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SUMMARY
We present a spectral-diagonalization-based matrix exponential integration (SD-MEI) algo-
rithm for efficient and stable solutions of fully coupled Bloch equations in surface nuclear
magnetic resonance (SNMR). Conventional explicit numerical methods exhibit cumulative dis-
cretization errors and escalating computational costs due to step-size dependence and finite
precision limitations. SD-MEI integrates spectral diagonalization with matrix exponential oper-
ations, replacing iterative computations with a single eigendecomposition of the system matrix.
This approach achieves parameter-robust computational complexity while maintaining numer-
ical stability across broad RF field strengths (10−10 T to 10−5 T) and relaxation times (10 ms
to 1000 ms). Validated for steady-state free precession (SSFP) dynamics in heterogeneous geo-
magnetic environments, the method enables high-accuracy modeling of transient magnetization
evolution with large time steps. The framework advances SNMR efficient forward modeling
and inversion while optimizing protocols by resolving critical limitations in existing numerical
and analytical approaches.
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1 INTRODUCTION

Nuclear magnetic resonance (NMR) is a spectroscopic technique
that detects quantized transitions of nuclear spin energy states
through resonant absorption of radiofrequency electromagnetic
radiation in a static magnetic field (Bloch 1946; Purcell et al.
1946), with principal applications spanning molecular structure
determination, material characterization, and non-invasive imag-
ing. As a geophysical extension of NMR principles, Surface Nu-
clear Magnetic Resonance (SNMR) utilizes surface-deployed ex-
citation pulses to selectively energize groundwater hydrogen nu-
clei(Weichman et al. 2000), where subsequent analysis of relax-
ation decay signals enables subsurface hydrogeological parameter-
ization through multicomponent inversion (Legchenko 2004).

In contrast to laboratory NMR systems that employ precisely
controlled static and radiofrequency (RF) magnetic field configu-
rations (Bloch 1946), SNMR must account for the spatiotemporal
dynamics of bulk magnetization vectors evolving under Earth’s am-
bient geomagnetic field with inherent spatial heterogeneities (Her-
trich, Braun, et al. 2007). This complex spin-system behavior is
governed by modified Bloch equations, which mathematically for-
malize the interdependent dynamics between three principal mech-
anisms: (i) Larmor precession under non-uniform static fields, (ii)
spin relaxation processes characterized by intrinsic T1 (longitudi-

nal) and T2 (transverse) time constants, and (iii) nonlinear exci-
tation effects induced by surface-deployed RF pulses (Frimmer &
Novotny 2014).

Modern SNMR implementations employ three principal de-
tection methodologies: Free Induction Decay (FID), Spin Echo
(SE), and Steady-State Free Precession (SSFP) (Griffiths, D. J.
Grombacher, et al. 2021). The SSFP technique achieves magneti-
zation vector stabilization through precisely timed radiofrequency
pulse trains, simultaneously improving the signal-to-noise ratio
(SNR) via coherent signal accumulation in steady-state conditions
(Grombacher et al. 2021). This characteristic renders SSFP par-
ticularly valuable for high-sensitivity measurements in geophysi-
cally heterogeneous magnetic environments. Nevertheless, the spa-
tiotemporal dynamics of SSFP magnetization vectors encompass
complex transient processes under field inhomogeneity effects, cre-
ating numerical challenges in Bloch equation solutions owing to
both computational intensity and memory limitations.

Current Bloch equation solutions in SNMR include: (1) ana-
lytical approximations (Madhu & Kumar 1997; Miao et al. 2024),
(2) numerical differentiation (Singh & Srivastava 2020; Griffiths,
Denys Grombacher, et al. 2022), and (3) Laplace transforms (Bain
et al. 2010). While Hertrich et al.’s quasi-static solution (Hertrich
2008) works for short pulses by neglecting RDP effects, it fails
for long or multi-pulse cases requiring precise RDP characteri-
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zation (Behroozmand et al. 2015). The fourth-order Runge-Kutta
(RK4) method solves the full Bloch equation but suffers compu-
tational inefficiency. GPU-accelerated interpolation (Denys Grom-
bacher, Kass, et al. 2020) improves speed but faces memory limits
and interpolation errors. Analytical approaches like Murase’s ma-
trix diagonalization (Murase & Tanki 2011) introduce 4D complex-
ity, while Johnston’s solution (Johnston 2020) is limited by its strict
B1 > 10�8T and T1 = T2 assumptions - conditions rarely met in
SNMR’s broad B1 ranges and T1 � T2T environments.

To address these critical challenges, we propose a spectral-
diagonalization-based matrix exponential integration (SD-MEI) al-
gorithm that fundamentally transforms the paradigm for solving
transient Bloch equations in SNMR applications. Departing from
conventional time-domain iterative approaches, our method estab-
lishes a novel mathematical framework that leverages spectral de-
composition and matrix exponential operations to convert the dif-
ferential problem into an elegant linear algebraic formulation.

The SD-MEI algorithm demonstrates three key innovations:
(1) it replaces computationally intensive iterative procedures with
a single system matrix eigendecomposition, achieving unprece-
dented efficiency gains; (2) it maintains exceptional numerical sta-
bility even under challenging conditions of long-time evolution and
large time steps; and (3) it provides rigorous mathematical guar-
antees while handling the fully coupled Bloch equations in com-
plex, inhomogeneous field scenarios. This represents a significant
theoretical and computational advancement over existing methods,
offering a robust solution that simultaneously addresses the criti-
cal limitations of computational efficiency, numerical stability, and
physical accuracy in SNMR forward modeling and inversion.

2 BACKGROUND AND THEORY

The surface NMR signal originates from hydrogen protons in un-
derground aquifers. Under the Earth’s magnetic field B0, these pro-
tons precess around the field direction at the Larmor frequency
ωL = γB0, forming a macroscopic equilibrium magnetization
vector M0 aligned with B0. When an alternating current with fre-
quency ωL is applied to the transmitting coil, the excited magnetic
field B1 tilts the equilibrium magnetization vector M0, thereby
generating a transverse magnetization component M?. Following
the pulse ends, the relaxation processes characterized by longitu-
dinal (T1) and transverse (T2) relaxation times govern the gradual
decay of M?. This time-dependent decay induces a measurable
voltage signal V (q, t) in the receiving coil (Weichman et al. 2000;
Hertrich 2008). Assuming that each unit volume element d3r in an
underground aquifer is characterized by a water content w(r) and
an exponential relaxation time T �2 (r), the V (q, t) can be expressed
as (Denys Grombacher, Walbrecker, et al. 2014):

V (q, t) =

Z
K(q, r) �w(r) � e�t=T∗

2 (r)d3r (1)

where V (q, t) is the induced voltage of pulse moment q at time t
and q = I0�τ is the product of the transmit current amplitude I0 and
the pulse duration τ . K(q, r) is referred to as the sensitivity kernel
function. The amplitude of the signal generated by the aquifer is
quantified when the pulse moment is q and the water content in the
unit volume element at position r is 100%. K(q, r) is dependent
on the measurement scheme and geological conditions. The ker-
nel function of the transmitting and receiving separate coils can be

expressed as follows (Hertrich, Green, et al. 2009):

K(q, r) =� 2ωLM0 �M?(q, r)

�Rx(r) � ei[ξT(r)+ξR(r)]

� [b̂R?(r) � b̂T?(r) + ib̂0 � b̂R?(r)� b̂T?(r)]

(2)

whereM?(q, r) is the component of the unit magnetization inten-
sity in the direction perpendicular to B0.Rx(r) denotes the spatial
sensitivity of the receiving coil. �T(r) and �R(r) are the phase com-
ponents of the transmitting field and receiving field, respectively,
under elliptical polarization (Weichman et al. 2000; Girard et al.
2005). b̂0, b̂R?(r), and b̂T?(r) are the unit direction vectors for
the Earth’s magnetic field, transmitting field, and receiving field,
respectively.

2.1 Bloch equations

Transverse magnetization M?, as one of the critical factors influ-
encing surface nuclear magnetic resonance (NMR) signals, plays
a pivotal role in characterizing hydrogeological parameters such
as water content and pore-scale properties(Mohnke & Yaramanci
2008). In practical applications, to obtain the global surface NMR
response, it is necessary to solve for M? within each voxel of a
discretized subsurface model. At the voxel scale, the dynamic evo-
lution of nuclear magnetization in magnetic fields is governed by
the Bloch equations(Bloch 1946):

dM(t)

dt
= γM �B � Mx

T2
x̂� My

T2
ŷ � (Mz �M0)

T1
ẑ. (3)

where, the magnetization vector is M(t) =
�
Mx My Mz

�T.
The transverse components Mx and My (or equivalently M? =
My + iMx) are independent of the longitudinal component Mz .
The transverse components are spread around the z-axis and collec-
tively decay to zero at a rate controlled by the transverse relaxation
time T2. The longitudinal component Mz undergoes exponential
decay toward the equilibrium magnetization M0, governed by the
longitudinal relaxation time T1. Typically, the transverse magneti-
zation M? is modeled in a coordinate system rotating around the
z-axis with the transmitter frequency ωT .

In the rotating frame,B of eq. (3) is replaced by aBeff vector:

Beff =
�
B1 cos θ B1 sin θ �/γ

�T
. (4)

where θ is the phase of excitation field, and � = jωL � ωT j is
the instantaneous offset between the Larmor frequency ωL and the
transmit frequency ωT . Further, the Bloch equation can be written
in the following form:

dM

dt
= �HM +

24 0
0

R1M0

35 . (5)

where

H =

24 R2 �� ω1 sin θ
� R2 �ω1 cos θ

�ω1 sin θ ω1 cos θ R1

35 . (6)

where R1 and R2 are the longitudinal and transverse relaxation
rates in s�1, and ω1 = γB1. γ is the gyromagnetic ratio, and M0

is the equilibrium magnetization.
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2.2 SD-MEI algorithm

We propose a spectral-diagonalization-based matrix exponential in-
tegration (SD-MEI) algorithm for efficient and stable solutions of
fully coupled Bloch equations. The theoretical core of the method
lies in utilizing the integral exponential solution form of the Bloch
equation and, through spectral diagonalization, decomposing the
system matrix into its eigenmatrix form. This transforms the differ-
ential equation solving process into scalar exponential operations
in the eigenbasis. Specifically, we first perform matrix exponential
integration on eq. (5), and then diagonalize the system matrix H,
obtaining the following form:

M(t) = exp(�Ht) [M(0)�Mss] +Mss

= P exp(��t)P�1 [M(0)�Mss] +Mss. (7)

where H = P�P�1, with � = diag(λ1, λ2, λ3), and the di-
agonal elements of � are the eigenvalues of H. Then, define the
matrix A = P exp(��t)P�1 , the analytical expressions for the
elements of matrix A can be obtained:

A = P

24exp(�λ1t)
exp(�λ2t)

exp(�λ3t)

35P�1

=

24A11(t) A12(t) A13(t)
A21(t) A22(t) A23(t)
A31(t) A32(t) A33(t)

35 . (8)

Meanwhile, setting eq. (5) equal to 0, the steady-state magnetiza-
tion vectorMss is obtained as shown in eq. (9).

Mx(ss) = R1 (�ω1 cos θ �R2ω1 sin θ)M0/D

My(ss) = R1 (R2ω1 cos θ + �ω1 sin θ)M0/D

Mz(ss) = R1

�
R2

2 + �2�M0/D

. (9)

where D = R1R
2
2 + R1�2 + R2ω

2
1 . By simultaneously solving

eq. (7) to eq. (9), the analytical expression for the magnetization
vector M(t) at any time t is ultimately obtained, as shown in eq.
(10). Through the above steps, given an initial magnetization vector
M(0), the SD-MEI algorithm can efficiently solve for the magne-
tization vectorM(t) at any time t.

Mx(t) =A11(t) [Mx(0)�Mx(ss)] + A12(t) [My(0)�My(ss)]

+ A13(t) [Mz(0)�Mz(ss)] + Mx(ss)

My(t) =A21(t) [Mx(0)�Mx(ss)] + A22(t) [My(0)�My(ss)]

+ A23(t) [Mz(0)�Mz(ss)] + My(ss)

Mz(t) =A31(t) [Mx(0)�Mx(ss)] + A32(t) [My(0)�My(ss)]

+ A33(t) [Mz(0)�Mz(ss)] + Mz(ss)

.

(10)

2.3 Implementation of spectral diagonalization

In the SD-MEI algorithm, the spectral diagonalization of the sys-
tem matrix H is a core step for achieving high-precision solu-
tions. Considering that the system matrix H in the Bloch equa-
tion exhibits quasi-Hermitian properties, this study adopts a hybrid
diagonalization strategy that combines Hessenberg preprocessing

Table 1. Parameter settings of the system matrix H in the Bloch equation
model based on SNMR.

Continuous Variables
Value Range

MIN MAX

T1 (ms) 10 1000
T2 (ms) 10 1000
B1 (T) 10�10 10�5

� (rad/s) -100 100

Discrete Variables Value Options

� 0°, 90°

with implicit double-shift QR iteration. Specifically, the Hessen-
berg transformation is first applied to convert H into an upper Hes-
senberg matrix, reducing the computational complexity of QR iter-
ations from O(n3) to O(n2). Next, Wilkinson’s double-shift strat-
egy is introduced to enhance convergence efficiency. At the same
time, the implicit QR iteration is employed to avoid the numerical
instability that could arise from explicit matrix power operations.
This method is consistent with the implementation mechanism of
MATLAB’s eig function and ensures high-precision diagonaliza-
tion even under non-Hermitian structures.

To assess the numerical accuracy of the eig function in MAT-
LAB during spectral diagonalization, we performed numerical ex-
periments on the system matrix H. The parameters used in the ex-
periments reflect typical values encountered in practical applica-
tions, as summarized in Table 1. The diagonalization accuracy was
evaluated by computing the Frobenius norm error. The experimen-
tal procedure is outlined as follows:

� Perform spectral decomposition on the system matrix H:

[P,�] = eig(H)

� Reconstruct the system matrix Hre using:

Hre = P�P�1

� Compute the Frobenius norm error (F-norm) of the system
matrix reconstruction:

kH�HrekF

We numerically evaluated the spectral diagonalization accuracy of
the system matrix H under two conditions: zero frequency offset
(� = 0 rad/s) and multiple frequency offsets (� 2 [�100, 100]
rad/s). First, numerical experiments were performed under zero fre-
quency offset conditions (� = 0 rad/s), with the B1 field sam-
pled at 101 logarithmically spaced points from 10�10 T to 10�5

T. The relaxation times T1 and T2 were each sampled uniformly
at 34 points over the range of 10 ms to 1000 ms. Subsequently,
multi-frequency offset experiments were conducted with B1 fixed
at three representative values: 10�10 T, 10�7 T, and 10�5 T. The
frequency offset � was sampled uniformly at 51 points within the
range of �100 rad/s to 100 rad/s, while the other parameters were
kept unchanged.

As shown in Fig. 1, under the zero frequency offset condition,
the F-norm error exhibits a slow upward trend as B1 increases,
with a maximum F-norm error below 10�11 ( Fig. 1 (a)). This
is attributed to the increase in the magnitude of off-diagonal el-
ements of H as ω1 grows, which reduces the stability of eigen-
vector reconstruction. However, due to the numerical stability of
the QR method, the overall F-norm error remains at a negligible
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Figure 1. Frobenius norm errors of the spectral diagonalization of the sys-
tem matrixK . (a) Errors under the zero frequency offset condition with
� = 0 rad/s. (b) Errors under multi-frequency offset conditions with
� 2 [� 100; 100] rad/s. In both cases, the maximum Frobenius norm error
remains within the order of10� 11 , demonstrating the high numerical sta-
bility of the eigen decomposition.

level. Under multiple frequency offset conditions ( Fig. 1 (b)), the
F-norm error increases withj� j, indicating that frequency offsets
enhance the non-Hermitian characteristics of the system, perturb-
ing the eigenstructure and increasing spectral reconstruction error.
Nevertheless, the maximum F-norm error remains within the order
of 10� 11 , demonstrating strong robustness.

We further analyze the implications of spectral decomposition
on the computation of the matrix exponentialexp(H ). Given the
reconstructionH re with:

kH re � H kF � �: (11)

Considering that the matrix exponential is Lipschitz continuous in
the Frobenius norm, we have:

k exp(H re) � exp(H )kF � C�: (12)

whereC is a constant determined by the spectral norm ofH . Since
" is on the order of10� 11 , the error in the matrix exponential re-
mains within the same magnitude, ensuring suf�cient accuracy for
high-�delity simulations.

3 NUMERICAL EXPERIMENTS

To systematically evaluate the performance of the SD-MEI algo-
rithm in SNMR applications, we conducted comprehensive vali-
dation from three key perspectives: magnetization vector accuracy,
computational ef�ciency, and forward modeling capability. The ex-
periments were designed to rigorously assess the algorithm's ro-
bustness under both standard and extreme parameter con�gura-
tions. For the commonly used detection sequences—Free Induction

Figure 2. Comparison of magnetization vector evolution trajectories be-
tween SD-MEI and RK4 algorithm. The blue solid line represents the mag-
netization vector computed using the RK4 method, while the purple circles
indicate the results obtained from the SD-MEI method. (a) Comparison of
FID sequences and (b) Comparison of SE sequences, both solved with a
�xed time step of� t = 10 ms; (c) Comparison of SFFP sequences, where
the time step is determined based on the RF excitation duration and relax-
ation time, with magnetization states computed only at the end of excitation
and the start of the next excitation.

Decay (FID), Spin Echo (SE), and Steady-State Free Precession
(SSFP)—we selected parameter ranges for the system matrixH
that align with practical application requirements, as summarized
in Table 1. To provide a high-precision benchmark, we adopted
the RK4 numerical solution, implemented using MATLAB's ode45
solver with adaptive step-size control. The solver's relative and ab-
solute error tolerances were both set to10� 12 , ensuring reference-
level accuracy for comparative analysis.

3.1 Magnetization vector

3.1.1 Typical SNMR pulse sequences

To assess the precision of the SD-MEI algorithm in capturing the
magnetization vector evolution, we consider three classical SNMR
pulse sequences: FID, SE, and SSFP. The simulated trajectories of
magnetization vectors using SD-MEI are compared to those ob-
tained from the RK4 method. Results are illustrated in Fig. 2, the
magnetization trajectories computed by SD-MEI exhibit excellent
agreement with those derived from the RK4 method across all three
pulse sequences, indicating the high numerical precision and stabil-
ity of the proposed algorithm. Quantitatively, the root mean square
errors (RMSE) between SD-MEI and RK4 results are0:53� 10� 6

for the FID sequence,0:36 � 10� 6 for the SE sequence, and
2:55 � 10� 6 for the SSFP sequence. These results con�rm the re-
liability and robustness of the SD-MEI algorithm under different
SNMR excitation conditions, with all RMSE values reaching the
order of10� 6 .

Notably, the SD-MEI algorithm is independent of the evolu-
tion timet, enabling �exible computation of the magnetization state
at arbitrary time points—such as the moment immediately follow-
ing RF excitation. Speci�cally, for the FID and SE sequences (Fig.
2 (a) and Fig. 2 (b)), simulations are conducted with a �xed time
step of� t = 10 ms. In contrast, for the SSFP sequence (Fig. 2
(c)), the time step is adjusted based on the RF excitation duration
and relaxation times. The magnetization vector is computed only
at key time points, namely, at the end of each excitation and the
beginning of the next.
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Figure 3.Evolution ofM y under different transverse relaxation timesT2 (500 ms, 100 ms, 10 ms). (a) Evolution ofM y as a function ofB 1 �eld strength when
SSFP reaches a steady state. (b) Absolute error (AE) between the SD-MEI solution and the RK4 reference solution for differentT2 values, with parameter
points where the relative error (RE) exceeds 0.5% speci�cally highlighted.

Figure 4. Evolution of M y under different excitation durations (� = 5 ms, 15 ms, 40 ms) with a �xed excitation period (t rep ) of 50 ms. (a) Evolution of
M y as a function ofB 1 �eld strength when SSFP reaches a steady state. (b) Absolute error between the SD-MEI solution and the RK4 reference solution for
different � values, with parameter points where the relative error (RE) exceeds 0.5% speci�cally highlighted. (c) Evolution of the SD-MEI solution and the
RK4 reference solution under weak excitation �eld(B 1 < 10� 9 T) conditions for� = 5 ms.
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