the velocity CCFs due to uncorrelated ambient sources can be approxi-
mated by the Green’s function multiplied with the power spectra of the ambient sources, @Zl under
the following conditions: the medium at and outside 0V'* and 0V ¢ is homogeneous; uniform pres-
sure sources with strength \/W are present at the boundary 0V %; and uniform P- and S-wave
ambient sources with strength \/W are available at the boundary OV °.

For the case where the CCF pertains to pressure, a similar convergence to the pressure Green’s

function can be derived
R{GP9(x4,x5,w)}S(w) & (CPP(x4,X5,w)). (73)

Although equations 72 and 73 demonstrate the recovery of interstation Green’s functions through
ambient cross correlations, their applicability to practical marine SI problems is limited due to hetero-

geneous source distribution and the unavailability of sources of different types and at depths.

4.2 Modelling low-frequency ambient cross-correlation functions for ocean-bottom sensors

In practical marine scenarios, the conditions required for Green’s function retrieval through cross-
correlation functions (CCFs) are rarely satisfied primarily due to the absence of an ideal ambient
source distribution. Ambient sources in oceanic regions predominantly originate from pressure fluctu-
ations at the Earth’s surface that are driven by interactions between wind-generated ocean storms and
ocean-wave breaking, which induce pressure variations at the seafloor capable of generating seismic
waves in the Earth. It is well known that these sources are often spatially non-uniform. Notably, there
are no microseism sources within the solid Earth’s volume itself. As a result, ambient sources caused
by ocean-wave interactions at the surface, known as secondary microseisms, are typically modelled as
non-zero pressure source distributions at the ocean surface and sources arising from the interaction of

long-wavelength ocean waves with local bathymetry, referred to as primary microseisms, are approx-
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imated as point force sources acting at the local bathymetry (Hasselmann 1963; Ardhuin & Herbers
2013; Ardhuin et al. 2015; Nakata et al. 2019).

We first derive the cross-correlation function (CCF) expression for ambient sources modelled as
point force sources acting on the ocean bottom. However, as mentioned above, these sources also can
be of a pressure-type acting at the ocean surface. Below, we also develop expressions for pressure-type

ambient sources. We refer this approach herein as cross-correlation modelling (CCM).

We may write the observed wavefield v‘)bs( w) due to ambient sources as
0 (ew) = [ Gl w)No (€ w) dE, (74)

oD
where ﬁn(ﬁ ,w) denotes the nth component of the ambient force source; and 9D is the region where
these sources are present, which in this case is the ocean bottom. Substituting equation 74 into equa-
tion 66 for observed wavefield recorded at x 4 and x g from ambient sources at £; and &, respectively,

results in the CCF expression

CY (xa,xp,w) = / wczzm,sl, w) Gl (xp, €2,w) Nji (€1, w) Nin (€5, w) A€, A&y, (75)

Usually, large numbers of windowed cross-correlations of continuous ambient wavefield recordings
are stacked to enhance coherent signals and downweight incoherent noise. We take the ensemble CCF

and assume that the ambient sources are uncorrelated as

(N (&1, @) N (€,w)) = S(E&1,0)00m 5(&1 — &) (76)

to simplify equation 75 to ensemble CCF
(G (5, x5, / G (xa, €, 0) G (x, €, 0) S €, w)deE, )

where S (&, w) denotes the power-spectral density of the ambient source (Tromp et al. 2010). For a
narrow frequency band (e.g., 0.05-1.0 Hz), S(&,w) can be partitioned into its spatial and frequency

dependencies as

5(6w) = 5(8)5(w), (78)
where the relative spatial distribution of ambient wavefield energy is defined such that S(&) = 0 and

S (&) = 1 represent effective sources with zero and the highest energy at location &, respectively; and

S (w) is the power spectrum of ambient wavefield sources. With these definitions, the CCF becomes
(Cr (xa,xp,w)) = /8 G (xa 6,0) Gl (x, € @) S(€)S (@) e, (79)
or rearranging after using source-receiver reciprocity (equation 28):

€ axpw) = | Gplexs &) {(Grl (€ xa,0)5()) S@)fde. (30)

oD
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Comparing the above with equation 74 and setting x4 = x allows us to interpret the above expression

as a correlation wavefield generated by the driving source,
& xa,0) = Gl (€,%x4,w)S(£)S(w), (81)

also known as the ‘generating wavefield’ (Tromp et al. 2010). Because complex conjugation in the
frequency domain is time-reversal in time domain, the ‘generating wavefield’ is simply the ambi-
ent source-energy-weighted time-reversed wavefield recorded at ambient energy locations & due to a
source at the virtual shot point locations x 4 with power spectrum S(w). In the time domain, the above

equation can be represented as

(Cri (xa,xp, 7)) = /(9 G (xp.&.0) + { (Gl (€.xa,-0)S(8)) + S} () dg,  (82)

where * denote the convolution operator; S(t) is ambient-source autocorrelation time function and 7
is the temporal cross-correlation lag. Note the summation convention in the above equation, implying
that the term on the right-hand side must be computed for n = 1, 2, 3, accounting for all the force

components, to evaluate (C,’/), i.e.,

1(€xa,—0)S(&)) * S(1)} (7) dé

)

i exaxn ) = [ Gif om0 { (61
oD

+ [ G0 < {(GolExa,-0)8©)) « SO} (1) dg 83)

oD ’

+ [ Grlemen « {(Gillexn—05©) =500} () de.

For ambient-energy sources acting on ocean surface as distributed pressure sources, denoted by g, we

may write equation 79 as

~

(Cry (x4,%p,w)) = /8 N GV (xa, & w)G (xp, &, w)S(€)S(w)dE. (84)

Using source-reciprocity relation (equation 21) and arranging the above equation gives

~

(C;:}v(XA,XB,w» =— /BD @f’q(xB,E,w) {((A;p;gf*(ﬁ,xA,w)S(E)) §(w)} d¢, (85)
or equivalently in the time domain
i xn ) == [ Gitxn &0« { (67 (6. x4 ~)S(8)) < SO} (1) a6 (56)
oD

For pressure CCFs when both receivers x4 and xp are in water, similar time-domain equations

can be written for ambient force sources

(CPP(xa,xp,7)) = = - GP (xp, &, 1) * {(G (€, x4, —1)S(€)) * S(1)} (7) dé, (87)



483

484

485

486

487

488

489

490

491

28  Pandey et al.

Table 6. Velocity model parameters for numerical example.

P-wave velocity ~ S-wave velocity ~ Density cp gradient cs gradient
Domain cp (m/s) cs (m/s) p (kg/m3)  (km/s per km) (km/s per km)
Water 1500 0 1000 - -
Solid 1800 600 2100 0.40 0.23

and for ambient pressure sources

(CPP(xa,%B,T)) = /@D GP(xp, &,1) * {(G1(&, x4, —1)S(§)) * S(t)} (1) A€ (88)

Equations 82 and 86-88 enable the forward modelling of all (velocity and pressure) CCFs for dense

OBN arrays for different ambient source types, locations and configurations.

4.2.1 Numerical Example

We simulate the low-frequency vertical-velocity and pressure component cross-correlation wavefields,
<C§§ ) and (CPP), respectively, recorded on OBNs due to ambient sources acting on the ocean surface,
using their corresponding CCM modelling equations (equations 86 and 88, respectively). A detailed
workflow for implementing the CCM modelling equations (equations 82, and 86-88) in the time do-
main is described in Pandey et al. (2025). The synthetic ocean model is 176 km x 76 km x 14.6 km

Seabed

OBNs
| e Ambient Sources
1250 % Virtual Shot Point

x3 (m)
=
o
o
o

50

75
100

125 \\(\«\\
40 150 *A

T 60 175

Figure 8. Ambient sources, OBNs and virtual shot point location for results in Figure 9 and 10.
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Figure 9. Vertical-component velocity: (a) VSG (Cg;’ ) and (b) Green’s function, Ggg , for the model shown
in Figure 8. The relative amplitudes between shot gathers are not preserved. (c) Normalized traces from the
location indicated by the red lines in (a) and (b). (d) Traces from (c), low-pass filtered to 0.35 Hz with <c;j§ )
uniformly phase-shifted by /2.

(x1 X xy X x3) with a regular grid spacing of 0.4 km x 0.4 km x 0.2 km (dx; X dzry X dzs). We
assume a flat seafloor with 0.8 km water depth and 1-D cp(x3) and cg(x3) velocity profiles beneath
the ocean bottom. Table 6 presents the model properties where the cp, cg and p in the solid medium
are defined at the ocean bottom and increase with depth according to the aforementioned gradients.
The ambient source-time autocorrelation function S(t) is a zero-phase Ricker wavelet with a 0.35 Hz
central frequency. The time step for the simulation is 3.5 ms, with a 170 s total duration. With these
parameters, the computational domain resolves a maximum frequency of 1.2 Hz. Figure 8 shows the
geometry of ambient sources, OBNs and the virtual shot point location. The ambient sources are uni-
formly distributed at each grid point across the ocean surface as pressure-type sources. The OBNs are
0,0

located 10 m below the ocean bottom for (C3’3) and 10 m above the ocean bottom for (CP*) along the

x1-axis. The virtual shot point, indicated by a star, is located at [x1, x2, x3]4 = [48.0,38.0,0.81] km
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for (C3’3) and at [21, z9, x3]4 = [48.0,38.0,0.79] km for (CP?). We use a free-surface top boundary
with all other sides modelled as absorbing boundaries. We simulate forward wave propagation using
SPECFEM3D Cartesian 4.1.0 (Komatitsch & Tromp 2002a,b; Komatitsch et al. 2023) published under
the GPL3 license. The open-source software implements the 3-D spectral element method (Komatitsch

et al. 2000) for wave propagation modelling.

Figure 9a presents the causal part of the simulated <C§§ ) VSG. Two distinct wave modes are
evident: (1) the fundamental Scholte Sg wave mode (black arrow) along with higher-order overtones
(blue arrows); and (2) guided P waves (yellow arrows). These wave modes are consistent with field
data VSG observations from the Gulf of Mexico, as reported in Girard et al. (2023, 2024). The Sg
wave mode exhibits significantly higher energy compared to its higher-order modes and the guided P
waves.

Figure 9b depicts the causal part of the vertical-component velocity Green’s function, G§§ , com-
puted by injecting a vertical point force source at the virtual shot point location. In this case, the
guided P waves are notably weaker than the S. waves, and its higher-order modes are absent. Further-

more, the fundamental and higher-order Scholte wave modes display a broader frequency bandwidth

in comparison to those observed in (C53).

Figure 9c provides a trace comparison at the location marked by the red line at an offset of 24
km in Figures 9a and 9b. The amplitudes of both traces are normalized to unity. The comparison
shows a phase discrepancy, as the main peaks exhibit misalignment between the Green’s function and
the <C§§ ) trace. Figure 9d shows the traces after low-pass filtering to 0.35 Hz, with (Cg;f ) uniformly

phase-shifted by 7 /2. Following this phase adjustment, the phases of the main peaks are better aligned.

Figure 10a shows the causal part of the pressure VSG (CPP). In this figure, the SO wave and
its higher-order overtones (blue arrows) are weakly visible, while the guided P waves appear strong.
Again, this observation is consistent with field-data (CPP) VSG examples from the Thunderhorse field
OBN array in the Gulf of Mexico, where the ocean bottom, as seen by low frequency SU waves, is
soft with average near-seafloor shear velocities of approximately 0.5-0.6 km/s (Girard et al. 2023). In
contrast, the pressure Green’s function, G, shown in Figure 10b, exhibits a clearly visible and strong
SY mode along with higher-order modes. The red arrow in Figure 10a indicates spurious cross-mode

events.

Figure 10c provides a trace comparison between (CPP) and GP*¢ at the location marked by the red
lines in Figures 10a and 10b. Both traces are again normalized to unity. Similar to the observations
above, S? and its higher-order mode are barely noticeable in the full frequency band and the main
peaks of the guided P modes also show a misalignment between (CP'P) and GP*4. Figure 10d shows

the traces after applying a 0.6 Hz low-pass filter, with (CP"P) uniformly phase-shifted by — /2. At this
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Figure 10. Pressure-component: (a) VSG, (CP?) and (b) Green’s function, GP*%, for the model shown in Fig-
ure 8. The relative amplitudes between shot gathers are not preserved. (c) Normalized traces from the location
indicated by the red line in (a) and (b). (d) Traces from (c), low-passed to 0.6 Hz, with (CP*P) uniformly phase-
shifted by —7 /2. (e) Traces from (d), further low-passed to 0.35 Hz.

stage, the phases of the main peaks of the guided P modes are better aligned; however, Scholte waves
are still not visible at these frequencies. To further suppress the guided P modes, we again low-pass
filter the traces to 0.35 Hz (Figure 10e). At this point, SO and its higher-order modes become more
visible, and their main peaks align with GP9. However, more spurious events are observed due to
cross-mode correlations and imperfect absorbing boundaries.

This example clearly illustrates: (1) the non-convergence of the cross-correlations to Green’s func-
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tions; and (2) the differential sensitivity of various components CCFs to different wave modes, using
a simple velocity model with flat bathymetry and uniform ambient sources on ocean surface. The re-
sults highlight the importance of modelling cross-correlations as self-consistent observations, rather
than as (exact or approximate) Green’s functions, when the conditions required for SI Green’s func-
tion retrieval are unmet. Significant phase differences are observed between various wave modes in
VSGs and the Green’s function across different components. If not accurately accounting for these
differences, they could introduce significant errors in velocity model building through FWI using
cross-correlation gathers. Moreover, other key first-order control factors — such as the ambient energy
source mechanism and location, velocity heterogeneity (e.g., the presence of salt bodies), bathymetric
variations, and non-uniform ambient source distributions — also can significantly affect wave-mode
excitation and partitioning, further emphasizing the complexity of the problem and need for accurate

SI wavefield modelling solutions.

5 CONCLUSIONS

We derived reciprocity relations for coupled acoustic-elastic media using the constitutive equations
governing the coupling at the acoustic-elastic interface, as well as acoustic and elastodynamic reci-
procity theorems. From these derivations, we established source-receiver reciprocity expressions for
the coupled acoustic-elastic system. Subsequently, we provided an overview of the pressure and veloc-
ity Green’s function representations in such systems, expressed in terms of wavefield cross correlations
at two observation points within arbitrarily heterogeneous lossless media. Both open and free-surface
configurations were considered. For the former, the wavefields are assumed to originate as sources
distributed along arbitrarily shaped boundaries enclosing the observation points. For the latter, it is
sufficient for sources to exist on an open surface that, together with the free surface, form a boundary
enclosing the observation points.

The pressure and velocity Green’s function representations are exact but are not directly suitable
for SI applications. Specifically, this is because the integrand of these representations comprises a su-
perposition of four correlation products, two arising from the acoustic boundary integral and two from
the elastic boundary integral, that must be evaluated separately. The methodology also assumes the
availability of specific types of sources at all positions along the enclosing boundary: scalar monopole
and dipole sources on the acoustic boundary, and vector force and deformation sources on the elastic
boundary. Moreover, these sources are assumed to be impulsive point sources, which often do not

align with practical scenarios.
To address these challenges, we adopted a series of approximations to simplify the integrand into

two correlation product involving fewer source types. Specifically, monopole sources are used for both
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states on the acoustic boundary, and monopole P- and S-wave sources were used for both states on the
elastic boundary. We also discussed modifications for scenarios involving uncorrelated noise sources.
In such cases, the representation integral reduces to a direct crosscorrelation of the recorded wavefields
at two observation points. Finally, recognizing that ideal ambient source distributions rarely exist in
practical scenarios, we develop modelling cross-correlation functions as self-consistent observations.
This approach, referred to as cross-correlation modelling (CCM), only requires assuming uncorrelated
ambient sources. It enables more realistic representations of cross correlations in field data from am-
bient wavefield studies. We present a synthetic example that simulates a vertical-velocity and pressure
component cross-correlation wavefield using CCM, generated by ambient sources distributed across
the ocean surface, and compare them with their corresponding Green’s functions. Scholte waves are
more prominent in the velocity VSGs, while in the pressure VSGs they are barely noticeable across
the full frequency band. Additionally, there are significant phase differences between different wave
modes identified in VSGs and Green’s functions across different components, underscoring the im-
portance of not treating cross-correlated data as Green’s functions in the absence of the assumptions

required for SI-based Green’s function retrieval.
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