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SUMMARY

The rheological properties of the mantle govern plate tectonics and mantle convection,
yet constraining the rheological parameters remains a significant challenge. Labora-
tory experiments are usually performed under different temperature-pressure-strain-
rate conditions than those of natural environments, leading to substantial uncertainties
when extrapolating the parameters to real-world conditions. While traditional Bayesian
inversion with Monte Carlo sampling methods offers sufficient exploration of the pa-
rameter space and accurate inversion results, the excessive computational cost limits
its practical application to complex nonlinear problems. To address these limitations,
we integrate finite-difference-based geodynamic forward modeling with Automatic Dif-
ferentiation (AD) to build a framework to invert non-linear rheological parameters. By
incorporating multisource observational data, including surface velocities and topogra-
phy, we are able to invert critical rheological parameters of the lithosphere and mantle,
including the viscosity pre-exponential factor, activation energy, stress exponent, yield
stress, and plate-interface viscosity. To validate the method, a series of models with
different levels of complexity from single- to multiple-subduction systems and consid-
eration of data noises are designed to generate synthetic data that are further used for
inversion. Our method can successfully restore the rheological parameters under var-
ious conditions, with minimal errors between predicted and true values, underscoring
its stability and broad applicability. In general, this study introduces a highly efficient
and practical geodynamic forward and inverse modeling approach that can be used to
infer the rheology of the mantle.

Key words: Automatic Differentiation; Stokes equations; Inverse Problem; Finite Dif-
ference Method; Geodynamics

1 INTRODUCTION much lower bending dissipation, generally less than 20% of
the total gravitational potential energy (Capitanio et all,
2009; Leng & Zhong|, 2010; Schellart, 2009). This ultimately
depends on the viscosity of slab hinge. There have also been
studies suggesting plate interface shearing as an important
mechanism of energy dissipation, as evidenced by its strong
influence on plate motion (Sobolev & Brown|, 2019; Hu et all,
2024; Behr & Becker, 2018; Zhou et all, 2024) and exempli-
fied by the abrupt increase of India-Eurasia convergence at
65 Ma due to the lubrication effect of Indian passive-margin
sediment subduction (Zhou et all, 2024). A more quanti-
tative estimate of the energy dissipation requires a better
understanding of the viscoplastic behavior of the plate in-
terface. There is also considerable debate on the peak am-
plitude of dynamic topography, which ranges from around
2 km (Yang & Gurnig, 2016; Steinberger, 2007; Lithgow
Bertelloni & Richards, 1998; Conrad & Hussor|, 2009; Fla-

Plate tectonics and mantle dynamics govern the evolution
of the solid Earth, with their long-term mechanical behav-
ior ultimately controlled by mantle rheology (Ranalli, 1995;
Karata, 2008). However, rheology is one of the least well-
constrained physical properties of the solid Earth, leading
to substantial debates surrounding the forces and deforma-
tion patterns of the internal Earth. For example, although
it is well accepted that plate subduction is primarily driven
by the gravitational potential energy of slabs and impeded
by various types of energy dissipation, some studies have
suggested that slab bending is the most important mecha-
nism of energy dissipation (Conrad & Hager], 1999; Buffett
& Rowley, 2006; Buffett, 2006), but others have derived a
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ment et al ), to around 1 km(lYang et al], 017; lDavies{

lst al], lZOO?j; lHorbach et al], l2014|; lHu et al], l2024|), the num-

et all, ), and even 0.5 km (|Hoggard et alj7 016). This
debate results from the large uncertainties on the viscosity
of the underlying mantle. The viscosity of the mantle has
also been a key concern for studies on plate driving forces
with respect to the role of basal drag (bonrad & LithgowJ
Bertelloni, lZOOﬂ Becker & Faccennal, lZOl]J; bui et al], t2024l;
Li et all, 2024H)7 on subducting slab morphology includin:

the stagnation at ~ 660 km and ~ 1000 km depth (Goe

et all, bOl : ILi et al 201d' Rudolph et alL IZOIEJ; lFei et all,
2023; biikové & Bind, l2019)7 and on the morphology and
stability (or mobility) of LLVP (Torsvik et alJ, IZ()OSI; ﬁ\/IcNaJ
hlara & Zhongj, IZOOEj; hhang et all, I202 ; |Shi et al], l2024|), etc.
Although there is an urgent need for a comprehensive under-
standing of mantle rheology, methods to constrain mantle
rheology are still limited, and uncertainties of mantle rheol-
ogy are still large.

The rheology of the mantle can be described by a num-
ber of deformation mechanisms, including diffusion creep,
dislocation creep, Peierl’s creep and plasticity, with a num-
ber of rheological parameters (such as activation energy,
stress exponent, and yield stress) defining their dependence
on temperature, pressure, strain rate, grain size, and so on
(Ranalli, 1995; Karato, 2008). In laboratory settings, the
rheological parameters of rocks can be measured through
high-temperature and high-pressure experiments (Karato ia
\TV%] |1993|; IHirth & Kohlstedit, IZOOEi; IKorenaga & Karatd,
M) These experimental results have been successfully ap-
plied in forward geodynamic modeling with realistic predic-
tions of tectonic plates and mantle flow ( Billen & Hirth,
2007; Behn et al 00&1; |Stadler et al], lZOld; |Hu et all,
2022; Li et all, 024&4). However, laboratory conditions can-
not fully replicate the complex environment of mantle rocks
in the Earth’s mantle, particularly with regard to the rela-
tively slow strain rate and high P-T condition. This limita-
tion introduces significant uncertainties when extrapolating
laboratory-derived parameters to real-world applications.

On the other hand, there are a range of observational
data available on the Earth surface that can be used to
invert mantle rheology, such as plate velocities (Becker &
O’Conneli l200]]; tForte et all, 199]]; |VVu et all m; @
et all, tZ()i}I) stress orientations (Reuber et al., 2020), gravitir
anomalies (Hager, [1984; Liu & Zhong, 2015; Rudolph et all,
m; teinberger & Calderwood, 2006), and topography in-
cluding those that use post-glacial rebound (Baumann et all,
l2014al; k}athle , IZOld; |Mitrovica & Forte{, l2004|). Although
most studies using these observations were performed using
forward geodynamic modeling, inversion methods are con-
tinuously developed to make the finding of best-fit param-
eters automatic. For example, Baumann et all (l2014al) and
IBaumann & Kaué (h015|) constrained the lithospheric plate
strength and nonlinear viscosity parameters by Bayesian in-
version with surface velocity, Bouguer gravity anomalies,
and topographic data. However, the Bayesian method re-
quires substantial computational resources, on the order of
tens of thousands or even hundreds of thousands of for-
ward simulations to obtain the posterior probability dis-
tribution. To improve efficiency, adjoint method has been
combined with Bayesian inversion for inferring lithospheric
and mantle rheological parameters. By leveraging the ad-
joint method to compute gradients for parameter optimiza-
tion (IRatnaswamy et alj7 12015|; IRudi et alL 021; tBungeJ

ber of forward simulations is significantly reduced, greatly
enhancing the efficiency of the inversion process. This even-
tually leads to the inversion of realistic nonlinear mantle
viscosity on a global scale (Hu et al), lZOi}I) However, the
adjoint method also faces challenges such as complex mathe-
matical derivations and the need to derive different adjoints
for varying scenarios (7 ) There are also studies
that employed physics-informed neural networks (PINNs)
to address the forward and inverse problems of partial dif-
ferential equations (PDEs), particularly the Navier-Stokes
equations (]Raissi et all, IZOld; k]ai et al], I202]J). Their work
introduced a novel approach for solving and inverting non-
linear PDEs. However, the method still faces challenges in
terms of transferability and interpretability.

In recent years, automatic differentiation (AD), widely
used as a gradient computation method in the field of deep
learning, has been introduced into the study of geophysical
inverse problems (lPaszke et alL I2017|; lBaydin et al], IZOld).
AD is an efficient method that computes derivatives based
on the chain rule and has been widely applied in optimiza-
tion, deep learning, and scientific computing. When calcu-
lating gradients, AD decomposes the target function into a
series of simple computational units, constructs a compu-
tational graph, and utilizes the chain rule to automaticall
propagate gradients from output to input.
() highlighted the significant advantages of automatic
differentiation in the field of Earth sciences, as it combines
the physical interpretability of finite difference methods with
the precision and efficiency of analytical derivatives. This ap-
proach has already been applied to various geophysical prob-
lems, including full-waveform inversion in seismology (/Z
let all, l202]J, O2j; lLiu et all, IZOQE‘). This gradient computa-
tion method has been mathematically proven to be equiv-
alent to the adjoint method (ILeCun et all, |19864)7 while of-
fering superior accuracy, efficiency, and versatility, thereby
providing a powerful new tool for parameter inversion in
geodynamics.

Recent studies have also attempted to apply automatic
differentiation (AD) to gradient computation in geodynamic
inverse problems involving the Stokes equations. For exam-
ple, the G-ADOPT framework, built upon Firedrake and
Dolfin-Adjoint, enables adjoint-based optimization for large-
scale, nonlinear mantle convection simulations (Ghelichkhaﬂ
, ) Other approaches combine TAF (Transforma-
tion of Algorithms in Fortran) with community codes such
as StagYY to obtain AD-based gradients (,
). By decomposing the discretized Stokes solver into a
sequence of operators and applying automatic differentiation
techniques, it becomes possible to compute accurate param-
eter sensitivities and enable efficient optimization strategies.
In this study, we extend this idea by coupling the numerical
solution of the Stokes equations with PyTorch’s automatic
differentiation engine. This results in a flexible and modular
framework that can seamlessly interface with the PyTorch
ecosystem and its optimization algorithms. We design and
validate a complete forward—inverse modeling workflow that
leverages surface velocity and topography data as observa-
tional constraints to invert for nonlinear mantle rheology

parameters across a suite of synthetic scenarios with vary-
ing complexity.
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Figure 1. The overall framework of AD. (a) Comparison of frame-
works of PINNs with the finite difference network. (b) Detailed
implementation of the finite difference network that solves the
Stokes equations.

2 METHOD

AD is based on the concept of a computational graph, which
represents a sequence of operations as a directed graph
where nodes correspond to variables and edges represent
dependencies and operations. This graph-based approach is
ubiquitous in modern deep learning frameworks, serving as
the backbone for gradient-based optimization in neural net-
works. The overall framework of this study is analogous to
the classical Physics-Informed Neural Networks (PINNs),
except that the neural network structure in the PINNs is
replaced by a finite difference network (FDN) that solves
the Stokes equations numerically. In the traditional PINNs
framework, the input consists of a set of model parame-
ters of interest, such as temperature and viscosity. These
parameters are processed through the neural network struc-
ture in PINNs to perform forward simulations, generating
predicted values of the target physical fields, such as ve-
locity and stress fields. Subsequently, these predicted values
are compared with observational data and/or physical equa-
tion constraints to_compute the errors and construct the
loss function (Fig.[lla). Unlike traditional neural networks,
FDN implements the numerical solution of partial differ-
ential equations through a combination of multiple simple
nodes and custom-extended complex nodes. The construc-
tion of FDN requires translation of finite difference compu-
tational steps into computational nodes, which are then in-
terconnected and organized through a computational graph
framework to form a complete forward modeling workflow.
The primary nodes of FDN include interpolation operators,
discretized linear system assembly for the Stokes equations,
viscosity computation and linear solvers (Fig.[[b).

To optimize the input parameters, PINNs utilizes au-
tomatic differentiation that computes gradient backpropa-
gation based on computational graphs. This process propa-
gates gradient information from the output backward to the
input layer, followed by parameter updates using gradient-
based optimizers. Similarly, automatic differentiation is im-
plemented within the finite difference networks (FDN) to
compute the gradient. The computational graph is auto-
matically generated based on the numerical operators of the
FDN, ensuring both the accuracy and efficiency of the for-
ward and backward propagation processes.

2.1 Geodynamic forward modeling
2.1.1 Governing equations

On geological time scales, the properties of mantle rocks are
generally considered analogous to those of highly viscous flu-
ids. Under such conditions, the deformation of these high-
viscosity fluids can be accurately described by the Stokes
equations, with the inertial terms neglected (Blackwell et all,
1990; Christensen & Yuen|, 1985). We also approximate the
Earth’s mantle as an incompressible fluid under the Boussi-
nesq approximation, where the density variation takes ef-
fect only for the buoyancy term in the momentum equation
(Christensen & Yuen, 1985). In two dimensions, the conser-
vation of mass and momentum is written as:

Ovz  Ovy
o + oy 0 (1)
00ze  O00gzy  Op B
oz + By oz +p-g:=0 (2)
dayy aaxy_@+p.gy:o (3)

y oz Oy

where v, and vy represent the x and y components of the ve-
locity vector U, 04z, 0zy and oy, denote the deviatoric stress
components, p represents the pressure, p is the density, and
G = (9=, gy) corresponds to the gravitational acceleration.

Density is generally considered a function of tempera-
ture and composition, and its variation can be described by
the following equation:

p:pc~(1fa-(T7T())), (4)

where p. and Ty represent the reference density for a
specific composition ¢ and the reference temperature, re-
spectively; T is the current temperature; « is the thermal
expansion coefficient, taken here as 3-1075. Here, Ty is set
to room temperature, with a value of 273 K.

In viscous fluid models, the constitutive relation be-
tween stress and strain rate can be defined as:

Oow = 2N€za, Oyy = 2N€yy, Oy = 2N€ay (5)

where 7 represents the viscosity, and €z, €,y and €5, denote
the strain rate components.

2.1.2 Finite difference formulation of the governing
equations

In the fully staggered grid configuration shown in Figure E,
the finite difference scheme for the Stokes equations as ex-
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Figure 2. The fully staggered grid configuration, where Pressure
(P) and normal stress (o) are defined at the cell centers, while
velocity components (vz,vy) are defined at the cell edges, and
temperature (T'), shear stress (ozy, oyx) and viscosity (n) are
defined at the cell vertices. This grid design effectively enhances
the stability and accuracy of solutions in numerical simulations.

pressed in the following discretized form, is suitable for geo-
dynamic simulations of high-viscosity fluids (Gerya, 2019).

For any grid point (7,j5), the momentum conserva-
tion equations can be discretized in the z-direction and y-
direction as shown in equations (ff) and ([{), respectively.
The momentum conservation equation consists of three com-
ponents: the numerical difference of the normal stress, the
shear stress, and the pressure:

xT TT Y _ LTY
Tit1,j = 0i 9ij — %1

J Piyr,; — Py

Titl,j — Tig  Yij —Yij-1  Titlj — Tiy
Pij T Pij—1
—— ) ) gz7 (6)
2
vy Yy Ty _ _xy
Tigir = %iy o Tig %ty Pigin = P
Yij+1 =Yg Tig — Ti-1,j  Yij+1 T Yisj
_ _Pijt P
=- 2 Gy (7)

The stress terms 0.4, 0yy, and o4y in equations (E) and
([1) need to be further discretized as follows:

x T
Tr _ o Vi T Vi-14
Oig = &N —
Tij — Li—1,j

(8)

Yy Yy
vy . — v,
yy 1,7+1 1,7
i = 20,5 = = 9)

Yij+1 — Yij

T

T
I
Ty _ i,J+1 1,J
O = M <y, s +
(2¥) (2¥]

Y _
Vit1,j — Y

gj) ., (10)

Tit1,5 — Li,j

This way, each term in equations (E) and (B) is dis-
cretized in the form of velocity or pressure differences. The

discretization of the stress terms (equations (E)7 (@), and
(H)) further links the velocity gradients to viscosity, ensuring
that the viscosity values at grid points can be used to con-
struct the complete linear matrix for the momentum equa-
tions.

For an incompressible fluid, the discretized form of the
mass conservation equation can be expressed as:

T

x Y Y
Vitl, ~ V5 | Yig+1 T Vi

%]
=0, (11)
Yij+1 — Yi,j

LTit1,j = Tiyj

The discretized momentum conservation equations
(Equations (E) and (H)) and the mass conservation equa-
tion (Equation (EI)), together form the linear system that
is solved using direct matrix inversion for velocity and pres-
sure.

2.1.3 Rheology

The effective viscosity (nes) is a critical parameter that char-
acterizes the rheological behavior of materials under var-
ious mechanical and thermodynamic conditions. For sim-
plicity and to focus on the deformation characteristics of
subducting slabs, this study considers only dislocation creep
and plastic deformation. These two mechanisms describe the
deformation properties of materials under low-temperature
and high-stress conditions and can effectively capture the
rheological behavior of subducting slabs (Hu et all, 2024).

Under the dislocation creep mechanism, the viscosity of
the material is controlled by

_ Al/n (1/n-1) E
Nais = A 551 " exp (m) (12)

The physical meanings of the symbols are as follows: 7ais
represents the viscosity under dislocation creep; é;; is the
second invariant of the strain rate tensor, reflecting the ma-
terial’s flow rate; Ag;si is the pre-exponential factor related
to the material properties; F is the activation energy; n is the
stress exponent, which determines the nonlinear response of
the material to strain rate; R is the gas constant, with a
value of 8.314J - mol™! - K~!; and T is the absolute tem-
perature.

Plastic deformation is primarily governed by the yield
strength of the material, which is prescribed as a constant
o value of 200 MPa in this study. For simplicity, we assume
pu = 0 and a constant yield stress for the whole domain.
Under conditions of plastic deformation, the viscosity 7plas
is expressed as:

g
as — 5. 1
bl 2%, (13)

To account for both dislocation creep and plastic defor-
mation, the effective viscosity (nes) is defined as the har-
monic mean of the two mechanisms:

1 1 1

= + (14)
Teft Tlplas Mdis

Since the viscosity is nonlinear, we solve for velocity
and pressure iteratively using the fixed point iteration until
convergence is reached.
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2.2 Automatic differentiation and backward modeling

The mathematical foundation of AD lies in the chain rule.
Its core concept is to decompose a complex function into
a series of basic operations (such as addition, multiplica-
tion, and exponential functions) and to record the depen-
dencies of these operations by constructing a computational
graph. The computational graph is a Directed Acyclic Graph
(DAG) (Rall, 1981), where each node represents a variable
and the edges represent dependencies and computational op-
erations. Automatic Differentiation (AD) operates primar-
ily in two modes: forward mode and reverse mode. Forward
mode propagates derivatives from inputs to outputs, requir-
ing one pass through the computational graph for each input
variable. This becomes inefficient for functions with many
inputs, as the computational cost scales linearly with the
number of input parameters. Reverse mode, conversely, first
evaluates the function and then propagates derivatives back-
ward from outputs to inputs. For functions with many inputs
but few outputs as in our case in geophysical inversion where
we have many rheological parameters but a single scalar loss
function, reverse mode calculates all partial derivatives in
just one backward pass. This study adopts the reverse mode
for gradient computation.

In the gradient computation phase, we employ reverse-
mode automatic differentiation (AD) to efficiently obtain
the sensitivities of the loss function with respect to model
parameters. The overall computational workflow is first de-
composed into a series of operators, each representing a
discrete numerical operation, and a corresponding compu-
tational graph is constructed. This graph systematically
records the dependency relationships between inputs and
outputs across the entire forward model, enabling reverse
traversal during the backpropagation stage. By propagat-
ing gradients backward through the graph, we can pre-
cisely evaluate the derivatives of the loss function with
respect to each inversion parameter. Once the gradients
are obtained, we utilize a gradient-based local optimization
algorithm, L-BFGS_(Limited-memory Broyden-Fletcher—
Goldfarb—Shanno) (Liu & Nocedal, 1989), to iteratively up-
date the model parameters. L-BFGS offers an efficient trade-
off between memory usage and optimization performance by
approximating second-order information without explicitly
computing the full Hessian. Its robustness and rapid conver-
gence make it particularly well-suited for inverse modeling in
geodynamics. Through repeated iterations of this AD-based
gradient evaluation and L-BFGS optimization, we achieve
accurate recovery of the target rheological parameters.

3 SYNTHETIC DATA INVERSION

To evaluate the applicability and effectiveness of the pro-
posed method for inverting complex nonlinear rheologi-
cal parameters, we designed a series of numerical exper-
iments. Two representative geometric configurations were
constructed: one featuring a single subduction zone and
the other incorporating three subduction zones, to simulate
plate subduction processes under different tectonic regimes.
For each model, synthetic surface velocity and dynamic to-
pography data were generated through forward simulations,
where the dynamic topography was computed from the sur-
face normal stress. These synthetic datasets were treated

as proxies for "true” observations and used to assess the
inversion performance. The observational data were catego-
rized into two scenarios: idealized and more realistic. In the
ideal case, the data were noise-free and fully resolved. For
the more realistic scenario, several observational constraints
were introduced. Specifically, to mimic the absence of GPS
coverage over oceanic plates, we assumed that each plate
behaves as a rigid body, and its motion is represented by
a constant average velocity. In addition, random noise was
added to the synthetic observations to simulate measure-
ment uncertainties. In all inversion experiments, the geom-
etry and thermal structure of the model were assumed to
be known. The Stokes equations were solved numerically to
obtain the velocity and surface stress fields. Gradients of the
loss function with respect to model parameters were com-
puted efficiently and accurately using AD. These gradients
were then used to iteratively update the model parameters
via gradient-based optimization, allowing for the robust re-
covery of key rheological properties in the mantle and weak
shear zones.

3.1 The reference three-subduction model: forward and
inverse

The reference model (Model 1) spans approximately
4500 km horizontally and extends to a depth of 800 km, as il-
lustrated in Fig. E The computational domain is discretized
using a structured mesh with 675 x 85 grid points, the mesh
is refined in the vicinity of subduction-related weak zones,
where the resolution increases to 3 km, enabling better rep-
resentation of localized deformation and strain localization.
The model domain comprises multiple geological units, each
assigned distinct structural or rheological properties, includ-
ing the lithospheric mantle, weak shear zones, subducting
slabs, upper mantle, and lower mantle. The setup incorpo-
rates three subduction zones with varying slab geometries
and multiple interacting plates of different lengths. The first
subduction zone is located at approximately 900 km along
the horizontal axis, with a steep slab dipping at about 45°
and extending down to 350 km depth. The second subduc-
tion zone lies near 2400 km, featuring a shallower dip an-
gle of approximately 30° and a slab descending to 250 km.
This zone includes a spreading center to its left, mimicking
the effects of back-arc extension driven by trench retreat. At
3400 km, a broader slab extends to 660 km depth, flattening
near the base of the transition zone. In contrast to the other
slabs, its motion is significantly influenced by the resistance
from the high-viscosity lower mantle.

Although the lithosphere and upper mantle are distinct
geological units, they share the same viscosity parameters.
The only difference lies in their temperature structures. The
temperature field of the model is generated using a half-
space cooling model, with the plates and slabs assumed to
have an age of 60 Myr. The reference density for all units
is p. = 3300kg/m®. The motions of plates are driven by
the negative buoyancy of the cold slabs. The viscosity of the
weak shear zones along plate interface at subduction zones
and the viscosity of the lower mantle are set as constant val-
ues, with the weak zone assigned a viscosity of 10'° Pa - s and
the lower mantle assigned a viscosity of 10?3 Pa - s, while the
viscosities of other geological units are calculated using the
rheological formulas (@)7 (@), and (@) For the lithosphere
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Table 1. Inverse models under different geometric and observational configurations. The table lists the final inverted parameter values,
including the pre-exponential factor for dislocation creep Agjs), activation energy Fgiql, stress exponent n, constant viscosity of the weak
zone A., and yield stress o. The relative errors between the prediction and observation for both the surface velocity and topography

(columns “Vel. Error” and “Topo. Error”), along with the relative errors for noisy data (columns “Noisy Vel. Err.
Err.”), are reported. Relative error is computed according to Equation (

bd).

)

and “Noisy Topo.

Iter. Adist Faist n Ac o Vel. Topo. Noisy Noisy
Model Geometry Observations Num. Pa" -s kJ/mol (=) Pa-s MPa Error Error Vel. Err. Topo. Err.
Model 1 Three-slab Surface velocity and topography 43 1016:90 534.0 3.50 109:90 200.0 3.68E-6 2.09E-6 / /
Model 2 Three-slab Plate motion and topography 31 10%6:90 534.0 3.50 101990 200.0 2.14E-6 2.28E-6  / /
Model 3 Three-slab Noisy plate motion and topography 49 101743 488.9 3.47101901199.2 6.58% 4.23% 9.33%  6.60%
Model 4 Three-slab Plate motion only 76 101690 534.0 3.50109-90 200.0 2.13E-6 2.28E-6  / /
Model 5 Three-slab Noisy plate motion 59 101914 460.0 3.54 101944 140.8 16.30% 15.41% 9.38% /
Model 6 Three-slab Surface topography only 33 10%6:00 534.0 3.50 101990 200.0 1.98E-5 1.98E-6  / /
Model 7 Three-slab Noisy surface topography 38 1016:04 5346 3.5110'992199.5 3.73% 0.31% / 4.11%
Model 8 Single-slab Surface velocity and topography 54 10%6:90 534.0 3.50 101990 200.0 1.58E-6 1.72E-6  / /
Model 9 Single-slab Surface velocity only 66 10%12 827.2 3.331019-18 234.7 0.48% 30.73% / /

and upper mantle, the viscosity of dislocation creep is char-
acterized by a pre-exponential factor Agis1 = 1016 Pa™"s,
an activation energy E = 534kJ/mol, a stress exponent
n = 3.5, and a yield stress ¢ = 200 MPa. The final effec-
tive viscosity is confined within the range of 10'® Pa - s to
10?° Pa - s. From model results, the minimum viscosity with
a value of 10'° Pa - s is observed in the weak shear zones,
while the maximum viscosity of 10%° Pa - s occurs within the
plate interior. The viscosity structure (Fig.Ec) regulates the
deformation of each geological unit and the observational
data at the surface which in turn can be used to constrain
rheological parameters.

We construct a forward model using the aforementioned
rheological parameters to generate synthetic surface veloc-
ity and topography data, which serve as observational con-
straints for the inverse model. We first conduct parameter
inversion in an idealized, noise-free configuration, allowing
for a more direct evaluation of inversion accuracy and the
convergence behavior. The parameters to be inverted in this
study include the pre-exponential factor Agis1, the strain rate
exponent n, the activation energy Fgis1, the yield stress o,
and the weak zone viscosity n(A.).

The loss function (L) is defined using both surface ve-
locities and topography. It is worth noting that topography
h is converted from the normal stress oy, at the surface us-
ing the following relationship:h = Ai’;‘{go ,where Ap denotes
the density contrast between seawater and the mantle, and
go is the gravitational acceleration constant. To account for
differences in physical scales, we first normalize the observed
and predicted velocity and topography data using the mean
and standard deviation of the observed data. This enhances
numerical robustness and facilitates efficient parameter es-
timation. Taking the velocity component v, as an example,
the normalization process is defined as:

po, = E(@W2™), 04, = std(vg™), (15)
pred __ obs

6£red _ Vg Hog , ﬁgbs _ Vg Moy , (16)
Oy Oy

where p,, and o,, represent the mean and standard

deviation of the observed velocity. A similar standardization
process is applied to the surface topography h:

pn = E(h™),  on = std(h*), (17)
_ pred __ _ obs __
hpred _ h :uh’ hobs — h Hh ) (18)
Oh Oh

Using the normalized data, the total loss functions for
velocity and topography are defined as:

1 M ~pred ~obs 2 1 il 7 pred 7 obs 2
L= 2o (et = w) 4y (A h) L (19)
=1 =1

where M, N denotes the total number of observations
for velocites and topography, respectively.

To ensure the stability and efficiency of the inversion
process, we define the following convergence criteria. First,
the optimization automatically terminates when the max-
imum number of iterations is reached (max_iter = 200),
in order to prevent excessive computational cost due to in-
finite loops. Second, if the f2-norm of the gradient of the
loss function with respect to the model parameters 6 sat-
isfies |[VL(0)]2 < 1079, the iteration is deemed to have
approached an optimal solution and will stop. Third, if the
f2-norm of the parameter update between two consecutive
steps is less than 107'% i.e., ||0k11 — Ok|l2 < 1070, the pa-
rameters are considered to have converged. Additionally, in
noise-free (clean) observational settings, the inversion is re-
garded as successfully converged when the total loss £ falls
below 1078, indicating that the model has achieved sufficient
accuracy.

Selecting appropriate initial parameter values signifi-
cantly impacts inversion performance, which constitutes a
form of “hyperparameter tuning”. However, due to the inher-
ent complexity of the objective function, manually identify-
ing the optimal starting points remains challenging. Conse-
quently, initial parameters are treated as hyperparameters,
and Bayesian optimization, a widely adopted hyperparame-
ter tuning approach in machine learning (Snoek et all, 2012),
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Figure 3. The reference three-subduction model (Model 1), showing both the recovered topography, velocity and viscosity structures and
the synthetic observational structures. (a) The fit between the observed topography and the inferred topography. (b) The fit between
the observed surface velocity and the inferred surface velocity. (¢) The synthetic viscosity and velocity fields using the true parameters.
(d) The recovered viscosity and velocity fields using the inverted parameters. (e) The viscosity error between the synthetic data and the

inversion. (f) The velocity error between the synthetic data and the inversion.

is utilized to systematically search for optimal initial values.
So we apply Bayesian optimization to select suitable start-
ing parameters for key rheological and training hyperparam-
eters. The optimization is conducted over a continuous pa-
rameter space, defined as follows: log,, At € [12.5,13.5],
ERY ¢ [250,350], n'™* € [1,2], log,, A" € [20,21], yield

stress™* € [50,100]. Note that usually these intervals reflect
physically reasonable ranges and practical prior knowledge
for dislocation creep, composite rheology, and optimizer sta-
bility. But in this case, we deliberately select the ranges
that deviate away from the true values to test the robust-
ness of the inversion method. The core principle of Bayesian



Automatic differentiation and geodynamic inversion 9

(a) (b) (c)
0 —e— Inverse model 1 T\ 600 1 ——- True Value
16 e 550 ] —*— Inverse model 1 e
2 B Y
7 €15 . 500
2 -4 2 2
3 g £ 450
= = =
2 =14 =
& —6 z Z 400
g < &
_8 213 350
8
-=- True Value 300
-10 12 { —e— Inverse model 1
0 10 20 30 40 0 10 30 40 0 10 20 30 40
(d) (e) ()
35 2y 205 --- True Value 225
—e— Inverse model 1 200 Y O
10 = . Noed TR AT
< 20.0 s
® &5
< =
25 H @
- 2195 % 150
= A 125
20 <1900 Agetessnsee ]
& = 100
°
15 ——- True Value 185 75 -=- True Value
—e— Inverse model 1 s —e— Inverse model 1

0 10 20 30 40 0 10
Iteration

30 40 0 10 20 30 40

Iteration Iteration

Figure 4. The reference three-subduction model (Model 1), showing the evolution of the loss function (a) and the five inverted rheological
parameters (b—f) over the course of iterations. Green circles connected by lines represent the inverted parameter values, while the dashed

lines indicate the corresponding true values.

optimization lies in leveraging probabilistic modeling and
intelligent sampling to perform a global search for the opti-
mum of an objective function. Typically, a Gaussian Process
(GP) is used to model the objective function, and acquisi-
tion functions—such as Expected Improvement (EI), Upper
Confidence Bound (UCB), or Probability of Improvement
(PI)—guide the selection of the next sampling point. In this
study, we adopt the Probability of Improvement (PI) strat-
egy as the acquisition function. This method balances ex-
ploration and exploitation by evaluating the likelihood that
a new sampling point will improve upon the current best
value. Each iteration of Bayesian optimization updates the
Gaussian Process model based on newly acquired informa-
tion, progressively refining the search for optimal initial pa-
rameters (Snoek et all, 2012). In our inversion framework,
each set of initial values undergo five independent inversion
runs. The best-performing result among the five is selected
for presentation. The optimal solution is chosen based on the
following criteria: if the inversion successfully converges and
the total loss is less than 1078, the solution with the fewest
iterations is selected; if the inversion does not achieve a suf-
ficiently small loss, the solution with the lowest loss function
value is taken as the representative result.

The evolution of the five inverted parameters during the
inversion process and the final converged results are illus-
trated in Fig.4. The initial loss function exhibits a relatively
high value, which rapidly decreases to the order of 107!
after approximately 40 iterations, indicating an exception-
ally high level of accuracy in fitting the observational data.
Examining the iteration trends of individual parameters,
the pre-exponential factor for dislocation creep, logio(Aaisi),
starts at approximately 13.0 with minimal early-stage vari-
ation but experiences a sharp increase to 16 after 37 itera-
tions. The activation energy for dislocation creep, Fqis1, be-
gins at 280 kJ/mol, and ultimately stabilizes at 534 kJ/mol
after 37 iterations. The stress exponent n starts from 1.2,
gradually increases from iterations 12, and eventually con-
verges to 3.5 at iterations 37. The viscosity parameter for the
weak zone, logio(A.), initially exceeds the true value but de-
creases rapidly during early iterations, stabilizing at 19 after
30 iterations. The yield stress o, which starts at a value sig-

nificantly lower than the true value, increases rapidly after
10 iterations and finally stabilizes at 200 MPa. Despite some
degree of oscillation in these parameters throughout the op-
timization process, the final converged values deviate from
the true values by no more than 107°, demonstrating the
robustness and accuracy of the proposed inversion method
under ideal noise-free conditions. To further evaluate the ac-
curacy of the inferred velocity and viscosity fields, we com-
pared the inferred results using the recovered parameters
with the observational data using the true parameters. As
shown in Fig.Ba,b, the inferred surface topography and ve-
locity align almost perfectly with the observations. The com-
parison of the viscosity and velocity fields (Fig.Ec,d) further
confirms that the inferred fields using the recovered param-
eters exhibit minimal discrepancies from the observational
data.

To systematically evaluate the discrepancies between
the inferred and the observed data, we further perform a
quantitative analysis of the errors. The relative error is de-
fined as follows:

Z |«:%pred - xobsl (20)
2 lwons|

where Zpreq and xons denote the inferred and observed val-
ues, respectively. The viscosity field is plotted with respect
to log;,(n). In the comparisons shown in Figure f, the pre-
dicted dynamic topography in panel (a) almost perfectly
overlaps with the observed values, with visually indistin-
guishable differences. The quantitatively evaluated relative
error is merely 2.09 x 107 °. Likewise, the inferred surface
velocity shown in Figure B(b) exhibits a relative error of
only 3.68 x 107, indicating that the reconstruction of both
velocity and topography is highly accurate. A comparison
between Figures Eg(;c) and (d) reveals that the overall struc-
ture of the reconstructed viscosity and velocity fields closely
matches the true fields. On this basis, Figures E(e) and (f)
present the spatial distributions of the viscosity and veloc-
ity errors, respectively, across the entire domain. Here, the
errors are visualized by the absolute differences between the
predicted and observed values, where the values of viscos-
ity are in logarithmic scale. The magnitude of the viscosity

Relative Error =
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errors is generally below 107°, with slightly higher values
observed in the shear zones surrounding the slabs. In con-
trast, the magnitude of the velocity errors is typically be-
low 1074 cm/yr, with minor increases occurring within the
slabs and the adjacent upper mantle regions. Overall, both
fields suggest extremely low levels of misfit, confirming full
convergence of the inversion. In summary, under noise-free
conditions, the proposed method successfully recovers the
rheological parameters with exceptional accuracy, while also
reliably reproduces the surface topography and velocity data
and the internal viscosity and velocity structures.

3.2 Effects of more realistic observational constraints -
plate motion and data noise

While GPS measurements can provide accurate lateral mo-
tion for sites on lands, the motion of the oceanic plates can
only be derived using magnetic lineations on the seafloor,
which assumes rigid plates and provides a long-term aver-
aged velocity for each plate within the span of each magnetic
chron. This motion is called plate motion, which defines the
motion of the rigid parts of a plate. To better approximate
this observational condition, we adjust the setup of the ob-
servational data. Unlike Section 3.1, where all surface ve-
locities are utilized, we only leverage the plate velocities in
the interior of the plates about 50 km away from the plate
boundaries (Fig. Pa). These velocities are assumed to be
spatially uniform within each plate based on the rigid plate
hypothesis. Based on this premise, we first conduct a param-
eter inversion experiment using ideal, noise-free plate motion
and topography as observational inputs. The objective is to
evaluate the accuracy and robustness of the proposed inver-
sion method with less constraints from the motion of the sur-
face nodes. Under noise-free conditions, we set the model as
Model 2, which demonstrates excellent convergence and ac-
curacy (Fig. p). The inversion successfully converges within
around 30 iterations, with the final loss function value re-
duced to below 107'°. The inverted parameters are nearly
identical to the true values, with relative errors less than
1075. For the recovered plate motion and topography, the
relative fitting errors are both less than ~ 10™*, indicating
that the proposed method achieves extremely high-precision
parameter reconstruction under noise-free conditions.

To further mimic uncertainties typically present in GPS
measurements and paleomagnetically-constrained plate mo-
tion, we introduce artificial noise to the observational
dataset using the following procedure. For plate motion, we
apply a constant noise component §, for each plate, drawn
from a uniform distribution over the range [—0.5,0.5] cm/yr.
For surface topography, Gaussian noise 6, ~ N(0,0?) is
added, where the standard deviation o is defined as 5% of
the mean absolute value of the noise-free observations:

o = mean (|h|) x 0.05. (21)

The noise-contaminated observational values are then
computed as:

b=v+08,, 6, ~U(—0.50.5), (22)

h="h+0n, on~N(0,0%, (23)

where ¢ and h represent the noisy plate motion and topog-
raphy, respectively. Here, d, and J;, denote the uniform and

Gaussian noise components added to the respective fields.
This controlled noise addition strategy enables systematic
evaluation of how various types of observational errors in-
fluence the inversion performance, providing both theoret-
ical insight and methodological guidance for applying the
inversion framework under real-world geophysical observa-
tion scenarios.

Model 3 represents the case where the observation of
plate motion and topography is noisy. As shown by the pa-
rameter iteration results (Fig. E), Model 3 requires more
iterations to achieve convergence. Moreover, the presence of
noise significantly affects certain parameters—particularly
the pre-exponential factor for dislocation creep, Aagis (in
units of Pa™ - s), and the activation energy FEais1 (in units
of kJ/mol). Specifically, Aqis1 is ultimately inverted to ap-
proximately 10174 Pa~" - s, while Fgis converges to around
488.9kJ/mol, both showing noticeable deviation from their
truth values. In contrast, the stress exponent (n =~ 3.47),
weak shear zone viscosity (1.0 x 10'%°' Pa - s), and yield
strength (199.2MPa) are less sensitive to noise, yielding re-
sults that remain closer to the true values, albeit slightly in-
ferior to the noise-free scenario. Figures a(a, b) present the
fitting errors of plate motion and topography. When com-
pared with the noise-free observational data, the relative
error in plate velocity is only 6.58%, whereas it increases to
9.33% when compared with the noisy observations. Notably,
the recovered observational field tends to align more closely
with the noise-free data than with the noisy data. For to-
pography, the relative error compared to the true value is
4.23%, while the error relative to noisy data is 6.60%. Over-
all, topography is less affected by observational noise and
also displays a tendency to revert toward the true values
during inversion. In summary, plate motion exhibits greater
sensitivity to noise, resulting in noticeable deviations from
the noisy observations in the final velocity field. Topography
retains a relatively high fitting accuracy under joint obser-
vation conditions. Due to the Gaussian distribution of noise
in topography, its statistical nature facilitates convergence
toward the mean of the observational distribution, thereby
mitigating the adverse effects of noise in the velocity data
and improving reconstruction accuracy. On the parameter
level, Agis1 and Eqis1 are the most noise-sensitive parame-
ters, with the largest deviations, further highlighting their
susceptibility to observational uncertainty.

To further quantify the impact of different observation
types on inversion accuracy, we evaluate two scenarios: us-
ing only plate motion data (Fig. E) and using only topog-
raphy data (Fig. []). Under noise-free conditions, the inver-
sion model using only clean plate motion observations (de-
noted as Model 4) successfully converges but requires signif-
icantly more iterations (approximately 87). This indicates
that plate motion provides relatively weaker constraints on
the model and exhibits an objective function where the min-
imum is more difficult to be reached. As shown in Fig. pa,
the value of the loss function £ decreases from an initial
10% to below 107!°, demonstrating that although the in-
version process is slow, it eventually achieves high-accuracy
convergence. Figures pd—h show that the recovered param-
eters closely match the true values, with relative errors all
below 10°. The fitting results in Figs. Ea and Eb also con-
firm this, with relative errors between model outputs and
observations below the 10~ threshold. When uniform noise
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Figure 5. Parameter inversion results of Model 2 and Model 3, along with their fitting performance against observational data. Model
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is added to the plate velocity observations (Model 5), the
inversion process is significantly hindered: the loss £ only
decreases to about 1074 (Fig. pc), and parameter deviations
increase substantially (Figs. fd-h). Specifically, while the
stress exponent n converges to 3.54, close to the true value
of 3.5, the remaining parameters exhibit notable deviations:
the pre-exponential factor Agiq drifts to ~ 1014 Pa=" . s
(true value 1()16)7 the activation energy Fgis1 drops to about
460 kJ/mol (true value 534 kJ/mol), the weak shear zone vis-
cosity increases to 1094 Pa - s (true value 10'°), and the
yield stress decreases to approximately 140 MPa (true value
200 MPa). Figures Ea and f§b show the fitting performance
of Model 5: the relative error compared to the noise-free ve-
locity field is 16.30%, while that relative to the noisy obser-
vations is about 9.38%. Because only noisy velocity data are
used during inversion, the final solution aligns more closely
with the noisy input rather than the noise-free values. In
contrast, when surface stress is jointly observed under noisy
conditions (as in the earlier joint-observation scenario), the
velocity fitting error drops to 6.58%, indicating enhanced
constraint capability. Moreover, topography—which is not
included in Model 5’s observational data—shows substantial
mismatch from the true values, with a relative error reaching
15.41%. Consistent with the conclusions drawn from Mod-
els 3 and 4, the inclusion of Gaussian-distributed topography
noise helps regulate the inversion process and prevents over-
fitting to noisy plate motion. When topography constraints
are removed, the model becomes significantly more sensitive
to plate motion noise, leading to reduced inversion accuracy.

In contrast, using only topography as the observational
input yields superior overall inversion performance. Under
noise-free conditions (Model 6), the optimization converges
rapidly within 33 iterations, with the final loss decreas-

ing to 10719 (Fig. ﬂa). The recovered parameters show ex-
cellent agreement with the true values (Fig. [{d-h), with
all relative errors approaching 0. Additionally, the recon-
structed plate motion and topography from Model 6 closely
match the noise-free observation, with relative errors all
approaching 0. Building on this, we introduced Gaussian-
distributed observation noise to construct a more realistic
scenario (Model 7), mimicking uncertainties in real-world
geodetic data. Despite the added uncertainty, Model 7 main-
tains high inversion accuracy: all recovered parameters ex-
hibit relative errors within approximately 0.1% (Fig. ﬂdfh).
The recovered parameter values are log;,(Aais1)) = 16.04,
Eaiq1 = 534.6kJ/mol, n = 3.51, log,y(A4:) = 19.02, and
o = 199.5 MPa This performance is significantly better than
those of Models 3 and 5 under similarly noisy conditions, in-
dicating that surface topography data provide stronger con-
straints and greater robustness against noise in parameter
inversion. Further comparison between the physical fields
reconstructed by Model 7 and the observations reveals that
the relative error in topography is 0.31% with respect to the
true value and 4.11% relative to the noisy observations—
slightly inferior to the noise-free Model 6 but still the best
among all noisy-data models. Notably, even though plate
velocity is not directly used as an input in Model 7, the
relative error between the reconstructed and true velocity
fields is only 3.73%, markedly lower than that in Models 3
and 5. This demonstrates that the physical information con-
tained in surface topography observations indirectly enforces
strong constraints on the plate velocity fields, substantially
improving the overall inversion accuracy.

Under noise-free conditions, both single-type observa-
tions and the joint use of plate motion and surface topog-
raphy yield high-accuracy inversion results. In the presence
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of noise, the impact of imposing a constant shift to the mo-
tion of each plate on inversion performance is significantly
greater than that of Gaussian noise in surface topography
data. Due to the statistical properties of Gaussian noise in
topography observations, the introduced perturbations are
eventually smoothed out, which does not substantially in-
fluence the inversion robustness. Overall, in noisy scenarios,
surface topography provides stronger constraints than plate
motion, enhancing the accuracy and stability of the inver-
sion process.

3.3 Effects of model complexity and Data Constraints

In the initial model design, we have employed a complex ge-
ometric structure incorporating three subduction zones to
comprehensively simulate the dynamic processes resulting
from multiple plate interactions. Subsequently, to evaluate
the impact of geometric complexity on inversion conver-
gence efficiency, we simplify the model to include only a
single subduction zone (Model 8), thereby reducing the de-
gree of geometric coupling within the system. By comparing
single-subduction and multi-subduction configurations, we
aim to elucidate the role of geometric complexity in influ-
encing model convergence speed and accuracy, and provide
valuable insights for parameter inversion in more intricate
geological settings. In Model 8, we adopt the same viscosity
formulation, rheological parameters, and temperature field
as in Model 1, resulting in a similar distribution of viscos-
ity and velocity fields (Fig. Ec), and used forward modeling
to generate surface velocity and stress data as observations
(Fig. Ha,b). This consistency is crucial in ensuring compa-
rability between the two geometries, allowing us to directly
assess the impact of structural complexity on inversion per-
formance. The results indicate that despite the geometric
simplification to a single-subduction configuration (Model
8), the inversion process still successfully converges (Fig.gd-
i), with the loss function reaching as low as 1071, and the
inferred rheological parameters closely matching the true
values(Tab.[ll). However, compared to the three-subduction
model, Model 8 requires additional iterations to achieve the
same level of convergence, suggesting that geometric simpli-
fication reduces inversion efficiency to some extent.
Building upon this, we further change the strategy of
observational constraints in Model 8 by retaining only the
surface velocity data (Model 9). The results reveal a signifi-
cant deterioration in inversion performance: none of the five
sets of initial parameters selected via Bayesian optimization
achieved convergence, and the loss function only reduced
to approximately 104, contrasting sharply with the 1071°
achieved in Model 8. Further analysis of the inverted pa-
rameters reveals that the weak zone viscosity and strain-rate
exponent n are still well constrained: the recovered values
are log,,(Ac) = 19.18 and n = 3.33, both exhibiting less
than 5% deviation from the true values. In contrast, the er-
ror in the yield stress increases slightly, with an inverted
value of 234.67 MPa, corresponding to a relative error of
approximately 14.5%. The largest deviations are observed
in the activation energy Fais1 and the pre-exponential fac-
tor for dislocation creep log;,(Adisi), which are recovered as
827.23 kJ/mol and 4.12, respectively—each showing errors
exceeding 50% compared to their true values. These results
suggest that under combined effects of geometric simplifi-

cation and limited observational data, certain rheological
parameters—particularly the pre-exponential factor and ac-
tivation energy—are prone to converge to inaccurate values,
while the weak zone viscosity and n are comparatively eas-
ier to constrain, and the recoverability of yield stress lies
between the two extremes. This reflects the distinct sensitiv-
ity of different parameters to surface velocities. Despite the
deviation in parameter recovery, the velocity field restored
using the inverted parameters from Model 9 still closely
matches the observed field (Figure Ea), with good visual
agreement and a relative error of only 0.48%. Although this
is not as accurate as the convergence achieved under ideal
noise-free conditions, it still reflects relatively strong inver-
sion performance compared to other models with noise ob-
servations. In contrast, the restored topography (Figure gb)
exhibits a significantly larger error, with a relative discrep-
ancy of approximately 30%. This indicates that when only
the surface velocity generated from a single-subduction con-
figuration is used for inversion, the velocity field can be ac-
curately fitted, but the lack of sufficient constraints results
in strong non-uniqueness and poor recovery of topography.

4 DISCUSSION AND CONCLUSION

This study integrates automatic differentiation with a finite-
difference-based Stokes solver, enabling the simultaneous
computation of forward models and automatic acquisition
of the gradient of the loss function with respect to in-
put parameters. We demonstrate an AD-enabled inversion
framework implemented within the PyTorch environment
for jointly recovering multiple nonlinear rheological param-
eters governing mantle flow. These parameters include the
pre-exponential factor for dislocation creep Agis1, activation
energy Fuais1, stress exponent n, yield stress o, and the con-
stant viscosity A. associated with the weak shear zone. To-
gether, they comprise all the rheological control variables
required for viscosity computation in the present model. In
our implementation, the computational cost of AD-based in-
version is approximately 1.5 to 2 times that of a single for-
ward simulation, which is considered highly efficient in the
context of geophysical inverse problems( (Zhu et all, 2021
Coltice et all, 2023)). However, the use of AD typically en-
tails increased memory consumption, primarily due to the
need to store intermediate variables during the reverse-mode
backpropagation process. Leveraging the dynamic compu-
tational graph and flexible memory management capabili-
ties of the PyTorch framework, future improvements may
include memory-efficient strategies such as selective gradi-
ent tracking and global variable reuse. These enhancements
can significantly reduce memory overhead, allowing AD to
maintain high accuracy while achieving good scalability and
computational efficiency.

In a simplified two-dimensional geodynamic configura-
tion, numerical experiments demonstrate that the AD-based
inversion framework exhibits excellent stability and high
accuracy under varying levels of observational noise, data
types, and geometric complexities. Under ideal noise-free
conditions, the model achieves high-precision recovery of the
target rheological parameters regardless of whether plate ve-
locity or dynamic topography is used as the observational
input. In terms of observational strategies, we adopted both
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Figure 8. Inversion results of single-subduction models, where Model 8 uses both surface velocity and topography, while Model 9
employs surface velocity only, as observational constraints. (a) The comparison between the observed surface topography and the inferred
topography. (b) The comparison between the observed surface velocity and the inferred surface velocity. (¢) The true viscosity and velocity
fields. (d) The change of the loss function with the number of iterations. (e)-(j) The change of the five inverted parameters with the

number of iterations.

the “full surface velocity” scheme, similar to that used by
|VVorthen et all (l2014|), and the “average plate velocity” ap-
proach consistent with Ratnaswamy et all ( 0151), in order to
evaluate how different data acquisition strategies influence
inversion performance. Furthermore, since mantle flow and
viscosity structure directly control surface dynamic topog-
raphy (IHager & Richardsl, h98d), and conversely, observed
dynamic topography can provide constraints on the sub-
surface rheology, we incorporated surface topography as an
additional observation type. This allows us to systemati-
cally compare its effectiveness in constraining nonlinear rhe-
ological parameters. Traditional adjoint-based approaches
in geodynamics typically require elaborate mathematical
derivations and the development of problem-specific adjoint
solvers for each PDE or rheological model (
let all, tZ()ld; IHu et all, t2024l), which significantly increases
the complexity of implementation and maintenance. Mean-
while, parameter inversion using Markov Chain Monte Carlo
MCMC) methods is computationally expensive (
, ) In contrast, AD bypasses the need for explicit
derivation of adjoint equations by automatically construct-
ing computational graphs to evaluate gradients, thereby sig-
nificantly simplifying development. Moreover, AD delivers
gradients with near machine precision, avoiding discretiza-
tion errors that often arise in manually implemented adjoint
solvers.

One of the central objectives of this study is to verify
whether it is feasible to jointly invert all major nonlinear
viscosity parameters within a unified framework. Through
a series of idealized numerical forward simulations, we con-
firm that, even under complex nonlinear viscosity laws, the
AD-driven inversion algorithm is capable of accurately re-

covering five key parameters to near machine precision under
noise-free conditions. Although the geometric and physical
models are simplified, the successful inversion of parameters
such as Agisi and o demonstrates that the proposed method
effectively captures the essential dynamics of subduction,
lithosphere—mantle interaction, and weak shear zone behav-
ior. Once observational noise is introduced, the inversion re-
sults exhibit clear sensitivity to the type of data used. Plate
motion data with a constant shift as noise considering the
rigid plate hypothesis, lead to slower convergence and larger
deviations from the true parameter values. In contrast, sur-
face topography data with Gaussian-distributed noise ex-
hibit better numerical stability, allowing convergence to-
ward the statistical mean while maintaining high inversion
accuracy. Furthermore, surface topography generally pro-
vides stronger constraints than plate motion, particularly in
high-noise scenarios where topography-based inversion de-
livers superior stability and fitting precision. Joint inversion
using multiple observations usually improves the inversion
performance (e.g. Models 3 versus 5). However, if the newly
added data have low quality due to substantial errors or
noise, the performance deteriorates (e.g. Models 3 versus
7). Geometric complexity also significantly affects inversion
performance. Multi-slab models, due to their stronger me-
chanical coupling and localized dynamic features, enhance
parameter recovery and accelerate convergence. In compari-
son, simplified single-slab models can still achieve successful
inversion but typically require more iterations and exhibit
increased sensitivity to data quality. In extreme cases, where
only surface velocity observations are available, inversion ac-
curacy deteriorates significantly, particularly for parameters
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such as the pre-exponential factor for dislocation creep and
activation energy.

Despite the demonstrated effectiveness and robustness
of the automatic AD-based inversion framework in geo-
dynamic problems, several promising directions remain for
future exploration. Extending the current two-dimensional
model to fully three-dimensional geodynamic simulations
would substantially enhance the realism of Earth’s internal
structural representations, particularly when accounting for
lateral variations in temperature and composition, as well
as anisotropic viscosity. Future work could explore the in-
tegration of Physics-Informed Neural Networks (PINNs) to
represent simplified forms of anisotropic rheology, an ap-
proach that has shown preliminary success in glacier dynam-
ics modeling (Wang et all, 2025). Incorporating a broader
range of geophysical observations—such as gravity anoma-
lies, and intraplate stresses—will further strengthen model
constraints, especially in data-sparse regions like the oceanic
lithosphere. The framework developed here can be applied
to regional studies using real observational datasets, and
compared against viscosity models derived from geoid and
seismological constraints (Steinberger & Calderwood, 2006),
as well as inversion results obtained through adjoint-based
methods (Hu et al), 2024). The current inversion framework
is based on the assumption of steady-state Stokes flow, which
limits its applicability to time-evolving processes. Future ex-
tensions may incorporate fully time-dependent models sim-
ilar to those discussed by Coltice et al) (2023), enabling the
method to capture dynamic geodynamic phenomena such as
postseismic relaxation and slab rollback. Such developments
would expand the utility of the AD-based inversion approach
to a wider range of spatiotemporal geophysical processes.
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APPENDIX A: BENCHMARK

To wvalidate the accuracy and correctness of the for-
ward computations, we provide three benchmark tests:
Solcx, SolKz(Mansour et _all. 2020), and Slab Detach-
ment((Schmalholz, 2011),(Kronbichler et al|, 2012)). The
Solcx benchmark demonstrates the model’s capability in
dealing with sharp viscosity contrast, while the SolKz bench-
mar features a more gentle viscosity gradient but a more
complex density variation. The Slab Detachment is used to
test the model’s performance in dealing with nonlinear rhe-

ology.

Al Solex

The Solcx analytical solution is used as a benchmark. The
Solcx solution features a sharp viscosity contrast and a si-
nusoidal density distribution, providing stringent conditions
for testing the system’s accuracy ((Zhong, 1996)). The vis-
cosity field 7 exhibits a discontinuity at the position z., and
its expression is given as:

_ {UA while z < ., (A1)

np while z > z.

Here, na represents the viscosity of region A, g represents
the viscosity of region B, and z. denotes the location of the
viscosity contrast. In this model, the parameters are set as
na = 1, np = 10°, with the viscosity contrast occurring at
z. = 0.75. The viscosity field is shown in Fig.@b.

The body force field f is defined using a trigonometric
distribution in the form of sine and cosine functions, ex-
pressed as:

f = —cos(mz) sin(n.my), (A.2)

Here, x,y represent the normalized spatial coordinates with
values ranging from [0, 1], and n. denotes the wavenumber
parameter, which is set to n, = 1 in this study. The trigono-
metric distribution of the density field effectively simulates
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complex volumetric force distributions, as illustrated in Fig-
ure.Alla.

The boundary conditions are defined as free-slip on all
four sides, meaning that the velocity component perpendic-
ular to the boundary is zero, while the parallel component is
unconstrained. These boundary conditions ensure zero shear
stress on the boundaries, which is consistent with typical
geodynamic settings.

Velocity error distribution between the numerical solu-
tion and the analytical solution is presented (Figure.@d).
The error is predominantly concentrated near the viscos-
ity jump location (z = z.), with a peak value of approxi-
mately 1.2 x 10™%. In other regions, the error is minimal and
more uniformly distributed. This indicates that the numeri-
cal model maintains high accuracy when handling viscosity
discontinuities, with the primary source of error arising from
interpolation and numerical approximation in the viscosity
jump.

The root-mean-square relative error provides a measure
of the relative error between the analytical solution and the
numerical solution (eq. (A.3)).

3 ((ve — 05)2 + (v, — 0)2) !/
X ((we)? + (ugre)?)

The results are shown in Fig.@A, As the resolution
increases, the error shows a clear decreasing trend. When the
resolution is increased from 64 x 64 to 512 x 512, the error
decreases from 4.7% to 0.5%. This declining trend in the
error demonstrates the correctness of our numerical method.

vrms =

(A.3)

A2 SolKz

The SolKz solution features viscosity that varies exponen-
tially with depth z and a trigonometric volumetric force, al-
lowing for the evaluation of numerical models’ performance
under high-gradient viscosity fields and complex driving
forces (Mansour et all7 |202(]).
In the SolKz solution, the viscosity 7 increases expo-
nentially with depth z, as expressed by:

n(z) = no exp(Bz) (A4)

where 7o represents the reference viscosity, and B is a
parameter controlling the rate of viscosity variation with
depth. Here, the parameter B = 2.3 is chosen to ensure a
significant variation in viscosity with depth, which helps test
the numerical model’s accuracy under high-gradient viscos-
ity conditions. The viscosity field distribution is shown in
Fig.@a.

The body force term adopts a trigonometric form, ex-
pressed as:

f = oo cos(nymx) sin(n,mz)

(A.5)

where o¢ represents the perturbation intensity factor, while
ng and n. denote the wavenumber parameters in the z- and
z-directions, respectively. The parameters are set as follows:
oo = 1.0, ny =3, and n, = 2.0.

The resulting density field distribution under this setup
is shown in Fig.A9b, illustrating the periodic variation of
density in both the z- and z-directions.The four boundaries
are set as free-slip, ensuring that the velocity component
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Figure Al. The SolCx benchmark results. (a) shows the decreas-
ing relative error with increasing resolution (from 1/64 to 1/512),
highlighting improved accuracy. (b) depicts the body force dis-
tribution, with red indicating high-body force regions and blue
showing low-body force regions. (c) displays the viscosity distri-
bution, where red represents high-viscosity areas and blue denotes
low-viscosity areas. (d) compares velocity vector fields of the ana-
lytical solution (blue arrows) and numerical solution (red arrows)
with a model resolution of 512 x 512, showing strong agreement.
(e) visualizes the velocity error log,q(error), with red marking
larger errors and blue indicating smaller ones, primarily concen-
trated in high-gradient regions.

perpendicular to the boundary is zero, while the parallel
component is unconstrained.

The relative velocity error of the numerical model is
mainly concentrated in regions of high density and low vis-
cosity, as expected (Fig.A2d and FigJA2e ). The peak error
is small (1.4 x 107°), demonstrating high accuracy in high-
viscosity gradient regions.

The trend of error variation with resolution is illus-
trated in Fig.A2a. As the resolution increases from 64 x 64
to 512 x 512, the error, computed using Equation (A.3), de-
creases from 1.4% to 0.1%. This convergence demonstrates
that the numerical model gradually approaches the SolKz
exact solution under high-resolution conditions, showcasing
excellent stability and convergence.

A3 Slab detachment

This benchmark test is based on the setup by Ec hmalholz
011) and the implementation in Underworld2 (Mansour
t al), ) The computational domain is a rectangular
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Figure A2. The SolKz benchmark results. (a) shows decreasing
relative error with higher resolution, indicating improved accu-
racy. (b) illustrates the periodic body force distribution. (c) de-
picts the viscosity distribution with a vertical gradient. (d) com-
pares velocity vector fields from analytical and numerical solu-
tions. (e) visualizes velocity error. Symbols and legends are the
same as Fig. .

region with a dimension of 1000 km x 660 km, and all four
boundaries are assigned free-slip boundary conditions.

The computational domain contains two_materials: the
lithosphere and the mantle, as shown in Fig.@b. The litho-
sphere has a thickness of 80 km and is located at the top of
the domain, including a subducting slab that extends verti-
cally into the mantle to a depth of approximately 250 km.
The lithosphere has a density of ps = 3300 kg/m37 and a
power-law rheology. The effective viscosity n.g depends on
the square root of the second invariant of the strain rate €,
and is expressed as:

1/n—1
)

TNeft = 10 (A.6)

Here, n = 4 and 7o = 4.75 x 10" Pa - s7.

The mantle occupies the remainder of the computa-
tional domain, with a constant viscosity of 7, = 1 X
10%! Pa - s and a density of p,, = 3150 kg/m3. To ensure nu-
merical stability, the viscosity in the model is constrained
within the range of 1 x 10> Pa - s to 1 x 10%° Pa - s.

The velocity vector comparison between the true veloc-
ity field and the predicted velocity field shows a high level of
consistency in the overall structure of the two velocity fields,
especially in the mantle circulation region and near the sub-
duction zone (Fig.A3b). The differences in velocity vector
direction and magnitude are minimal, with slight deviations
occurring at the lithosphere-mantle interface, which can be
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Figure A3. The slab detachment benchmark, comparing the re-
sults from Underworld2 and this study. (a) shows a significant
reduction in error as resolution improves from 10 km to 2.5 km,
indicating enhanced accuracy. (b) illustrates the material field,
with gray representing the lithosphere and green denoting the
upper mantle, showing geological unit geometry. (c) compares
velocity fields of models with resolution of 1.25 km from Under-
world2 (blue arrows) and this study (red arrows), showing strong
agreement. (d) and (e) display viscosity and velocity fields from
Underworld2 and this study, respectively, with color gradients
indicating viscosity variations and overlaid vectors representing
flow dynamics. Both models show consistent results, effectively
capturing slab detachment features.

attributed to numerical interpolation errors in high-gradient
regions. Moreover, as the model resolution improves, the
overall velocity root-mean-square (vrms) error is further re-
duced (Fig.A3A).

The benchmark results demonstrate that our forward
modeling algorithm can accurately capture the overall dis-
tribution and local details of the velocity field under nonlin-
ear rheological properties. The numerical errors are minimal
and show a high level of consistency with the model results
from Underworld2.
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