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Abstract 

Fissure swarms and dike swarms in Iceland are 40-150 km long, 5-20 km wide, extend to depths of 10-

20 km and contain 2 × 1014 outcrop-scale (0.1 m) and 1022-23 down to grain-scale (1 mm) fractures, 

suggesting that statistical physics is an appropriate method of analysis. Length-size distributions of 565 

outcrop-scale Holocene fissures (tension fractures and normal faults) and 1041 Neogene dikes in 

Iceland show reasonably good to excellent fits with negative power laws and exponential laws. Here 

the Helmholtz free energy is used to represent the energy supplied to the swarms and to derive the 

Gibbs-Shannon entropy formula. The calculated entropies of 12 sets and subsets of fissures and 3 sets 

and subsets of dikes all show strong positive correlation with sets/subsets length ranges and scaling 

exponents. Statistical-physics considerations suggest that, at a given time, the probability of the overall 

state of stress in a large body/crustal segment being heterogeneous is much greater than the state of 

stress being homogeneous and favourable to the propagation of a fissure or a dike. In a heterogeneous 

stress field, most fissures/dikes become arrested after a short propagation – which is a formal 

explanation of the observed statistical size-length distributions. As the size of the stress-homogenised 

rock volume increases larger fissures/dikes can form, increasing the length range of the distribution 

(and its entropy) which may, potentially, transform from an exponential distribution into a power-law 

distribution.  

Keywords: tension fractures, normal faults, dikes, exponential laws, power laws, entropy, stress-

homogenisation 

 

1. Introduction 

In volcanic rift zones, such as in Iceland, fissure swarms are the common surface expression 

of dike swarms at greater crustal depths. Fissure swarms and dike swarms together constitute 

parts of volcanic systems (Figure 1). In addition to the fissure swarms and dike swarms, such 

systems normally have a deep-seated magma reservoir and (many but not all) a shallow crustal 

magma chamber (Figure 2). Volcanic systems are thermodynamic systems. They receive 

energy, primarily due to work done on them by plate-tectonic forces as well as through 

volcanotectonic processes and associated received heat. The heat received is partly related to  
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Figure 1. Rift-zone volcanic systems in Iceland are characterised by fissure swarms at and close to the surface 

and dike swarms at deeper crustal levels. The abbreviations Tr, Kr, Fr etc refer to the names of the associated 

central (composite) volcanoes (all given in [7]). The seismically active transform zones are indicated, namely the 

Husavik-Flatey Fault in the north – a true transform fault - and the South Iceland Seismic Zone (SISZ), a complex 

zone of primarily strike-slip faulting, in the south. Also indicated are the average directions of the spreading 

vectors at the location of Iceland. Modified from [7] which also provides more details on the general geological 

and tectonic framework. 

the general heat flow through the Earth’s crust, but primarily through hot fluids, mainly magma 

but also geothermal fluids, which are transported inside the dike swarms and fissure swarms.  

Thermodynamics systems are normally divided into three main classes based on their 

interaction with their surroundings, namely isolated, closed, and open. An isolated system 

allows no transfer of matter, work, or heat across its boundaries. Isolated systems are 

idealisations that can sometimes be approximated under laboratory conditions. However, they 

do not really exist in nature because gravity, for instance, affects any system in the universe, 

although the universe itself as a whole may perhaps be regarded as an isolated system. Neither 

fissure swarms nor dike swarms are remotely similar to isolated systems.  

A closed system does exchange heat and/or work with its surroundings, that is, there is energy 

transfer across its boundaries but no transfer of matter. An active dike swarm is repeatedly 

injected by dikes. Since fissure swarms are commonly the surface expression of dike swarms, 

it follows that both receive not only energy but also matter (magma and geothermal fluids) and 

thus cannot be regarded as a closed system. But approximately closed systems exist in nature.  
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Figure 2. Internal structure of a rift-zone volcanic system with a shallow magma chamber and an associated 

composite/central volcano.  The illustration shows an extinct and slightly eroded volcanic system, so that the 

shallow tension fractures (Figures 3-4) have been eroded away whereas the dike swarm is well exposed. Close to 

the shallow chamber there are also radial dikes, inclined sheets, and sills – modified from [1]. 

An example is the Earth itself which receives great amount of solar energy per unit time but 

only a tiny amount of matter (mainly as cosmic dust) when compared with its own mass.  

An open system does exchange both energy and matter across its boundaries and with its 

surroundings. All active dike and fissure swarms receive both energy (heat and work) and 

matter and are, therefore, open thermodynamic systems. 

Large fissure swarms and dike swarms contain a great number of fractures, ranging in sizes 

from grain-scale fractures (~10-3 m), through outcrop-scale fractures (10-1 m to 103 m), to 

regional-scale fractures (103m). Many of the outcrop-scale fractures in such swarms are not 

of tectonic origin but rather joints formed thorough cooling (columnar joints in igneous rocks), 

or shrinkage (in sedimentary rocks) and related processes. These joints are very important for 

tectonic fracture development, since dikes, faults, and tectonic tension fractures use them when 

developing their propagation paths [1,2]. Given the enormous number of available joints for 

tectonic-fracture development in dike swarms and fissure swarms, appropriate tools for 

understanding various aspects of the formation and development of such swarms is 

thermodynamics and statistical physics.  

The purpose of this paper is to use certain principles from thermodynamics and statistical 

physics to explore the effects of variation in energy budget of volcanic systems on the 

development of dike swarms and fissure swarms. The main data are from well-exposed dike 

swarms and fissure swarms in Iceland, but the results are completely general and apply to such 

swarms everywhere. Thermodynamic and statistical-physics principles are used to show how  
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Figure 3. Hengill Fissure Swarm is a typical rift-zone fissure swarm 

in Iceland.  It is about 80 km long and up to 5-7 km wide and contains 

hundreds of tension fractures and normal faults, and some volcanic 

fissures, as seen at the surface. The part of the swarm north of the lake 

Thingvallavatn is referred to as the Thingvellir Fissure Swarm, which 

is also a graben.  

the Gibbs-Shannon formula follows from the Helmholtz 

free energy. The Gibbs-Shannon formula is then applied to 

explain the size distributions of tectonic fractures in the 

selected fissure swarms and dike swarms. A particular 

focus is on explaining how the statistical size distribution 

of tectonic fractures (here tension fractures, normal faults, 

and dikes) can the accounted for in terms of the probability 

of various crustal stress states – by analogy with 

microstates in statistical physics – and the related concept 

of stress-field homogenisation.  

2. Basic characteristics of fissure swarms 

and dike swarms 

Here I provide a brief summary of some of the main 

characteristics of fissure swarms and dike swarms. No 

attempt is made to cover the extensive literature on these 

topics since recent overviews of the literature are available 

[1,3]. The focus is rather on those aspects of fissure 

swarms and dike swarms that are most relevant to the 

present study. The specific data in relation to 

thermodynamics and statistical physics is provided in later 

sections.  

2.1 Fissure swarms  

 

These swarms are of Holocene age and characterise divergent plate boundaries in general and 

rift zones in particular. A typical fissure swarm in Iceland has a length of many tens of km and 

a width of five to ten kilometres (Figure 3). At the surface, a fissure swarm may contain a few 

hundred large-scale tension fractures and normal faults, as well as many volcanic fissures 

(Figure 3). The volcanic fissures are the surface expressions of feeder-dikes. In addition, there 

are many more dikes that become arrested, that is, do not erupt (Figure 4). These dikes are not 

Holocene feeders and thus not presented by volcanic fissures at the surface (Figures 2 and 3). 

Additionally, there are numerous small-scale joints, particularly cooling or columnar joints in 

the rocks that constitute the fissure swarms. Since the swarms receive both energy and matter, 

they are open thermodynamic systems.  
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Figure 4.  Detailed internal structure of a rift-zone fissure swarm and the associated dike swarm - here supplied 

with magma directly from a deep-seated magma reservoir. The typica structures shown here include open, shallow 

tension fractures, normal faults, nested grabens, and regional dikes, including some feeder-dikes and their volcanic 

fissures. The swarm is here mostly located within a major graben, such as the one north of the lake Thingvallavatn 

(Figure 3). 

The typical surface fractures of a fissure swarm are tension fractures and normal faults (Figures 

4 and 5). The maximum depth of tension fractures dmax is several hundred metres, as follows 

from the Griffith crack theory [4] through the following equation [3,5]: 

g

T
d

r
0

max

3
=                                                                                                                             (1) 

where T0 is the in-situ tensile strength of the rock, ρr its average density, and g the acceleration 

due to gravity. For a typical in-situ tensile strength of 3 MPa and near-surface density of 2500 

kg m-3, dmax is 367 m [3]. For thick pahoehoe lava flows with numerous columnar joints, the 

tensile strength may be only 1-2 MPa, in which case dmax is between 122 m and 245 m. Thus, 

once large-scale tension fractures reach the depths of the order of a few to several hundred 

metres, they would usually change into normal faults (Figure 6).  

This means that all the impressive tension fractures of fissure swarms (Figures 4 and 5) are 

really shallow (Figure 6). When during rifting episodes the tension fractures attempt to reach 

depths of many hundred meters, they must, by Equation (1), change into normal faults. Because 

many normal faults reaching the surface have semi-circular or semi-elliptical geometries, as 

seen in vertical sections – that is, they are typical part-through cracks (with the shape of a penny 

cut in half) – they become gradually shallower on approaching their lateral surface tips [3]. 

Consequently, normal faults are seen to change into tension fractures at their tips (Figure 7), 

namely tension fractures that have not reached the critical depth of Equation (1) so as to change 

into normal faults. 
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Figure 5. Aerial view north of tension fractures and normal faults in the Thingvellir Fissure Swarm (Figure 3). 

The normal fault, named Almannagja, is the western boundary fault of the Thingvellir Graben. At the head of the 

normal-fault yellow arrow, the total throw is about 40 m and the opening of the gaping fault about 60 m. The 

tension fractures (some filled with groundwater) reach an opening (aperture) of up to 15 m (cars are seen close to 

a bridge over one of the fissures). All the fractures are located in a thick 10,000-year-old pahoehoe lava flow.  

In addition to the large-scale (~101-4 m long) tension fractures and normal faults that 

characterise the surfaces of fissure swarms, the swarms contain numerous smaller fractures. 

These are partly fractures that range in sizes down to grain boundaries, that is, on the order of 

10-3 m (1 mm). In the field, however, the most noticeable smaller fractures are joints; for the 

lava flows, cooling or columnar joints. These are with lengths or strike-dimensions of the order 

of 10-1 m, although their dip-dimensions or heights may reach many metres (Figures 8 and 9).  

A large fissure swarm has a length of perhaps 100 km and a width of up to 10 km, and thus an 

area of the order of 1000 km2. The thickness of the crustal segments hosting fissure swarms 

vary from a few kilometres at fast-spreading divergent plate boundaries, such as at the East 

Pacific Rise, to as much as 20-30 kilometres in continental rift zones and parts of the rift zone 

of Iceland (Figures 2 and 4). Using the measured cooling-joint frequency of about 20 joints in 

a cubic metre (Figures 8 and 9) for some basaltic lava flows and sills in Iceland, then, for a 

fissure swarm with an area of 1000 km2 (106 m2) we get 2 × 1014 joints if the crustal segment 

hosting the swarm is 10 km thick and composed primarily of lava flows and sills with the above 

joint frequency. Similarly, if the hosting crustal segment is 20 km thick, the joint number is 4 

× 1014, and similarly for thicker segments.  
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Figure 6.  Tectonic tension fractures, even those that reach 

great openings (apertures) at the surface (Figure 5), are 

generally shallow – rarely exceeding depths of several 

hundred metres. This follows from Griffith’s theory of 

fracture and the low tensile strength of crustal rocks [3,4]. 

When a tectonic tension fracture attempts to propagate to 

depths exceeding several hundred metres, it usually changes 

into a normal fault (commonly in Iceland with a dip of around 

70°. These results are supported by direct field observations 

of eroded, fossil, volcanic systems in Iceland [1,3]. 

When fractures down to the sizes of grain 

boundaries are considered, then clearly the total 

number goes up. For cracks with dimensions of the 

order of 10-3 m (1 mm), then in a fissure swarm with an area of 1000 km2 and thickness from 

10 to 20 km, the swarm may contain of the order of 1022-23 cracks and fractures of all sizes. We 

are therefore dealing with an enormous numbers of fractures, whose analysis is best handled 

through statistical physics.  

2.2 Dike swarms  

 

Dikes occur primarily in two main types of swarms: regional swarms and local swarms (Figures 

2 and 4). Together these swarms constitute a large part of the internal structure of volcanic 

systems such as in Iceland (Figures 1-4). Here the focus is on the characteristics of dike swarms 

using well-studied examples from Iceland. It should be noted, however, that the same general 

structure of dike swarms is found worldwide [1,6].  

 
 

Figure 7. Many normal faults are roughly semi-circular or semi-elliptical as seen in vertical section, that is, down-

dip [3]. At the lateral ends of the fault, where the dip-dimension (depth) becomes shallower the fault commonly 

change into tension fractures. This is seen here for two large faults in the Thingvellir Fissure Swarm. View East, 

the closer of the marked normal faults is Hrafnagja while the other is Gildruholtsgja. Hrafnagja and Gildruholtsgja 

mark the eastern boundary of the Thingvellir Graben (Figure 3). 
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Figure 8. Columnar (cooling) joints seen in a vertical 

cross-section on the beach of Reynisfjara in South 

Iceland. These columns, whose height (dip-dimension) 

reaches about 10 m, are part of a basaltic sill. Most 

tectonic tension fractures, normal faults, and dike-

fractures use columnar joints in sills and lava flows as 

weaknesses when developing their paths.    

 

Regional swarms are characterised by 

subparallel, subvertical, thick, basaltic (mafic) 

dikes (Figures 2, 4, and 10). Most of the dikes 

are presumably injected from deep-seated 

reservoirs (Figures 2 and 4), although some such 

dikes, particularly close to central volcanoes, 

may be injected from shallow chambers as 

radial dikes. These latter, however, would 

normally be regarded as part of a local swarm, 

as discussed below. The exposed regional dike 

swarms (Figure 11) are, as expected, similar in 

dimensions to typical Holocene volcanic 

systems, namely with common lengths of tens 

of kilometres and widths of 5-10 km.  

 

Regional dikes range in thicknesses up to many tens, and occasionally, hundreds of metres. In 

the Icelandic swarms they are as thick as 60 m, but the average thickness in individual swarms 

is from 4-6 m down to 1-2 m. The crustal dilation or extension attributable to the dikes in 

sections or profiles that are 5-10 long and perpendicular to the general strike of the dikes in a 

swarm (Figure 11) is commonly 5-6%, but, in shorter sections, it can be as great as 28% [7].  

 

Some regional dikes have been traced for tens to hundreds of kilometres [8,9]. In Iceland, 

exposed dikes have been traced for more than 20 km [7], and some volcanic fissures/crater 

rows (fed by dikes) reach lengths of many tens of kilometres. For example, the Holocene 

Sveinar-Randarholar crater row in North Iceland is 65-70 km long [7].  

  

A different type of dikes, referred to as radial dikes, occur in local swarms associated with 

central (polygenetic) volcanoes (Figures 2 and 12; [1,6]). The swarms have a much greater 

density than the regional dike swarms so that the sheet intrusions may constitute 60-100% of 

the rock in short traverses close to their source shallow crustal magma chambers – presently 

partly exposed as plutons. The density, however, falls off rapidly with distance from the source 

chamber, and is commonly 6-8% in kilometre-long traverses. A local swarm may contain many 

thousand sheets (Figure 12). In plan view, the swarm is normally circular or slightly elliptical 

and with a radius of many kilometres - the largest in Iceland having a radius of about 9 km. 

 

The dip distribution of sheets in the local swarms has normally two peaks: one subvertical and 

the other gently dipping. For example, in Iceland the subvertical sheets tend to be in the central  
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Figure 9. Columnar (cooling) joints seen from above. The 

camera lens cap provides a scale. Many of the columns are 

pentagons or squares, in addition to the theoretically ideal 

ones that are hexagons.  

 

part of the swarm and with common dips of 75-

90°. By contrast the gently dipping sheets, with 

common dips of 20-50°, tend to be more frequent 

in the marginal parts of the swarm. The average 

dip of sheets in several studied local swarms in 

Iceland is 34° [11]. The subvertical sheets in the 

central parts are what we refer to as radial dikes 

(Figures 2 and 12). Like the other sheets, they are 

injected from a shallow crustal magma chamber 

but into the roof above its central part where the 

stress field often favours subvertical dikes [1]. 

The inclined sheets and radial dikes range in 

thickness form a few centimetres to about ten 

metres, and occasionally more, but the thickness 

of most is between 0.1 and 1 m. The radial dikes 

(and inclined sheets) are thus much thinner (and 

commonly of a somewhat more evolved composition) than the regional dikes. The local 

swarms of inclined sheets and radial dikes are, as regards density and thickness of sheets, very 

similar to the sheeted dike complexes in ophiolites [12,13]. 

 
 

Figure 10. View south, basaltic regional dikes dissecting the basaltic lava pile of the mountain Fossarfell in East 

Iceland. These dikes occur at the south end of the Breiddalur Dike Swarm (Figure 11). The arithmetic average 

thickness of  dikes in this part of East Iceland is about 4 m, while most of the dikes are thinner than the average. 

Some of the thicker dikes seen here are indicated by a yellow arrow.  
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Figure 11. Schematic illustration of the main 

regional dike swarms in part of East Iceland. 

Each swarm has roughly the shape of an 

ellipse in plan view with a length of 40-50 km 

and a maximum width of around 5 km. The 

regional swarms contain hundreds of dikes at 

the level of exposure and correspond to the 

parts of the volcanic systems outside the 

central/composite volcanoes (Figures 2 and 

3).  

 

The emplacement of regional dikes is 

controlled by the regional stress field, 

which at divergent plate boundaries, 

as in Iceland, is such that the 

maximum compressive principal 

stress σ1 is vertical and the minimum 

compressive (maximum tensile) stress 

σ3 is horizontal. Since the dikes (and 

sheet-intrusions in general) propagate 

along paths that are normally parallel 

with σ1 and perpendicular to σ3 [2], 

with the intermediate principal stress 

σ2 being parallel with the strike of the 

dike, it follows that sheets controlled 

by the regional stress field become subvertical dikes. The local stress field around shallow 

crustal magma chambers is often very different from the regional field. The local field depends 

partly on the loading and partly on the geometry of the chamber and its depth below the surface 

of the associated volcano. As for the loading, the local stress field tends to favour subvertical 

radial dikes when the main loading is tensile stress, such as generated by plate-tectonic forces 

in rift zones and divergent plate boundaries in general [1,14]. When the only loading is internal 

excess pressure in the shallow chamber, however, then the local stress field favours inclined 

sheets above the lateral margins of the chamber and subvertical radial dikes above its centre. 

This conclusion applies both to a chamber with a circular vertical cross-section as well as to a 

sill-like (modelled as a ‘tunnel-crack’) magma chamber [14]. The results are thus in harmony 

with the field observations which show that gently dipping inclined sheets are particularly 

common at and beyond the lateral margins of the source magma chamber.  

 

The effects of the regional and local stress field on the geometry and attitude of sheet-like 

intrusions is demonstrated through field observations of the fossil volcanic system of 

Reykjadalur in West Iceland (Figures 13 and 14). Inside and close to the polygenetic volcano 

itself, a collapse caldera, there is a dense local swarm of inclined sheets and radial dikes, 

whereas at a distance exceeding about 10 km from the centre of the volcano/collapse caldera 

the volcanic system is characterised by regional dikes [15]. The change is abrupt, both as 

regards average thickness and dip of the sheet-like intrusions. At distances of less than 10 km  
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Figure 12. Local sheet swarms occur within and in the vicinity of central/composite volcanoes and are primarily 

supplied with magma from shallow magma chambers (Figure 2). Here is part of the local sheet swarm associated 

with the central volcano of Geitafell in Southeast Iceland [14,16]. (a) The swarm of inclined sheets is cut by radial 

dikes, all of which are much thinner (and generally more evolved petrologically) than typical regional dikes 

(Figure 10). Also seen is part of the gabbro pluton that forms the uppermost, exposed, part of a fossil shallow 

magma chamber (Figure 2). The depression between the gabbro pluton and the main sheet swarm marks the 

boundary between the chamber, when active, and the injected sheets. See the person (on the edge above the word 

‘sheets’) for scale. (b) Close-up of a radial dike (with a person standing on its exposed top) and inclined sheets in 

Geitafell. The sheets are generally dipping into the wall, that is, towards the gabbro body, the fossil magma 

chamber, seen in part (a). Similarly, the radial dikes ‘radiate’ away from the gabbro body, indicating that the 

gabbro body acted as source for the inclined sheets and the radial dikes (Figure 2).  

from the centre of the caldera (and the associated fossil shallow magma chamber) the arithmetic 

average dip of the sheets of the local swarm as measured at 7 localities varies from 31° to 56°, 

with an overall average for all the localities of 45°. The overall average thickness of the sheets 

at these 7 stations is 1 m, with a mode at 0.75 m and a range from 0.1 m to 3.9 m. The general 

average dip of sheets at 6 localities at distances greater than 10 km from the centre of the 

caldera (Figure 13) is 81° while the average thickness is about 3.1 m, with a mode at 2 m and 

a maximum of about 11 m.  

 

These results indicate that the sheet intrusions within 10 km from the centre of the Reykjadalur 

Volcano/collapse caldera constitute a local sheet swarm, whereas the sheet intrusions at greater 

distances from the centre constitute a regional dike swarm. The range in dip within the local 

sheet swarm is much greater than within the regional dike swarm (Figure 14), so that many of 

the sheets in the local swarm are steeply dipping radial dikes (Figures 2). By contrast, the range 

in thickness in the local sheet swarm is much smaller than that in the regional dike swarm,  
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Figure 13. Reykjadalur Central Volcano, a collapse 

caldera, is a fossil and deeply eroded volcano in West 

Iceland. The localities where sheet intrusions were 

measured are indicated by the numbers 1-7, inside and 

close to the volcano, and the letters A-F, far outside 

the volcano. The results show that at localities 1-7 

there are primarily inclined sheets and radial dikes (as 

in Figure 12), whereas at localities A-F there are 

primarily regional dikes (as in Figure 10). Modified 

from [15]. 

 

primarily because the regional dikes reach 

greater maximum thicknesses than the local 

sheets. This is in harmony with results 

obtained in other dike swarms in Iceland 

[16]. The Reykjadalur Volcano is located at 

a junction where the orientation of the 

volcanic zones are changing (from a NE-

strike south of the volcano to a N-strike north 

of the volcano), and additionally with effects 

of the E-W–striking Snæfellsnes Volcanic 

Zone. The strike of the regional dikes at different locations reflects the different trends of the 

volcanic zones. 

 

3. Size distributions of fissures and dikes  

3.1 Overview 

For a reasonably large set of data points, there is theoretically an infinite number of functions 

that can be fitted to the data. For example, for a set containing N data points then a polynomial 

of degree N-1 can be fitted through all the points [17]. But while such a polynomial fit may be 

statistically perfect, the drawback is that the fit rarely has much physical meaning. This is 

because the connection between a polynomial fit and the underlying physics of the processes 

that are supposed to produce the data is often unclear or entirely absent. For a function that fits 

certain data points to be a plausible explanation of the data, it is preferable that there exists a 

theoretical framework of which the function can be seen as a logical consequence. 

Before we discuss the main functions regarded as plausible for statistical size-distributions of 

fissure and dikes, it should be made clear what measurement data are available for analysis. 

The tectonic fractures of the fissure swarms comprise tension fractures (Figures 3-7), normal 

faults (Figures 3-7), and volcanic fissures (Figures 3-4). The measurements include fracture 

lengths (strike-dimensions), fracture openings (apertures), and fault displacements (throws). 

As for the dike swarms, the common measurements are on thicknesses and, to a lesser extent, 

lengths (strike-dimensions) of the dikes (Figures 2, 4, 10-14). 

Several functions have been suggested as appropriate fits for size distributions of various 

parameters related to tectonic fractures in general. For example, many have proposed power  
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Figure 14. At the Reykjadalur Central 

Volcano and associated volcanic system 

there is an abrupt increase in the sheet 

thickness (upper diagram) and dip (lower 

diagram) at a distance of 10-11 km from the 

centre of the caldera/volcano. The range in 

values at each locality is indicated by the 

vertical error bars. Thus, at the distance of 

10-11 km from the centre of the caldera (and 

the underlying but unexposed shallow 

magma chamber/pluton) the regional dike 

swarm takes over from the local sheet 

swarm (Figure 2). Modified from [15]. 

functions or laws for the length-size 

distributions of tectonic fractures 

[19-28]. Similarly, power laws have 

suggested as good fits for 

displacements (throws) on faults 

[29] and opening (apertures) of 

tension fractures [21].  

As for dikes, many length-size distributions have been published. The suggested fits vary from 

power-laws [30-32] to log-normal distributions [33]. There have been also been extensive dike-

length studies where the focus has been on length/thickness ratios [34], some with the view of 

inferring the magmatic overpressure associated with dike emplacement and possible depths to 

source magma reservoirs [35-38]. Because of their focus, these publications do not provide 

length-size distributions of the studied dikes. In addition to direct dike-length studies, several 

studies have been made of the length-size distributions of volcanic fissures – corresponding to 

the strike-dimensions of the associated feeder-dikes at the surface. These studies generally infer 

power-law fits for the volcanic fissure/feeder-dike lengths [39,40].  

There are many published studies on dike-thickness size distributions. Some suggest power-

law fits [33, 41-43] whereas other studies indicate either log-normal fits [44-46] or negative 

exponential fits [32,47,48]. In particular, Klausen [47] analysed 21 datasets on dike thicknesses 

and tested them for normal, log-normal, power-law, and negative exponential fits. His 

conclusion is that of these 21 data sets, negative exponential laws provide the best fit for 17 

sets [47].  

There are several general observations that should be made about fitting functions to empirical 

data such as fracture/dike lengths, fracture openings (apertures), and dike thicknesses. First, 

measurements of fracture openings/dike thicknesses are generally more accurate than 

measurements of fracture/dike lengths. This applies particularly to longer fractures/dikes, all 

of which are segmented. When measuring lengths of tectonic fractures and dikes, some authors 

provide two sets of data. One set is of the lengths of all the fracture/dike lineaments – normally 

as measured from aerial photographs or satellite images. The other set takes into account the 

fact that nearby segments of a fracture/dike may function mechanically as a single segment 
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provided the distance between the nearby ends is small in relation to the segment length [3]. 

Thus, Babiker and Gudmundsson [33] analysed first 2089 lineaments identified as unconnected 

dike segments. Subsequently, they used the fracture-mechanics principle [3,49,50] that when 

the nearby ends of extension fractures (such as dike segments) are separated by less than 10% 

of the segment lengths, they function mechanically as a single fracture. Applying this principle 

to the 2089 segments, the number of dikes composed of connected segments reduced to 1419. 

However, both dike populations show log-normal length-size distributions. 

Second, all empirical fits of the kind discussed here have a limited range, that is, they have 

upper and lower limits. The maximum upper limits for length depend on the volumes within 

the crust that can be stress-homogenised. Tectonic fractures of a given type, as well as dikes, 

can only propagate within those parts of rock bodies, such as those hosting fissure swarms or 

dike swarms, where the stress field is favourable to that type of fracture/dike propagation. This 

means that the maximum strike-dimension or length (and maximum dip-dimension or height) 

of a fracture/dike depend on the size of that part of the hosting rock of a fissure/dike swarm 

which has a favourable stress field at that moment, namely is stress-homogenised [51]. The 

stress-homogenised rock volume during a given fracture/dike propagation event is normally a 

small fraction of the total volume of the rock hosting a fissure/dike swarm.  

As for the lower limits of fracture-size distributions (and associated empirical fits), these 

depend on the scale of the observations. Most length measurements of fractures/dikes are made 

from aerial photographs and satellite images. Normally, these have a resolution of the order of 

metres or, occasionally, tens of centimetres (Figures 5, 7 and 9). All shorter fractures/dike-lets 

would thus normally be excluded from the dataset. Even when fractures/dikes are studied in 

the field (in traverses/sections), cm-scale fractures and dike-lets would rarely been recorded. 

This is because usually such small structures would not be noticed, even though the outcrops 

are continuous – because exposures are also commonly rugged (Figures 10 and 12). The upper 

limits which faults and dikes may reach to are of the order of hundreds of kilometres, of which 

large transform faults [52] and regional dikes [8,9] are well-known examples.  

Similar limits apply to measurements of apertures of fractures and thicknesses of dikes. The 

upper limits relate to the length limits since individual ruptures of fractures – such as slips on 

faults and openings (thicknesses) of individual dike injections – are linearly related to the 

controlling dimension, particularly the smaller of the strike-dimension and the dip-dimension 

[3]. Thus, the largest openings or slips on fractures during individual events depend on the 

other dimensions of the fracture/dike. As for the lower limits, while mm-scale thicknesses of 

dike-lets can theoretically be measured, they would often not been recognised as the dike-let 

itself would be too short. Similarly, for tectonic fractures: apertures of mm-scale can be 

recognised and measured, but unless the study focuses on mineral veins and other similar small-

scale structures [53,54], they would often not been observed and recorded, even in a detailed 

field study.  

Third, the proposed fits, and thus the suggested functions, depend to a degree on how the data 

are obtained and treated or transformed. For the reasons discussed above, very short and thin 

(small aperture) dikes and fractures are commonly missing from the datasets. Also, while large 
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fractures/dikes have a high probability of dissecting profiles/section in proportion to their 

actual number in the study area, individual small fractures/dikes have much less chance of 

dissecting given profiles due to their shortness. This means that for a given profile/section many 

of the small fractures/dikes are simply inside the rock body and do not meet the profile/section 

that are commonly along a cliff at the edge of a given rock body.  

These are presumably partly the reasons why, on an ordinary bin plot, log-normal distributions 

for these types of data are common. The smallest fractures/dikes are then not recorded, so that 

the first bin or bins have lower frequency than the adjacent bins of fractures/dikes. The small 

fractures/dikes are thus underrepresented. For this reason log-normal distributions are 

sometimes referred to as negative exponential or power-law distributions in disguise. Here we 

will not consider log-normal distributions but rather assume that they occur primarily because 

the small fractures/dikes are underrepresented. Instead the focus is on negative power-law and 

exponential size distributions. I regard these as most representative for the true size 

distributions of the lengths and apertures/thicknesses of tectonic fractures and dikes. 

As for the data treatment or transformation, it is clear that when the data are transformed, either 

on a bi-logarithmic (log-log) plot or a semi-logarithmic plot, the apparent correlation between 

the plotted variables changes. There are certain assumptions made in linear regression, such as 

that the errors are normally distributed, and these may not always be satisfied. Also, the 

coefficient of determination (R2) calculated after the data transformation can be misleading. 

There are rigorous statistical test available for the goodness-of-fit and other aspects [55,56]; 

these are discussed further below. While a straight-line on a log-log plot is often regarded as 

indicating a power-law relationship, and a straight-line on a semi-log plot is similarly indicating 

an exponential-law relationship, these are not strict statistical tests but rather indications as to 

the possible relationships. Here the focus is more on the physical processes generating the data, 

rather than the strict statistical correlations, so that the resulting plots are taken as indications 

as to these processes. Notice also that in transforming the data, the first ‘bin’ has the minimum 

value used is that of the shortest lineament. For the tectonic fractures, the shortest one is 0.1 m, 

so that the first ‘bin’ includes all fractures longer or equal in length to 0.1 m (thus all the tectonic 

fractures). For the dikes, the shortest one is 26 m, so that  so that the first ‘bin’ includes all 

dikes longer or equal in length to 26  m (thus all the dikes). 

3.2 Power laws  

A power function )(xPy =  is on the general form: 

bCxxPy == )(            (2) 

This function means that the dependent variable y is directly proportional to the power b (a 

constant) of the independent variable x, and C is a constant. In the case of C = 1, two special 

cases of the power (exponent, index) should be mentioned, namely b = 0 and b = 1. Both these 

cases give rise to linear functions. When b = 0, then y = 1, a horizontal line thorough the point 

(1, 1). When b = 1, then y = x, a straight line with a slope of 1 through the origin of the Cartesian 

coordinate system. As we shall see, neither of these special cases are appropriate for the 
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datasets under consideration here, where the power functions are with a power b that is negative 

and the function y = P(x) in an ordinary plot (a plot where the axes are linear) is non-linear. 

In network studies, such as here, the power functions are commonly referred to as power laws 

and cumulative distributions are used. In a cumulative distribution when the objects are plotted 

or grouped into bins (classes) of a given width (class limits), then all the objects in a given bin 

exceed (or are equal to) size (e.g. length) x. For example, for fracture length plots that use a bin 

width (class limits) of, say, 50 m, then all the fractures longer than 0 m (but here we use not 0 

but the shortest fracture length as a minimum) would fall into the first bin, all fractures longer 

than or equal to 50 m would fall into the second bin, and all fractures longer than or equal to 

100 m would fall into the third bin, and so on. Furthermore, because longer fractures are fewer 

than shorter fractures, the power or exponent (index) becomes negative. Thus, for a cumulative 

power-law size distribution of fracture lengths, the following formula is appropriate [55]:  

−= CxxP )(                                                                                                                           (3) 

where P(x) is the number or frequency of fractures with strike-dimensions (lengths) greater 

than x, C is a constant of proportionality, and γ is the scaling exponent (the slope), which is 

here, in contrast with b is Equation (2), negative for the reasons given above. The scaling 

exponent γ is, however, defined as the negative of the slope so that the exponent is a positive 

number. Equation (3) applies not only as a model for the lengths of tectonic fractures (tension 

fractures, faults, and dikes), but also to the openings (of tension fractures), thicknesses (of 

dikes), and wall-parallel displacements (on faults).  

Power-law size distributions are commonly presented on bi-logarithmic (log-log) plots where 

they yield a straight line, the slope being γ (Equation 3). This follows from taking the 

logarithms on both sides of Equation (3), which then becomes: 

xCxP loglog)(log −=                                              (4) 

The fact that power-laws are the only functions of the commonly tested modelling functions 

(such as exponential, logarithmic, and log-normal functions) that provide straight lines on bi-

logarithmic or log-log plots is often used as a crude test for a power-law fit to data sets (with 

the limitations discussed above) - but there are also other tests available [56]. 

There are two ways to provide log-log plots. One is a scale plot where both the axes (here x 

and y) are logarithmic. Then the spacing between numbers along the axes changes 

logarithmically, but the integer powers of the base of the logarithm become evenly spaced 

along the axes. The second method is to compute the logarithms of the inputs (of the x values) 

and outputs (of the y values) and then graph the resulting log-log plot using standard (linear) 

xy-coordinates. 

3.2.1 Tension fractures and normal faults  

The fissure swarms at divergent plate boundaries such as in Iceland are composed primarily of 

tension fractures and normal faults (Figures 3-7). Additionally, there are volcanic fissures  
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Figure 15. Aerial view 

of the Eldvörp Volcanic 

Fissure on the Reykjanes 

Peninsula, Iceland. View 

southwest, the 11-km-

long fissure, formed 

some 800 years ago, is 

segmented and contains 

numerous crater cones.  

(crater rows; Figures 

3, 4, and 15), but 

since they are the 

surface expressions 

of feeder-dikes, they 

belong to the sets of 

dikes.  

Consider first the distributions of the lengths of tension fractures and normal faults in several 

Holocene fissure swarms in Iceland (Figure 16). The fractures range in lengths or strike 

dimensions from 0.1 m (10 cm) to about 7.7 km (Figure 17), that is, by nearly five orders of 

magnitude. The shortest fractures are tension fractures, formed partly through reopening of 

columnar joints (Figures 8, 9 and 18), and the longest ones are normal faults formed through 

the linkage of many shorter segments.  

A log-log plot of the fracture lengths (Figure 17) yields a straight-line relationship (Equation 

4). In a log-log plot such as here, the common (decimal) logarithms of the input (independent, 

x-axis) data and output (dependent, y-axis) data are computed and then plotted using ordinary 

x and y axes. (The other method, indicated above, whereby the axes themselves are logarithmic, 

so as to generate a logarithmic scale plot, is not used here.) It is often observed for log-log plots 

of geological (and other) data that a single straight-line relationship applies only to a certain 

restricted length (Figure 17b). Commonly, the distribution is better approximated by two (or 

even three) straight lines, as has, for example, been found in other studies of the size 

distributions of fractures (Figure 17c; [21, 28]).  

In Figure 17c the break in the straight-line slope occurs at the fracture length of about 500 m. 

For the individual fissure swarms (Figure 16), the breaks in the straight-line slopes occur at 

lengths of 300 m to 500 m. The breaks in the straight-line slope for the fractures can be largely 

explained in terms of a ‘phase change’, that is, change in the type of fracture formed as a 

function of length. More specifically, it follows from the Griffith crack theory through Equation 

(1) that on reaching a certain depth (Figure 6), tension fractures experience a ‘phase change’, 

that is, they change into normal faults [57].  

The tension fractures (Figures 3, 4, 5, 7, and 18) are all part-through fractures, whereby they 

extend from the free surface of the rift zone and partly into the crustal segment hosting them.  
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Figure 16. Location of the main fissure swarms from which the present data were obtained. In the southwest, on 

the Reykjanes Peninsula (denoted Reykjanes), is the Vogar Fissure Swarm whereas the one denoted Thingvellir 

is the Thingvellir Fissure Swarm. In the north, the one denoted Krafla is the Krafla Fissure Swarm, whereas the 

one denoted Husavik is a part of the Theistareykir Fissure Swarm close to its intersection with the Husavik-Flatey 

Fault, a dextral strike-slip fault connecting the North Volcanic Zone with the mid-ocean Kolbeinsey Ridge.  

In  comparatively homogeneous rocks, such as the thick pahoehoe lava flows hosting the fissure 

swarms in Figure 16, subject to essentially constant loading (as is common for tension-fracture 

formation given the limited range of the in-situ tensile strength), the fractures may become 

approximately semi-circular [3]. The depth dmax at which a semi-circular fracture changes into 

a normal fault (Equation 1; Figure 6) is equal to half the strike-dimension (surface length) of 

the fracture. For fractures of length 300-500 m, namely at which the break in the straight-line 

slope occurs (Figure 17), the half-length is 150-250 m. This length is very similar to the 

estimated depth at which many of the tension fractures change into normal faults which, from 

Equation (1), is commonly between 122 m and 245 m. Thus, the fractures shorter than about 

500 m – and the ends of many normal faults (Figure 7) - are mostly tension fractures whereas 

the fractures longer than about 500 m are mostly normal faults. 

Furthermore, the depth of a few hundred metres, at which tension fractures change into normal 

faults, is similar to the estimated thicknesses of typical lava shields in Iceland, both Holocene 

shields, such as those hosting the fissure swarms in Figure 16 [58-60] as well as Quaternary 

and Tertiary shields [61]. The lava shields are composed of pahoehoe lava flows. At the lower 

contacts of the Holocene lava shields, there are abrupt changes in stiffness, particularly because 

many shields commonly rest on hyaloclastites (basaltic breccias) and Pleistocene sediments. 

Thus, mechanically weak or, occasionally, open contacts are likely between the shields and the 

on which they rest, resulting in ‘phase change’ or change in the crack mode. More specifically, 

fractures confined to the Holocene flows, in particular the tension fractures, may be modelled   
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Figure 17. Power-law cumulative plots of the lengths (strike-dimensions) of all the 565 tectonic fractures from 

the four fissure swarms. (a) An ordinary plot (a plot with linear axes) of the fracture lengths. The fractures range 

in length from 0.1 m to 6636 m, the arithmetic average being 249 m. Thus the first ‘bin’ in the cumulative plot is 

for all fracture lengths ≥0.1 m and, therefore, includes all the fracture. (b) A single power-law bi-logarithmic (log-

log) plot of all the fractures. (c) A double power-law bi-logarithmic plot of all the fractures. The abrupt 

change/break in the slope of the straight line indicates different fracture (sub)populations. The coefficients of 

determination (R2 ) of the all the fractures and the fracture subpopulations are given.  

as through-crack [3,62], many of the larger ones becoming arrested at the contacts between the 

lava shields and the underlying hyaloclastites and sediments. By contrast, most fractures that 

penetrate into the deeper layers, not only the hyaloclastites and sediments but also into the 

deeper pile of (mostly basaltic) lava flows and dike swarms, should be modelled as part-through 

cracks [3,62]. As discussed above, these latter are primarily normal faults.  

It is known that on a log-log plot (Figure 17) a power-law distribution provides a straight line. 

Several tests can be used to analyse further the goodness-of-fit between the calculated power-

law curves and the actual data [56]. For example, one test analyses the residuals of the curve-

fitting procedure; the vertical distances of all the points from the regression line [55]. Another 

test uses the maximum likelihood method to compare the power-law fits with log-normal, 

exponential, and stretched exponential fits. Such tests suggest that power-law models fit the 

data from some of the fissure swarms in Figure 17 rather well, whereas for different fracture 

populations other models such as exponential  models might possibly be provide better fits than 

power laws [28,55] – as we discuss further below.   
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Figure 18. Open tension fracture at the 

surface of a basaltic lava flow of 

Holocene age in the Theistareykir 

Fissure Swarm close to the town of 

Husavik (Figure 16). The fracture opens 

up along the existing weaknesses in the 

lava flow, namely the columnar joints 

(Figure 9). This is the reason why the 

tension fracture has such an irregular 

shape. As the opening increases during 

further rifting episodes, the original 

irregularity becomes less noticeable 

(Figure 5). The hammer provides a 

scale.  

 

The present fracture size distributions follow power laws but with different scaling exponents 

for the different fracture (sub)populations that constitute the total fracture set (Figure 16). The 

populations determined in this way have different strike-dimension or length ranges as well as 

entropies (Section 9) which, in turn, offer information on their mechanics of formation and, in 

particular, their relation to certain principles of thermodynamics and statistical physics.  

3.2.2 Dikes  

The length-size distribution of dikes is normally obtained from aerial photographs or satellite 

images. While some dikes have been followed on foot along their entire length [35], in order 

to obtain significant statistical data on dike lengths or strike-dimensions, images are used for 

exceptionally well-exposed swarms. Among the best-exposed dike swarms in Iceland are those 

in Northwest Iceland (the Vestfirdir area), on which the focus is here. 

The mapped area is shown in Figure 19. All of the dikes are basaltic and dissect a 12-14 Ma 

old basaltic lava pile. The lava pile is predominantly basaltic lava flows, both aa and pahoehoe, 

but there are also scoria, soil, and sedimentary layers (including some lignite layers) in-between 

the lava flows. This means that the mechanical properties (particularly Young’s modulus) of 

the layers vary, which affects dike thickness as well as the potential for dike arrest. The geology 

of the area and the dikes are described in [63,64]. 

Since the lengths are estimated from aerial images, they are strictly the lengths of lineaments. 

Field observations and other criteria, however, indicate that the great majority of these 

lineaments are actually basaltic dikes. This conclusion rests on the following points. First, some 

470 fractures (dikes and faults) were measured in the field. Of these only 68 or about 14% are 

faults (all being normal faults), whereas about 86% are basaltic dikes. Second, many of the 

lineaments seen in Figure 19 and used in the length measurements have been identified as dikes 

in the field. Third, the trace (strike) of normal faults, with an average dip of 69°, should be 

curved because of the uneven topography whereas the trace or strike of dikes (being close to 

vertical) should be nearly straight. As is seen in Figure 19 most of the lineaments are nearly 

straight, suggesting that they are dikes. 
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Figure 19.  Map of the studied lineaments, mostly basaltic dikes, in the basaltic lava pile of Northwest Iceland. 

Most of the dikes are regional dikes since there are no known suitably located central volcanoes nearby that could 

have injected them as radial dikes [63,64]. The inset provides the location of the area. The background topography 

is from Google Earth.  

When deciding on the length or strike-dimension the rule used here is to regard as a single 

lineament/dike one that can be traced as a single line, though in places it may be somewhat 

offset or discontinuous. This rule follows from the fracture mechanics results that when the 

distances between the nearby ends of segmented extension fractures are small in comparison 

with the segment length (say, 10% or less of the segment length), then the fracture functions 

mechanically as a single fracture [3,49,50].  

Using this rule, Figure 20 shows the length-size (strike-dimension size) distribution of the 

lineaments/dikes in Figure 19. The total number of measured lineaments/dikes is 1041. They 

range in length or strike-dimension from 26 m to 8948 m, that is, by a factor of about 340 and 

thus by more than two orders of magnitude. While the arithmetic average length is 826 m, it 

should be noted that such and average is not a good measure of the shape of the length-size 

distribution.  

I tested the length-size distribution for a power law. The results (Figure 20) show that a power 

law does not provide a very good fit (R2 = 0.25; Figure 20a). When the data are transformed 

onto a log-log plot (Figure 20 inset), however, a single line gives a rather good fit (Figure 20b) 

but two straight lines give the best fit (Figure 20c). For these regression lines, the coefficients 

of determinations are R2 = 0.89 for the upper line and R2 = 0.97 for the lower line. The results 

suggest that variation in lineament/dike length may explain about 89% in the variation in 

number or frequency of short lineaments/dikes and nearly 97% in the variation in number of 

longer long lineaments/dikes.  
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Figure 20. Power-law cumulative plots of the lengths (strike-dimensions) of the 1041 lineaments (mostly regional 

dikes, Figure 19) studied in Northwest Iceland. The lineaments/dikes range in length from 26 m to 8949 m. Thus 

the first ‘bin’ in the cumulative plot is for all dike lengths ≥26 m and, therefore, includes all the dikes. (a) An 

ordinary plot (a plot with linear axes) of the dike lengths. (b) A single-line power-law bi-logarithmic (log-log) 

plot of the dike lengths. (c) A double power-law bi-logarithmic (log-log) plot of the dike lengths. The change/break 

in the slope of the straight lines indicates different dike subpopulations (here the change from single dikes to 

multiple dikes). The coefficients of determination (R2) for all the dikes and the dike subpopulations are given.  

The break between the two straight lines occurs at about L = 103 = 1000 m. In this estimate we 

assume that the break is where the two lines would cross. One interpretation of the break in the 

slope of straight lines on log-log plots of power laws is that there is a ‘phase change’ at the 

location of the break. As indicated above for the change of tension fractures into normal faults, 

such a phase change as regards rock fractures normally means a change in the mechanics of 

fracture development [28].  

So what change in the mechanics of dike emplacement could occur at a length or strike-

dimension of about 1 km? I suggest that the change at that length is primarily the one from the 

emplacement of short single dikes to the emplacement of longer, commonly multiple, dikes. 

Fracture-mechanics results suggest that there is a linear correlation between the controlling 

dimension (the shorter of the strike-dimension and dip-dimensions) of an extension fracture 

(mode I crack) and the opening displacement or aperture of the fracture [3,49]. This applies 

particularly to all fluid-driven extension fractures (hydrofractures) such as dikes. The ratio of 

the strike-dimension/length to the thickness of a dike, which depends on various factors, is 

referred to as aspect ratio. For a given composition of dikes (here basaltic), crustal depth (here 

the depth of erosion varies but is mostly about 300 m), and elastic properties of the crust (here 
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a basaltic lava pile) the range in aspect ratio is not very great. For 12 dikes (of those seen in 

Figure 20) whose thickness was measured accurately in the field and who could be identified 

with lineaments with a measured length, the aspect ratios range from 316 to 1532, with an 

average of 803. Some 34% of the dikes measured in the field (a total of 402 dikes) are less than 

2 m thick, and 17% with a thickness of less than 1 m [63,64]. Based on the aspect ratios, most 

of the dikes with a strike-dimension/length of less than 1000 m would be with a thickness of 

around 1 m or less. These dikes are seen in the field to be composed of a single columnar row, 

that is, normally generated by a single magmatic injection. 

By contrast, most dikes thicker than about 1 m, and thus with an average length of close to 1 

km or more, are multiple [63]. This means that the thicker and longer dikes are mostly multiple 

and therefore formed by a somewhat different mechanism than the single dikes. Multiple dikes 

form when the same path is used repeatedly for dike injection. The process is described in detail 

in [65], but may be briefly summarised as follows.  

When a dike forms it generates a (vertical) rock layer that everywhere as essentially the same 

mechanical properties. This normally means that the stress field along the dike becomes 

essentially homogenised – with the same orientation of the principal stresses everywhere along 

the dike [65]. When the dike forms, its magmatic overpressure (driving pressure) may generate 

temporary high horizontal compressive stress (sometimes resulting in the maximum principal 

compressive stress σ1 becoming, temporarily, horizontal) in some layers that the dike dissects. 

Whether this happens depends on the state of stress in the crustal segment before dike injection 

as well as on the overpressure in the dike. If σ1 becomes horizontal for a while, this may result 

in subsequent dikes becoming deflected into sills [1]. In rift zones, such as at the divergent 

plate boundaries in general, and in Iceland in particular (the main focus here), the high dike-

induced horizontal compressive stress gradually becomes relaxed and σ1 again becomes vertical 

again, as is its normal orientation at divergent plate boundaries. It follows that the injected, 

solidified dike is then stress homogenised so as to be favourable (with σ1 vertical) to later dike 

injections along the same path, resulting in a multiple dike [65].  

As regards the duration of their formation, there are two endpoints to be considered. First, some 

multiple dikes form in rapid succession over a year or a few years during the same 

volcanotectonic episode (when dike-fed eruptions occur, these are names ‘fires’ in Iceland). 

Second, other multiple dikes form over a long period of time, so that there may be hundreds or 

thousands of years between successive magma injections. The current Sundhnukur eruptions 

on the Reykjanes Peninsula, Iceland is an excellent example of both endpoints. From 

November 2023 to April 2025 there were 9 dike injections along partly the same path, resulting 

in a multiple dike [65]. Of these 9 injections 8 reached the surface to feed a fissure eruption. 

So this is an example of the first endpoint. However, all these injections have occurred at or 

very close to a 2350-year-old crater row, named Sundhnukur. Thus the 9 dike injections have 

largely followed a 2300-year-old feeder-dike to the Sundhnukur crater row, thereby offering 

also an example of the second endpoint. For exposed multiple dikes in deeply eroded fossil 

volcanic systems, it is normally not possible to decide on the time between successive magma 

injections [65].  
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Figure 21. Schematic evolution of a multiple dike. 

Multiple dikes, like dikes (and fractures) in general, 

are segmented, as seen here both in lateral and 

vertical sections. The columnar rows show how the 

dike gradually increases its thickness, but also the 

lengths (strike-dimensions) of the segments that 

constitute the dike. Some of these segments may 

eventually combine laterally, and the ones seen in 

the vertical section are already connected (through 

thinner dike-lets or igneous veins). As the dike 

becomes thicker with more dike injections (only 

some of which are seen as separate columnar rows 

– whether they are seen as such depends on the time 

between injections) then it may also become longer 

and, thereby, grow in a self-affine manner.  

The mechanism by which the dike is 

emplaced, however, is different between 

single dikes and multiple dikes – and this 

difference is likely to be what is reflected 

in the different slopes on the bi-logarithmic plot (Figure 20). When a single dike forms, the 

magmatic pressure has to rupture the host rock at every point along the dike path. Additionally, 

the dike has to be able to overcome the mechanical difficulties associated with its propagating 

through contacts between mechanically dissimilar layers. The latter is a common reason for 

dike arrest [1-3]. Thus much energy is normally needed for a single dike to propagate, 

particularly when propagating to the surface to erupt. By contrast, ones a dike is formed, 

subsequent dike injections may follow its contacts with the host rock (particularly if the 

existing dike is formed much earlier, that is, not in the same volcanotectonic episode - and thus 

belonging to the second endpoint above).  Alternatively, the subsequent dike injections may 

follow the solid, but still very hot, centre of the earlier dike (particularly if all the dike injections 

occur in the same volcanotectonic episode - and thus belonging to the first endpoint above). 

Since the path for the magma is already established, much less energy is needed for the 

propagation of later dikes in a multiple dike than for the propagation of a single dike [65].  

If the multiple dike grows in a self-affine, manner, as is probably common, then the change in 

its dimensions during subsequent magma injections may be similar to that shown in Figure 21. 

As the initial dike then subsequently receives more new dike injections, it becomes thicker but 

also longer, that is, with a larger strike-dimension. This is in harmony with the observations in 

the Norwest Iceland (Figure 19) that most of the thicker dikes are multiple (Figure 22) and 

long. Thus, the change in slope can be explained by change in the mechanics of dike 

emplacement, and associated changes in the energy budget associated with dike emplacement. 

3.3 Exponential laws  

A general exponential function y may be written as:  

kxCaxPy == )(                                                                                                                       (5) 
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Figure 22. Multiple dike in Northwest Iceland. The dike is basaltic and composed of at least 5 columnar rows 

(distinguishable magma injections) as indicated. The dike dip is close to vertical and its total thickness is many 

metres [65].  

where C is the point where the curve of the function intercepts or crosses the vertical y-axis, 

(C )0 , a is the real number (a > 1) that is the base (a is also the growth factor of the function, 

how it grows or decays), k  is a constant (k )0 , and x is a variable. Clearly, the main difference 

between an exponential function (Equation 5) and a general power function (Equation 2) is that 

in an exponential function the base is a constant and the exponent (power) a variable whereas 

in a power function the base is a variable and the exponent (power) a constant.  

The number of possible exponential functions is infinite. Here, however, we use the one 

referred to as the natural exponential function, namely the following: 

kxCexPy == )(                                                                                                                       (6) 

where the base e is Euler’s number (e = 2.71828182…), an irrational and a transcendental 

number, and all the other symbols have the same meaning as in Equation (5). Further 

observations as to Equations (5) and (6) are as follows. The parameter C is the vertical intercept 

of the function, that is, the y-intercept of its graph – so that the function crosses or passes 

through the y-axis at the point (0, C). The parameter k determines the relative steepness or 

flatness of the graph. This means that the larger the value of k the steeper is the function (and 

its graph). Also, Equations (5) and (6) are never zero. They approach the line y = 0 as a 

horizontal asymptote (the horizontal x-axis), but never reach it; that is, the curve never crosses  
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the x – axis. We will be dealing with decreasing exponential functions. These are obtained 

when either C is negative or k is negative (but not both). 

For testing the linear fit of exponential functions to datasets, we do not use bi-logarithmic or 

log-log plots (as for power functions), but rather semi-logarithmic plots (semi-logarithmic 

coordinates). This means that only the y-axis is logarithmic (logarithmic scale) whereas the x-

axis remains linear (linear scale). If we first take the natural logarithm (ln) of Equation (6) we 

obtain: 

kxCCexPy kx +=== lnln)(lnln                                                                                         (7) 

Below I explore how well the size distributions of populations of fractures and dikes in Iceland 

can be modelled with exponential functions or laws. In all cases the exponential functions are 

negative, that is, decreasing, so that he number or frequency of fractures/dikes decreases with 

increasing size of fractures/dikes (as was the case for the power-functions modelling of 

fractures/dikes above).   

3.3.1 Tension fractures and normal faults  

We use the same bin size as for the power laws, namely 100, and a cumulative plot for all the 

565 fractures (tension fractures and normal faults) in the fissure swarms. The results (Figure 

23) show that, in general, a negative exponential function provides only a reasonable fit to the 

fracture-length size distribution (R2 = 0.48; Figure 23a). When the data are semi-log 

transformed the fit becomes much better, however. Even a single-line regression provides a 

good fit, with R2 = 0.93 (Figure 23b), while a double-line regression provides an even better 

fit, with R2 = 0.95 for the lower straight line and R2 = 0.98 for the upper straight line  (Figure 

23c).  

Comparison with the power-law fits, however, shows that they are similar to those of the 

exponential-law fits. Thus, while the fit of the non-transformed data is better to the power law 

than to the exponential law based on a straightforward interpretation of R2 (which is 0.78 for 

the power law and 0.48 for the exponential law), when the data are transformed on a semi-

logarithmic plot, the results are more similar. Thus, for a single-line plot R2  is 0.91 for the 

power-law fit (Figure 17b) but 0.93 for the exponential-law fit. Similarly, for a double-line fit 

to the power law  R2 is 0.90 for the lower line and 0.97 for the upper line (Figure 17c), whereas 

for a double-line fit to the exponential law R2 is 0.95 for the lower line and 0.98 for the upper 

line. Thus, based on straightforward interpretation of the coefficients of determination, and 

bearing in mind the uncertainties and changes introduced as the original data are transformed, 

the tectonic-fracture length data fit about equally well to a power law as they do to an 

exponential law.    

3.3.2 Dikes  

Again, using the same bin size as for the power laws, the results (Figure 24) suggest that, in 

general, an exponential function provides a good fit to the dike-length size distribution 
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Figure 23. Negative exponential cumulative plots of the lengths (strike-dimensions) of all of all the 565 tectonic 

fractures from the four fissure swarms (Figure 16). (a) An ordinary plot (a plot with linear axes) of the fracture 

lengths. The fractures range in length from 0.1 m to 6636 m, the average being 249 m. The first ‘bin’ in the 

cumulative plot is for all fracture lengths ≥0.1 m and so includes all the fracture. (b) A single-line semi-logarithmic 

plot (the horizontal axis is linear, the vertical axis is logarithmic) of all the fractures. (c) A double-line semi-

logarithmic plot of all the fractures. As for the power-law plot (Figure 17) the abrupt change/break in the slope of 

the straight lines indicates different fracture (sub)populations. The coefficients of determination (R2 ) of the all 

the fractures and the fracture subpopulations are given.  

(R2 = 0.91; Figure 24a).  When the data are semi-log transformed the fit becomes even better. 

Thus, a single-line regression provides a very good fit with R2 = 0.96 (Figure 24b). Similarly, 

a double-line regression provides an excellent fit, with R2 = 0.98 for the lower straight line and 

R2 = 0.99 for the upper straight line  (Figure 24c).  

The negative exponential-law fit to the dike lengths is considerably better than the power-law 

fit (Figure 20).  Thus, the fit of the non-transformed dike-length data is much better to the 

exponential law than to the power law based on a straightforward interpretation of R2 (which 

is 0.25 for the power law and 0.91 for the exponential law). The transformed data also show a 

better fit to the exponential law than to the power law. Thus, for a single-line plot R2  is 0.92 

for the power-law fit (Figure 20b) but 0.96 for the exponential-law fit (Figure 24b). Similarly, 

for a double-line fit to the power law  R2 is 0.97 for the lower line and 0.89 for the upper line 

(Figure 20c). For comparison, for the a double-line fit to the exponential law R2 is 0.98 for the 

lower line and 0.99 for the upper line. Thus, based on straightforward interpretation of the 

coefficients of determination, the dike-length data fit a negative exponential law better than a 

negative power law.     
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Figure 24. Negative exponential cumulative plots of the lengths (strike-dimensions) of the 1041 lineaments 

(mostly regional dikes, Figure 19) in Northwest Iceland. The length range is from 26 m to 8949 m. The first ‘bin’ 

in the cumulative plot is for all dike lengths ≥26 m and, thus includes all the dikes. (a) An ordinary exponential 

plot (a plot with linear axes) of the dike lengths. (b) A single-line semi-logarithmic plot of the dike lengths. (c) A 

double-line semi-logarithmic plot of the dike lengths. As above, the change/break in the slope of the straight lines 

indicates different dike subpopulations (here the change from single dikes to multiple dikes). The coefficients of 

determination (R2) for all the dikes and the dike subpopulations are given. 

                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                                      

4. Theoretical framework   

 

Griffith's theory of fracture, which forms the basis for understanding formation and 

development of fractures in fissure swarms and dike swarms, derives from thermodynamic 

considerations. In particular, the theory considers the global balance of energy in a solid body 

– here a rock body or a crustal segment - with existing flaws or micro-cracks [4,62,66-68]. 

More specifically, Griffith’s theory explores and analyses (a) the elastic energy stored as 

potential (including strain) energy in the solid, (b) the energy needed to generate a new crack 

surface, that is, the surface energy, and (c) the work performed during the crack growth by the 

loads on the body. Thermodynamics is a phenomenological macroscopic theory whose 

microscopic basis is statistical physics (also referred to as statistical mechanics and, 

occasionally, as statistical thermodynamics). Statistical physics provides a microscopic and 

probabilistic treatment of all forms of matter so as to explain their bulk behaviour. A further 

development of the field connects it with information theory which is widely regarded as 

offering a deeper foundation of statistical physics. Here I provide the basic theoretical results 
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of thermodynamics and statistical physics that are relevant for understanding the development 

of fissure swarms and dike swarms.  

Both fields use the concept of entropy. Entropy, the basic concept of the second law of 

thermodynamics, was introduced by Clausius in 1865 as a measure of the input of heat at a 

given temperature to a thermodynamic system. The unit of entropy is joule per kelvin, that is, 

JK-1. Later in the 19th century when Boltzmann and Gibbs gave the entropy concept a 

probabilistic interpretation, the original unit of JK-1 was maintained by multiplying the 

logarithm of probability by the Boltzmann constant kB = 1.38 × 10-23 JK-1. The entropy 

introduced by Shannon during the development of information theory, that is, the Shannon 

entropy, does not have a specific physical unit. The Shannon-entropy unit depends on the base 

of the logarithm used. At present there are many entropy measures in use – not only in physical 

sciences, but also in life and social sciences. Many of these entropy measures have arbitrary 

units. The units can, however, normally be connected to the original thermodynamic/statistical 

physics entropy concepts and units after suitable manipulation.  

A thermodynamic system may be defined as the part of the universe that is of main interest in 

any particular thermodynamic study, the rest being referred to as the surroundings. For tension 

fractures and most normal faults in fissure swarms in Iceland (Figures 3-7 and 18), the system 

is the fracture itself while the surroundings of the system may be regarded as the fissure swarm. 

For larger faults in the rift zone, with dimensions of the order of 101 km, the system includes 

the fault core and damage zone [3] while the surroundings may be regarded as the entire 

volcanic zone hosting the fault. In Iceland the volcanic zones are mostly 30-80 km wide and 

about 150 km long (Figures 1 and 16; [69]). For the largest fault zones on Earth, reaching 

lengths of 1000-2000 km or more [70-72], the entire hosting plate (or plates, for faults located 

at plate boundaries) may be regarded as the thermodynamic surroundings. Similarly for 

regional dikes: the system is the dike itself and the surroundings the volcanic zone within which 

the dike becomes emplaced. For small inclined sheets, the system may be regarded as the 

volcanic system, including the central volcano and its magma chamber, within which the sheet 

is emplaced.  Generally, the surroundings should be regarded as that part of the Earth’s 

lithosphere which exchanges matter and elastic energy (through stress, fluid pressure, and 

work) with the fissure swarm/dike swarm (Figures 1 and 16).  

The internal energy of a thermodynamic system such as fissure/dike swarm is denoted by U. 

The internal energy is the sum of the potential energy of inter-particle forces and the kinetic 

energy associated with the random motion of the particles (atoms, molecules). A distinction is 

made between two types of energy transfer, namely work and heat. Both concepts relate to 

energy being transferred, that is, energy in transit. However, work is an orderly transfer of 

energy through coordinated motion of particles and normally involves forces. For example, 

when plate-tectonic forces generate movement of fault walls, fault slip, or opening of a tension 

fracture, the movements of all the particles that constitute the rock on either side of the 

fracture/fault rupture plane are in harmony and the slip/opening times the force constitutes the 

associated work. By contrast, heat is transfer of energy, because of temperature difference, in 

a disorderly manner, that is, through uncoordinated motion and collision of particles. Thus, 

general heat flow in a dike swarm and an associated fissure swarm - or through a large fault 
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zone - both result in disorderly transfer of energy through the rocks. Thus while work and heat 

are related – both have the unit of energy, joule, and heat may also be regarded as work that is 

randomly or disorderly distributed among particles – the disorderly energy transfer means that 

heat is a low-quality energy. More specifically, whereas work can be completely converted or 

transformed into heat, the reverse does not hold; only a fraction of heat can be converted into 

work. Work comes in many forms, but heat comes in only one form, that is, as heat.  

The first law of thermodynamics, the law of conservation of energy, may be expressed as:  

dWdQdU +=                                                                                                                         (8) 

where dU is an infinitesimal change in the internal energy of the thermodynamic system. The 

change in internal energy is then the result of heat dQ being added to the system and work dW 

being done on the system. Notice that in this definition work done on the system is regarded as 

positive, as is common in physics, whereas in some definitions, particularly in engineering, 

work done by the system is regarded as positive. The term dU is a proper state function, that 

is, independent of the path taken, and therefore an exact (or proper) differential. By contrast, 

the terms dQ and dW are both inexact (or imperfect) differentials. This follows because these 

terms are not state functions but rather path functions, that is, they depend on the path taken 

from the initial to the final value. Since the path dependence of heat and work is well known 

[73], I use no special symbols for these.  

The second law of thermodynamics introduces the concept of entropy and may be formulated 

in many ways. One statement is that for an isolated system the entropy must increase during 

any spontaneous or natural process within that system. It follows that the second law allows us 

to forecast which processes take place spontaneously or naturally, in the absence of any 

external driving forces or energy inputs. Another statement of the law is that during any process 

the total entropy change of the universe (or the system and its surroundings) must be greater 

than or equal to zero. Entropy is commonly interpreted as a measure of disorder in a system. 

This interpretation is helpful in some ways, but it is often better to think of entropy as a measure 

of ‘spreading’, particularly when analysing the entropy of statistical size distributions of 

processes or objects, such as fracture lengths (Figure 17).  

Consider a reversible process in a closed system, that is, a process that allows the system to 

return to its initial state. During such a process at a specific temperature T, the differential or 

infinitesimal change in entropy dS is given by: 

T

dQ
dS

rev

=                                                                                                                             (9) 

where 
revdQ is the infinitesimal amount of heat received by the system. Equation (9) shows 

that when heat is transferred from the surroundings to a system the entropy increase of the 

system is directly proportional to the received heat and inversely proportional to the absolute 

temperature at which the heat is received. Equation (9) may also be regarded as a definition of 

entropy, S. Because entropy is a state function, and thus path-independent, the integral of S 

when the initial and final stages are identical, in which case the integral is around a closed loop 
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or a complete cycle, is zero. When the process is irreversible, Equation (9) becomes the 

Clausius inequality, namely: 

  0
T

dQ
                                                                                                                                (10) 

More generally, change is entropy can then be given as: 

T

dQ

T

dQ
dS

rev

=                                                                                                                   (11)     

Here the equality applies if the process represented by the term on the right-hand side of the 

equality sign is reversible, denoted by dQrev. As discussed for Equation (8), dQ itself is an 

inexact (or imperfect) differential. However, when dQ is multiplied by T-1, as in Eq. (11), the 

resulting term TdQ /  becomes an exact differential. It therefore follows that dS is an exact 

differential (path independent).  

From Equation (11) we have, for a reversible process: 

TdSdQ rev =                                                                                                                            (12) 

In case of a gas container of initial volume V and gas pressure p, the infinitesimal work dW in 

compressing the gas is given by:  

pdVdW −=                                                                                                                           (13) 

Combining Equation (13) and Equations (8) and (12) we obtain the following equation for a 

closed system:  

pdVTdSdU −=                                                                                                                   (14) 

Equation (14) combines the first and second laws for closed systems and is regarded as the 

fundamental equation of thermodynamics. When Equation (14) is applied to an open system, a 

term allowing material exchange between the system and its surroundings must be added. All 

the quantities in Equation (14), that is, the internal energy U, the temperature T, the entropy S, 

the pressure p, and the volume V, are state functions. It follows that Equation (14) can also be 

used for irreversible processes and is, in fact, valid for any process in a closed system.  

The physical meaning of Equation (14) is that when either the entropy S or the volume V change 

then the internal energy of the system U also changes. V and S are both extensive variables, 

meaning that they depend on the size or extent of the thermodynamic system. More 

specifically, V and S change depending on the quantity of material present in the system. By 

contrast, p and T are intensive variables, meaning that they do not depend on the size of the 

system or the quantity of material in the system. S and V are also referred to as natural variables 

of the thermodynamic potential U.  
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A potential is a variable that, when subject to certain constraints, is minimised or maximised 

at equilibrium. A thermodynamic potential is a measure of the energy stored in a system and 

how that energy is transformed or converted when the system - subject to given constraints - 

evolves towards equilibrium. Thus, thermodynamic potentials determine the direction that 

spontaneous or natural processes in a system are likely to follow. In addition to entropy and 

internal energy, the thermodynamic potentials are primarily Helmholtz free energy F, Gibbs 

free energy G, and enthalpy H. The focus here is on Helmholtz free energy. 

 

5. Free energy  

Energy that is free or available to do work rather than being dissipated out of the 

thermodynamic system as heat is referred to as free energy. Helmholtz free energy is a measure 

of the energy available to do useful work in a system that has constant (fixed) temperature and 

volume. Similarly, Gibbs free energy is a measure of the energy available to do useful work in 

a system that has constant temperature and pressure. The variables that are held constant (fixed) 

– for example, temperature and volume for Helmholtz free energy - are called the natural 

variables of that potential. One main benefit of the potentials is that the thermodynamic 

calculations can then focus exclusively on the system, rather than the system and its 

surroundings. All the thermodynamic potentials are extremum principles. This means that they 

are minimised or maximised when the system has reached equilibrium. Also, all the potentials 

have the units of energy, joule.   

The Helmholtz free energy, also known as the Helmholtz function or the work function, is a 

state function and denoted by F. It gives the maximum useful work that can be done by a 

system, as well as the spontaneous direction of a process (or reaction), under the condition of 

constant temperature and volume and is defined as: 

TSUF −=                                                                                                                              (15) 

where U is internal energy, T is temperature, and S is entropy. The Helmholtz free energy F is 

thus a measure of the maximum work that can be obtained from a system during a process. 

More specifically, it is the difference between the internal energy of the system and the energy 

(TS) taken up by the entropy term as unavailable energy. It follows that F represents the energy 

in the system available to do work and thus the maximum work the system can do. 

Differentiating Equation (10), the infinitesimal change in F is: 

SdTTdSdUdF −−=                                                                                                               (16) 

Substituting Equation (9) for dU in Equation (16), we get: 

pdVSdTdF −−=                                                                                                                  (17)                         

For constant temperature dT = 0 so that: 

pdVdF −=                                                                                                                            (18) 
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For the change in F to be positive, the surroundings must do reversible work on the system. 

Conversely, for the change in F to be negative, the system itself must do reversible work on 

the surroundings. For constant temperature (no heat being added to the system), an infinitesimal 

change in work is, from Equation (8), dW = pdV, so that, from Equation (13), we get: 

dWdF =                                                                                                                                (19) 

which implies that a positive change in the Helmholtz free energy of a system is equal to the 

reversible work done on that system by the surroundings. Conversely, a negative change in 

Helmholtz free energy of a system implies reversible work done by the system on its 

surroundings. If, in addition, the volume is constant (fixed grip in solid and fracture 

mechanics), then dV = 0 and, from Equation (18), we get: 

0=dF                                                                                                                                    (20) 

Thus, the Helmholtz free energy F has an extreme or stationary value at constant temperature 

and volume. It can be shown that the second derivative is positive, in which case the extreme 

value is a minimum. More specifically, in a process that results in the temperature of a 

thermodynamic system becoming the same as that of the surroundings, the maximum work that 

can be obtained from the system is equal to its decrease in the Helmholtz free energy F.  

6. Frequency distributions  

In statistical physics, the frequency distribution of the microstates of a thermodynamic system 

is a function of temperature. When the system is not subject to any constraints, the maximum-

entropy principle predicts a flat frequency distribution. As discussed in connection with the 

general Gibbs-Shannon entropy formula below, the implication is that for a discrete frequency 

distribution, the highest entropy is provided by a uniform distribution, while for a continuous 

frequency distribution the highest entropy is provided by a very flat Gaussian or normal 

distribution. 

The thermodynamic system is commonly subject to constraints, however. For example, 

common constraints are that the energy as well as the number of objects (particles/atoms in 

statistical physics) in the system are constant (fixed). In that case the frequency distribution 

becomes negative exponential and is referred to as the Boltzmann distribution. Let us denote 

the energy associated with a certain condition or state of a thermodynamic system by ε. Then 

the frequency of occurrence of that state, that is, its probability of occurrence P(ε), is presented 

by the Boltzmann distribution: 

Tk
BeP

/
)(




−
                                                                                                                      (21) 

As indicated above, kB is the Boltzmann constant and T is the temperature. In addition, the 

specific term: 

TkBe
/−

                                                                                                                                  (22) 
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is known as the Boltzmann factor.  

We can now consider the frequency or probability of occurrence of states i, which have total 

mechanical energy Ei, where the states are either quantum states or, in classical statistical 

physics, microstates. For a macroscopic thermodynamic system in equilibrium at temperature 

T it follows from Eq. (22) that the probability Pi of finding the system in the given (micro) state 

i  is: 


−

−

=

i

TkE

TkE

i
Bi

Bi

e

e
P

/

/

                                                                                                                   (23) 

which is one version of the Boltzmann distribution. Here the denominator, representing the 

sum over all the states i, is a normalising factor that assures that the sum of all the probabilities 

equals one, so that: 

 =
i

iP 1                                                                                                                                (24) 

More specifically, the dominator is known as the partition function, denoted by Z, and given 

by: 


−

=
i

TBk
iE

eZ                                                                                                                           (25) 

Using Eq. (25), Eq. (23) can written as: 

TkE
i

BieZP
/1 −−=                                                                                                                   (26) 

which is another version of the Boltzmann distribution. The Boltzmann distribution may be 

regarded as a law that provides a key connection between the microscopic and macroscopic 

worlds. More specifically, the law connects microscopic particles (atoms, molecules) and 

energy, on one hand, and the macroscopic everyday world of measured averages such as 

volumes, pressures, and temperatures, on the other hand. Furthermore, the exponential energy 

term in the Boltzmann distribution can be connected directly with probability theory or, in 

particular, to the product law of probability [74].  

From Eq. (26) it follows that the probability of a particle (atom, molecule) occupying a given 

energy level is directly proportional to the exponential of the negative of its energy divided by 

the product of the Boltzmann constant and the absolute temperature. The Boltzmann 

distribution thus indicates with what frequency the microstates of the thermodynamic system 

occur for a given temperature. For a reasonably large and fixed number of particles the 

Boltzmann factor - denoted as Equation (22) here, although not an equation - and the 

Boltzmann distribution, Equations (23, 26), apply to any thermodynamic system in a thermal 

equilibrium. At low temperatures all the particles will be in the lowest possible state whereas 

at very high temperatures the distribution over the energy states will be more approximately 
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uniform. It is strictly only for theoretically infinitely high temperatures that all the probabilities 

of occupation will be the same, so that the distribution becomes truly uniform.  

The Boltzmann distribution law is effectively a generalisation of two other well-known 

frequency distributions. One is the Maxwell velocity distribution of molecules, which applies 

to the velocity distribution in an ideal gas. The other is the barometric distribution – also known 

as the barometric equation - which yields (approximately) the atmospheric pressure as a 

function of altitude above the Earth’s surface. 

7. Relation between frequency distribution, free energy, and entropy 

 

Using the Helmholtz free energy (Equation 15), the partition function (Equation 25), and the 

Boltzmann distribution (Equation 26), we can derive a general formula for entropy that is 

directly applicable to frequency distributions such as the ones in Figures 17, 20, 23 and 24. 

Using the symbol β for the term (kBT)-1 the partition function, Equation (25), may be written 

as: 


−

=
i

EieZ


                                                                                                                          (27)   

The average of the energies of the microstates, based on the frequency of visits, that is, the 

mean energy of the microsystem E , equals the probabilities Pi times the energies Ei, thus: 

=
i

ii EPE                                                                                                                         (28) 

Using Equations (26, 22), Equation (27) becomes: 





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


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−

i

E
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

 ln11
                                                                              (29) 

Here the partial derivative is used so as to indicate that the energy levels are held constant 

during the differentiation. Recalling from Equation (27) that 1)( −= TkB , Equation (29) may 

be rewritten in terms of temperature T thus: 

T

Z
TkE B




=

ln2
                                                                                                                 (30) 

We now identify the average energy with the internal energy of the thermodynamic system so 

that UE = , in which case Equation (15) becomes: 

TSFUE +==                                                                                                                   (31) 

Then, from Equation (17), we have: 
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This is one of the Maxwell relations, the partial derivative being used because the volume V is 

assumed constant (the subscript V is implied but omitted in the equations below). Using 

Equation (32) for the entropy S in Equation (31) we get: 
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Applying the quotient rule from calculus, we rewrite Equation (33) on the form: 
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
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TU 2                                                                                                                  (34) 

Using the identity UE =  (Equation 31) and Equation (30) Helmholtz free energy F may be 

written on the form: 

ZTkF B ln−=                                                                                                                       (35)      

Recalling again from Equation (26) that 1)( −= TkB , Eq. (35) may also be recast as: 

FeZ −=                                                                                                                               (36) 

If we know the partition function Z of a thermodynamic system then Equation (36) contains all 

we need to know about the thermal behaviour of the system. In particular, Equations (35 and 

36) provide a link between the microscopic material world, as specified through the 

microstates, and the macroscopic material world, as specified through the Helmholtz free 

energy.       

Using the relation between S and F provided by Equation (32) and differentiating Equation 

(35) we get: 
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                                                                   (37) 

Here the volume V is constant (fixed). In case of systems with variable number of particles N, 

their number is also assumed constant. Equation (37) then establishes a clear relationship 

between entropy S and free energy F. 

From Equation (37) the most useful form of the entropy formula can be obtained as follows. 

Using Equatino (27) for Z, we complete the differentiation of the logarithm of Z with respect 

to T (Equation 37), in which case we get: 
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Then we combine Equations (37) and (38) and obtain the entropy S thus: 
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Taking the natural logarithm on both sides of Equation (26) yields: 
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Rearranging the terms in Equation (39) and using the correct sign for kB we obtain: 
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It then follows from Equations (26, 35) that Equation (41) reduces to: 

−=
i

iiB ppkS ln                                                                                                                 (42) 

Here we use lower-case p for probability so as to follow the standard practice in statistical 

physics and information theory.  

Equation (42), referred to as the Gibbs-Shannon entropy formula, is completely general and 

applies to any probability distribution. This means that Equation (42) can, for example, be used 

to calculate the entropy of length-size distributions of in swarms of tectonic fractures and dikes 

(Figs 2, 3, 10, and 11), as is done in later sections. This is, in fact, a widely used entropy formula 

in fields outside physics and chemistry. In particular, it is the basis for information theory, as 

discussed further below.  

For a discrete, binned, probability distribution, then if all the bins are of equal height, the 

distribution is uniform and yields the Boltzmann entropy formula. Thus, if W is the number of 

microstates (or, here, bins), so that Wpi /1= , then from Equation (42) we get for a uniform 

distribution: 
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This is the Boltzmann entropy formula which applies to systems in equilibrium. Equation (38) 

shows perhaps even more clearly than Equation (42) that entropy is basically the logarithm of 

probability multiplied by the Boltzmann constant kB.  

As indicated above, the Gibbs-Shannon entropy formula (Equation 42) is totally general. It is, 

for example, also valid for thermodynamic systems that are not in equilibrium, such as systems 

that are not with constant (fixed) volume (V), constant energy (U), or constant number of 

particles (N) [75].  

8. Energy needed for fracture propagation  

The size distributions of the fissure (tectonic fracture) populations and dike populations 

(Figures 17, 20, 23 and 24) can be explained in terms of Griffith's theory of fracture in solids 

which derives from thermodynamic considerations of the global balance of energy in a solid 

body with existing flaws or micro-cracks [4,62,66-68]. The theory examines and explores (1) 

the stored as potential energy in the solid, (2) the energy needed to generate a new fracture 

(here including dike-fracture) surfaces, and (3) the work performed during the fracture 

propagation by the loads on the solid body. 

All rock fractures, including fissures (tectonic fractures) and dikes, need energy to form. This 

energy is primarily needed to rupture the rock and form two surfaces (surface energy) – namely 

the fracture walls (Figures 5, 7, 10, 12, 15, 18, and 22). The energy for initiating and 

propagating the tectonic fractures of a fissure swarm (Figure 3) and a dike swarm (Figures 11 

and 19) is, for plate boundaries, provided primarily by the plate-tectonic forces (Figures 1 and 

16). In detail, there are two possible sources of the potential energy: (1) the internal strain 

energy Uo stored in the plate boundary segment prior to fracture propagation, and (2) the work 

WL done through the generalised plate-tectonic forces operating on the boundary while the 

fracture propagates. The available energy for the fracture formation at any particular instant 

depends on how much of the energy is dissipated as heat (partly through friction). The available 

energy is normally equal to the Helmholtz free energy (Equation 15).  

 

In order for a fracture to initiate and propagate, the total available energy Ut in the solid rock 

hosting the facture must be large enough to overcome the surface energy Ws that is needed to 

form the two new fracture surfaces. Here, the total energy is basically the Helmholtz free 

energy (Equation 15) of the thermodynamic system. As indicated above, for a fracture to 

propagate in the rock, Ut must either remain constant or decrease during the propagation. For 

a thermodynamic system such as a swarm of fissures and/or dikes (Figure 4) the total energy 

Ut of the system is: 

 

st WU +=                                                                                                                           (44) 

 

where Π is here the potential energy of the that part of the plate boundary segment (Figures 2-

4) which hosts the fracture network, and Ws is the surface energy or work needed to generate 

two new fracture surfaces during a particular fracture propagation. For fracture propagation 
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under equilibrium conditions, in which case Ut = constant, Equation (44) can be differentiated 

with respect to the total new fracture surface area dA to obtain:  
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so that: 
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Equation (46) can then be used to define the energy release rate G: 
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d
G
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This is the energy available to drive the fracture propagation, which occurs if G reaches: 

 

dA

dW
G s

c =                                                                                                                               (48)                                                                                          

 

Thus, Equation (48), which is the right-hand side of Equation (46), represents the critical 

energy release rate for fracture to propagate, Gc, and is known as the material toughness of the 

solid (here the hosting rock body). For a rock fracture to propagate at a plate boundary such as 

in Iceland (Figures 1 and 16), the plate-boundary segment hosting the fissure swarm/dike 

swarm must receive enough energy (primarily from plate-tectonic forces) so that the surface 

energy Ws can be overcome.  

 

In Equations (47-48) the differentiation is with respect to the total fracture surface area A.  The 

energy release rate can, however, also be rewritten in terms of fracture length a – which denotes 

the total length for an edge fracture (such as the height or dip-dimension of a non-feeder dike 

extending from the top of a magma chamber and into its roof) and the half-length for a central 

fracture (such as half of the total surface length or strike-dimension of a tectonic tension 

fracture or a dike). As an example, the plane-strain energy release rate of a tension fracture 

(modelled as mode I crack) when subject to an applied tensile stress σ is given by [3,76]:  

  

E

a
GI

 )1( 22 −
=                                                                                                                (49)  

 

Here, E is Young's modulus and ν is Poisson's ratio of the host rock. For a normal fault 

modelled as mode II crack – as is a suitable model for a comparatively short 'part-through' 

normal fault [3] - the driving shear stress d is substituted for σ in Equation (49). A longer 
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normal fault that extends from the surface of the rift zone to a magma reservoir (Figure 4), such 

may apply to some of the large normal faults studied here (Figures 5 and 7), a mode III through-

crack model is appropriate. Then the energy release rate is given by: 
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+

=                                                                                                             (50)                                                                                           

 

where all the symbols are as defined above. To obtain the energy release rate for a dike 

modelled as a through-crack and with half strike-dimension (half surface length) a, we 

substitute the magmatic overpressure, p0, for the applied tensile stress, σ, so as to get: 
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=                                                                                                              (51) 

 

where all the other symbols have already been defined. These equations can also be written in 

terms of the openings (apertures) of the tension fractures and the displacements on the faults 

[3]. 

9. Entropy results  

9.1 Fissure swarms 

Using Equation (42) the entropy of the studied fissure swarms (Figure 16) have been calculated 

and are also shown in Table 1. Here I calculate the entropy (Equation 42) as well as the scaling 

exponents for 12 fracture populations. The populations are identified by the following place 

names. In Southwest Iceland: (a) the Vogar Fissure Swarm and (b) the Thingvellir Fissure 

Swarm. In North Iceland: (c) the Krafla Fissure Swarm, and (d) the Theistareykir Fissure 

Swarm (the part of the swarm close the Husavik-Flatey Fault, here named Husavik). The host 

rock in all the swarms are basaltic lava flows of Holocene age; more specifically, 9-12 thousand 

year old pahoehoe lava flows.  

The total number of tension fractures and normal faults analysed in these fracture sets is 565. 

Two of the sets are further divided into subsets. These are sets a and b, namely that from the 

Vogar Fissure Swarm and the one from the Thingvellir Fissure Swarm. The reason that the 

other sets are not further divided into subsets, namely that of the Krafla Fissure Swarm and the 

one from the Theistareykir Fissure Swarm, is that these focus on very small (mostly tension) 

fractures and do not include the whole swarms. More specifically, the fracture lengths (strike-

dimensions) in the Vogar Swarm range from 40 m to 5750 m and those of the Thingvellir 

Swarm from 57 m to 7736 m (Table 1). By contrast, the fracture lengths in the (small-fracture) 

part of the Krafla Swarm range from 0.12 m to 200 m and in the analysed (Husavik) part of the 

Theistareykir Swarm from 0.1 m to 270 m, with the great majority of fractures in both these 

sets being of lengths of less than 10 m. The bin width (class limits in the bin plot) used for the 

fractures of the swarms of Vogar and Thingvellir is 100 m, which is far too large to be used for 

the fracture sets of the swarms of Krafla and Theistareykir (for realistic comparison of entropy 
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the bin width should be the same [28]). Thus, the 344 small fractures that form the sets from 

the swarms of Krafla and Theistareykir are included in the general set of fractures from all the 

swarms (Figure 17, Table 1), but are not used when analysing subsets from the swarms, where 

only fractures from the swarms of Vogar and Thingvellir are used (Table 1). 

In Table 1 the statistical results for following sets and subsets are presented. (a) The Vogar 

Swarm population: (1) all fractures, (2) subset on fractures shorter than 500 m (where there is 

a break in the power-law log-log slope of lines), and (3) fractures longer than 500 m. (b) The   

 

Table 1. Number of fractures/dikes in the various populations and subpopulations, as well as their length ranges,  

scaling exponents, and entropies (cf. Figure 25). Notice: in the calculations the dividing numbers – such as 500 

and 1000 – are always grouped with the higher class. Thus, for example, for the Reykjanes population the number 

500 is calculated as a part of the class with the range 500-5750. 

Thingvellir Swarm population: (4) all fractures, (5) subset of fractures shorter than 300 m 

(where there is a break in the power-law log-log slope of lines), and (6) fractures longer than 

300 m. (c) The combined Vogar-Thingvellir population: (7) all fractures, (8) fractures shorter 

than 300 m (where the break is), and (9) fractures longer than 300 m. (d) The whole fracture 

set, including the short fractures from the swarms of Krafla and Theistareykir: (10) all fractures, 

(11) fractures shorter than 500 m (where the break is for the entire population, Figure 17), and 

(12) fractures longer than 500 m. 
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In addition to calculating the entropies for these 12 sets and subsets, the scaling exponents (the 

slopes of the straight lines on the log-log plot), denoted by γ in Equation (3), for each of them 

were calculated. Table 1 also lists for each of the 12 sets the fracture length range (the 

difference between the maximum and the minimum length in a given fracture-length 

distribution). These parameters, namely scaling exponent and fracture length range, were then 

plotted against entropy so as to test the correlation.  

The results (Figure 25) show strong statistical correlation between entropy and the two 

parameters. The coefficient of determination, R2, between entropy and scaling exponent is 

0.828, that between entropy and fracture length range is 0.8961. The coefficient of 

determination is a measure of how much variation in the dependent variable (when two are 

related) can be explained (or predicted) in terms of variation in the other independent variable. 

Thus, here, 89.6% of the variation in entropy can be explained in terms of fracture-length range, 

whereas 82.8% can be explained in terms of scaling exponent. 

The correlation between entropy and length range shows that the highest coefficient of 

determination in that length range can account for nearly 90% of the entropy variation. This is 

understandable since entropy is not only a measure of disorder, as commonly presented, but 

also a measure of spreading. For a statistical distributions of the types discussed here, spreading 

relates to how dispersed the distribution is. And, normally, the longer the tail, and therefore the 

range, the more dispersed is the distribution. Furthermore, as the tail becomes longer and flatter 

the distribution more and more approaches the shape of a uniform distribution. Uniform 

distributions, where, for a discrete distribution such as here, all the bins have the same height, 

have the highest entropy. The high correlation between entropy and length range is therefore 

to be expected and are, indeed, observed (Figure 25). 

 

Figure 25.  Correlation between some of the data shown in Table 1. The focus is on the tectonic fractures for 

which many populations and subpopulations exist, namely those of the Vogar and Thingvellir fissure swarms, but 

for all fracture data the other fissure swarms (at Myvatn and Husavik) are included, bringing the total number of 

tectonic fracture data sets to 12. The correlation indicates that entropy increases with (a) increasing scaling 

exponent and also (b) increasing range of fracture length. The 3 data sets of dike (Table 1) are not plotted – 

because they are so few – but they show a similar increase in entropy with increasing scaling exponent and length 

range. While the coefficients of determination (R2) are high, it should be taken into account that the data point 

group into three main clusters, with few datapoints in between them.  
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The correlation between entropy and scaling factor also shows a very high correlation, that is, 

some 83% of the variation in entropy can be explained or predicted in terms of variation in 

scaling exponent. This correlation can be understood as follows. As a fracture network (such 

as a fissure swarm) grows, the associated material damage increases. Rock-physics 

experiments indicate that as the damage grows in specimens under loading (before a through-

going failure), the scaling exponent increases. For example, Xie [20] showed that as the fracture 

networks in marble and sandstone specimens expand during loading before specimen failure 

the scaling exponents increase from 1.7 to 2.5 (marble) and 2.7 to 2.9 (sandstone). Other 

experimental results that as the material damage increases, the entropy increases [77,78].  

9.2 Dike swarm  

Using Equation (42) the entropy of the studied dike swarm (Figure 19) was calculated. In 

contrast with the fissures/tectonic fractures, where the date came from 4 swarms, all the dike 

data is from a single swarm. It follows that the dike data, in contrast with the fissure data, 

cannot be separated into many subsets for which the entropies can be calculated. Based on the 

break in the slip on the bi-logarithmic plot of the dike-length data (Figure 20), 3 sets/subsets 

can be recognised. The sets are: (1) all the dikes, where the length range is from 26 m to 8948 

m, (2) dikes in the length range from 26 m to 1000 m, and (3) dikes in the length range from 

1000 m to 8948 m.   

The results as to entropy, scaling exponent, and length range are given in Table 1. They show 

that the entropy and scaling exponents are high for all the dikes as well as for the dikes longer 

than 1000 m, but much lower for the dikes of less than 1000 m in length. These results are 

generally in harmony with the results obtained for the fissure swarms (Table 1). This means 

that the entropy of the dike populations increases with scaling exponent and length range, 

although at a somewhat different rate from that of the fissure populations. This is as expected 

because the mechanics of dike emplacement is different from the mechanics of tension fracture 

formation and, in particular, different from the mechanics of fault formation [1,3,65].   

More specifically, faults are generated by shear stresses whereas dikes are the result of normal 

stresses and these, in turn, relate to the magmatic overpressure that drives the dike propagation. 

Even if tension fractures are formed by (negative) normal stresses, there is a difference between 

the mechanics of formation and development of tension fractures and the mechanics of 

formation of dikes. First, the overpressure rupturing the rocks during dike propagation is 

commonly much higher than the tensile stress generating tension fractures. This follows 

because the overpressure depends on buoyancy which, when positive, can generate 

overpressure and therefore stress that is higher (in part of the dike) than the tensile strength of 

the rock. By contrast, the tensile stress that generates tectonic tension fractures is often 

generated directly by plate-tectonic forces (the spreading vector, Figure 1), commonly builds 

up slowly, and then cannot exceed the tensile strength of the rock. Second, many dikes in the 

studied swarm are multiple, that is, formed through many magma injections into the same dike-

fracture [65]. During each injection, the overpressure in a large part of the dike (but not at the 

dike tips) may be well above the tensile strength [3]. While existing tension fractures may grow 

(expand) during rifting episodes, their existence means that they grow at applied tensile stress 
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that is normally lower than the tensile strength of the rock. This is because high tensile stress 

concentrations at the tips of an existing tension fracture implies that it can grow even when the 

applied tensile stress is much lower than the tensile strength [3].  

An additional factor that implies different relationships between entropy and the other studied 

parameters for fissure swarms and dike swarms is the location of the outcrops. Here the dike 

swarm is located in basaltic lava flows of age 12-14 Ma. By contrast, the fissure swarms are 

located in Holocene lava flows mostly of age 9-12 thousand years.  Furthermore, the dikes are 

exposed in an eroded lava pile, so that they are mostly at 300-800 m below the original surface 

of the lava pile (Figure 19). The fissure swarms, however, are exposed at the surface of the 

Holocene lava flows. Thus, while both types of swarms are hosted by basaltic lava flows, those 

that host the Holocene fissure swarms are at the surface of the active volcanic zones (Figure 

16) and thus with different elastic properties from those that host the dikes. In particular, the 

lava flows hosting the dikes, being located at 300-800 m depth, are likely to have had a 

somewhat higher average Young’s modulus (be stiffer) than the surface lava flows hosting the 

fissures.  

9.3 Explanation of the entropies  

The results show that entropy increases with increasing scaling exponent and length range of 

the fissures and dikes (Figure 25; Table 1). When we look further into the relationships (Figure 

25), the following aspects are noticeable and can be explained, partly at least, as follow.  

1. The scaling exponent of the larger fissures/dikes in each swarm is always much larger 

than the scaling exponent of the shorter fissures/dikes and somewhat larger than that of 

all the fissures/dikes in that swarm. I suggest that this is primarily because the 

logarithm-transformation compresses the data. For example, the distance between 1 and 

10 (0 and 1 on the logarithmic scale) is the same as the distance between 10 and 100 (1 

and 2 on the logarithmic scale), or the distance been 100 and 1000 (2 and 3 on the 

logarithmic scale). Thus, the long-fissure/dike part (the tail) becomes compressed 

resulting in a steeper slope of that part than of the short-fissure/dike part. The steeper 

the slope, the higher is the scaling exponent.  

2. The calculated entropies of the long-fissure/dike parts of the sets are also much higher 

than those of the short-fissure/dike parts of the sets and, in fact, somewhat higher than 

those of the all the fissure/dikes in each particular swarm. I suggest that this is primarily 

because the long-fissure/dike parts – the tail parts - are those that are closest to being 

uniform distributions. Uniform distributions, which for discrete data mean that all the 

bins with the same class limits (widths) are of the same height, have the highest entropy. 

By contrast, the bins of the short-fissure/dike parts of the distributions have widely 

different bin heights, that is, are peaked, and thus with low entropy. The distributions 

of all the fissures/dikes in a swarm include both the peaked part (the short-fissure/dike 

part) of the distribution as well as the more uniform tail part (the long-fissure/dike part) 

and therefore have an entropy that is somewhat lower than that of the more uniform 

long-fissure/dike parts. 
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10. Application  

We have now seen that the tension fractures, normal faults, and dikes in the studied fissure 

swarms and dike swarm in Iceland show statistical size distributions where small elements are 

much more common than the large ones. In particular, all the distributions show long tails into 

the part of the distribution presenting the large (long) fissures/dikes (Figures 17, 20, 23, and 

24). The data can be modelled both by power functions/laws (Figures 17 and 20) and 

exponential functions/laws (Figures 23 and 24). Power-law distributions belong to the class of 

heavy-tailed statistical distributions whereas exponential-law distributions do not. However, 

when applied to fissures and dikes, both fit with distributions where the number of short 

fissures/dikes is many times greater than that of long fissures/dikes. There are various ways to 

test in detail which functions provide a better fit [55,56]. Here, however, the focus is on 

explaining the geology and the physics that can led to such size distributions.  This will be 

done, first, by using aspects of statistical mechanics as relates to microstates and states of stress; 

second, by applying the concept of stress-homogenisation; and, third, through considerations 

of the energy input received by fissure swarms and dike swarms.  

10.1 Stress states as microstates 

When considering the statistical size distribution of fissures and dikes, we considered the bins 

(whose central tops are marked as points in Figures 17, 20, 23 and 24) as microstates. Since  

microstates refer to specific configuration of a thermodynamic system, we can here extend the 

use of the concept of a microstate to stress states in the crustal segment hosting a fissure swarm 

or a dike swarm (or both).  

Consider a crustal segment in an active area such as the rift zone of Iceland (Figures 1 and 16). 

The segment is subject to loading (plate-tectonic forces, magma accumulation in shallow 

chambers and deep-seated reservoirs and slight doming, Figures 1, 2, and 4). What is the most 

likely state of stress in the crustal segment? Given the heterogeneity and anisotropy of rocks, 

including various layers and contacts between layers with different mechanical properties, the 

most likely state of stress is heterogeneous. For a large fracture to develop, the stress field in 

the hosting body must everywhere be basically the same, that is, homogeneous and favour the 

propagation of that mechanical type of fractures. However, for such a body at any given instant, 

the probability that the state of stress is heterogeneous is much higher than that the state of 

stress is homogeneous and favourable to the propagation to the type of fracture under 

consideration. This follows because there is an enormous number of possible heterogeneous 

stress states in a given rock body at a given time, while there is basically only one stress state 

that is homogeneous and favourable to the propagation of a given fracture type. 

This observation can now be related to the microstates of a thermodynamic system. From 

Equations (21-26) we know that the probability of occurrence )(P of a given microstate 

depends on energy   associated with that state. We see from Equations (21, 23, and 26) that 

the probability or frequency of microstates is a negative exponential function, known as the 

Boltzmann distribution. In terms of stress states, we may regard the size distribution of a stress-

homogenised rock volume as initially following Boltzmann distribution, so as to be a negative 
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exponential function. This means that in an overall heterogeneous stress field of the crustal 

segment comprises numerous fields of various sizes within each of which the stress field is 

locally homogeneous but different from the adjacent fields. 

Based on the negative exponential distribution (Equations 21, 23, and 26), we would expect 

that the size distribution of the homogenised rock volumes to follow such a distribution. This 

would mean that the great majority of rock volumes (forming parts of the rock body under 

consideration) would be very small. So if fractures were initiated or existing ones reached the 

condition of extension in one or several such volumes (constituting a part of the considered 

rock body) then the fractures would soon enter rock volumes with unfavourable stress states 

and become arrested – and thereby remain confined to the small volume and thus remain short. 

Formally, this may be regarded as an explanation as to why short fractures are so very common 

and long fractures so comparatively rare. 

10.2 Stress-homogenisation  

How are large fractures then generated? The primary answer is: through stress-homogenisation 

within large rock volumes. For a rock fracture to propagate through a rock body, the stress-

homogenised body must have a state of stress that is everywhere favourable to that mechanical 

type of rock fracture. This means that the orientation of the principal stresses must be 

favourable to that particular type of fracture. Stress-homogenisation of a large rock volume 

located in a tectonically active area normally takes some time, but the exact time depends on 

the rate of loading or energy input into the rock body and the mechanical properties of the 

body. If the rate of loading is high and the mechanical properties of the body comparatively 

similar, then the stress-homogenisation can take (geologically speaking) short time. But at 

normal geological loading rates, such as associated with plate movements, the stress-

homogenisation may take years, decades or centuries.  

The process of stress-homogenisation is commonly reflected in slip on or opening of small 

fractures. While part of the fracture slip is aseismic, there is normally seismic activity 

associated with the process of stress-homogenisation [51]. More specifically, aseismic and 

seismic slip on existing and new fractures gradually decreases stress differences in larger and 

larger volumes, thereby making these volumes stress-homogenised. This is in harmony with 

the well-known observation that low-magnitude seismicity in an area commonly precedes large 

earthquakes. Furthermore, rock-physics experiments show that acoustic (seismic) 

microcracking precedes the zone that eventually develops into a larger fault [3]. In the case of 

a large existing fault, the core and the damage zone (Figure 26) become stress-homogenised 

before a large-scale failure and a large earthquake.  

Similar observations have been made in volcanoes. Commonly, there is seismicity in a volcano 

during unrest period prior to dike injection and propagation [79]. This seismicity helps stress-

homogenise a potential path for a dike towards the surface [80,81]. In the case of multiple 

dikes, however, the potential path is already stress-homogenised [65].  

The normal stress-state heterogeneity and the need for stress-homogenisation prior to large 

events, such as large fault slips and dike-fed eruptions, are partly the reasons for the statistical 
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size distribution of fractures. Equations (21, 23, and 26), however, predict negative exponential 

size distributions. While these may fit many of the size distributions (Figures 23 and 24), some 

distributions may equally well, or better, fit power laws (Figures 17 and 20). While power laws 

are generally not well understood in terms of the underlying physics [28,56] and presumably 

originate through many different mechanisms, it is worth looking briefly at the possibility of 

negative exponential distributions of fractures evolving into a heavy-tailed distribution such as 

a power law.  

 

 

Figure 26.  As a fault zone develops, its core and damage zone generally increase in thickness. The example 

presented here is a sinistral strike-slip fault zone. Also shown are the internal structure of fault zone, the damage 

zone being characterised by fractures, whose frequency varies across the zone, whereas the core is characterised 

by breccia (and gouge and clay) and other particulate materials. The schematic associated variation in Young’s 

modulus is indicated. Modified from [3]. 
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As large faults develop, their cores and damage zones expand (Figure 26; [3]). The damage 

zone, especially close to the core, contains numerous fractures. The core is mainly composed 

of particulate materials, that is, porous materials such as breccia, gouge, and clay. Both the 

highly fractured innermost damage zone and the core are, because of their numerous small 

fractures and (for the core) cavities, more easily stress-homogenised than the hosting crustal 

segment in general. It follows that once one or several major faults have formed, it is easier to 

generate larger slips, which results in still further growth of the faults [82]. This means that an 

exponential length-size distribution (Figure 23) shifts to the right, thereby becoming heavy-

tailed and, perhaps commonly, a power law (Figure 17).  

Multiple dikes have similar mechanical effects to those of fault zones. When a dike path is used 

again and again, forming a multiple dike [65], the increasing dike thickness commonly results 

in increasing dike length as well (Figure 21). This means that as a dike swarm evolves, then if 

it contains many multiple dikes, as is the case of the present dike swarm (Figure 19), the length-

size frequency distribution of the dikes may shift to the right, generating a heavy-tailed 

distribution and, as in the case of fissures, commonly a power law (Figure 20).  

These considerations regarding the shift to the right so that an initial negative exponential law 

of length-size distribution, as is proposed here for fissures and dikes through the development 

of larger fault zones with thick cores and damage zones and the formation of multiple dikes, 

do not constitute a formal explanation for the generation of power-law fracture size 

distributions. As indicated above, there are presently no generally accepted formal explanations 

for the generation of power-law size distributions. But, for the fissure swarms and dike swarms 

analysed here, the consideration above may, when formalised in terms of a proper physical 

theory, offer a plausible explanation.  

The present concept of stress-homogenisation implies that the state of stress along a potential 

fracture propagation path – or a renewed rupture along an existing fracture – must be 

everywhere essentially the same and favourable to the given type of fracture. The numerous 

new small-scale fracture ruptures, or slips or openings on existing fractures, which are 

necessary to homogenise the stress field prior to large-fracture propagation or slip imply that 

considerable energy must be used before the state of stress is favourable for the large-fracture 

propagation. While part of the energy that is used for small-scale fracturing and slip does work, 

some of the energy is dissipated through heat (primarily due to friction) and that part of the 

available energy may be regarded as entering the TS term in Equation (15). Since the Helmholtz 

free energy, F, available to do work is the internal energy U minus the TS part, the larger the 

energy that is dissipated though the TS term, that is, while the stress field responsible for the 

eventual large-scale fracture propagation, the greater will be the need for further energy input 

into the system to provide the work necessary for the large-scale fracture propagation.  

10.3 Energy for large-scale fracture propagation  

From the first law of thermodynamics (Equation 8) it follows that the change in internal energy 

dU of a thermodynamic system is due to heat dQ being added to the system and work dW being 

done on the system. When the thermodynamic system is a fissure swarm or a dike swarm, both 
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of which are located within a volcanic rift zone, the heat added to the system is primarily that 

due to magma chambers or reservoirs and brought closer to the surface through dikes. The 

work done is primarily due to plate tectonic forces, although doming may play a role.  

For reversible and irreversible processes in a closed system, Equation (14) gives the 

infinitesimal change in internal energy dU as a function of temperature T, pressure p, and 

infinitesimal changes in volume dV and in entropy dS. When applied to an open system, a term 

allowing material exchange between the system and its surroundings is added so that Equation 

(14) becomes: 

dNpdVTdSdU +−=                    (52) 

where N is the number of particles (constituting the material, here the rock) added to the open 

system and μ is the associated amount of change in the internal energy of the system –  referred 

to as the chemical potential [75,83,84]. Fissure swarms and particularly dike swarms are open 

thermodynamic systems in that they exchange both energy and materials with their 

surroundings. For the present analysis of the energy budget, however, the addition of material 

to the system during fissure swarm/dike swarm development is not considered. Rather, the 

focus is on the heat added to, and particularly the work done on, the system. 

While heat added to system contributes to the internal energy, most of the heat is lost through 

the TdS term (Equations 14 and 52), that is, is dissipated as entropy. The added internal energy, 

which is the main energy input, is the term pdV (Equations 14 and 52). Recall from Equation 

(13) that –pdV = dW, so that the infinitesimal reduction in volume (hence the negative sign) 

times the pressure (here of a gas) is equal to the infinitesimal work dW done on the system (in 

compressing the gas). Even if this is derived for gas, the results are general and, as indicated 

for Equations (14) and (52), applicable to both reversible and irreversible processes. But the 

work done on the system can be related to the energy available to do work, here to develop 

rock fractures in fissure and dike swarms, through free energy. 

Based on this, Equation (15) gives a crude indication of the energy available to drive fracture 

propagation during the evolution of dike and fissure swarms. Equation (15) presents the 

Helmholtz free energy, given by TSUF −= .  But we have already concluded that the TdS term 

in Equations (14) and (52) makes negligible contribution to the energy available to drive 

fracture propagation, so that with constant temperature, the main energy available to do work 

and thus to drive fracture initiation and propagation is the Helmholtz free energy as given by 

Equation (19), namely dF = dW.  

What are then the main sources of free energy to drive fracture development in fissure swarms 

and dike swarms at divergent plate boundaries such as in Iceland (Figures 1 and 16)? The main 

continuous source is the force represented by the spreading vector. The spreading rate in 

Iceland varies from about 1.79 cm yr-1 at the intersection with the Husavik-Flatey Fault to 1.85 

cm yr-1 at the location of the South Iceland Seismic Zone, with an average spreading rate of 1.8 

cm yr-1 [69]. Another source is slight doming of parts of volcanic systems due to magmatic 

pressure changes in the associated reservoirs. The third source, which is directly related to 
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combined effects of the plate-tectonic spreading vector and magmatic pressure changes in a 

reservoir, is regional dike injection and induced stress and strain changes. 

All these processes result in crustal extension. For the doming, the extension is confined to the 

upper half of the crustal segment (the roof) above the reservoir [19,85], but for the plate-

tectonic force and regional dike injection, the extension is from the surface and down to the 

magma reservoir (Figures 2 and 4). The long-term combined overall effects are due to the 

above spreading or extension rates. However, the volcanic systems in Iceland overlap to a 

certain degree – much in some part of the rift zone and less in other parts (Figures 1 and 16). 

In many parts of the rift zone the amount of spreading taken up by a single volcanic system is 

about half the average spreading, and thus about 1 cm yr-1.  

The total strain energy that accumulates in a rock volume around a potential or existing fracture 

before its initiation/propagation is given as stress × strain × volume and has the unit of joule 

(J). Consider first the strain energy per unit volume U0, which may be presented as [1,3]: 

 

= V

ijij
dVU

2
0


                                                                                                                (53) 

 

Here σ is stress and ε is strain (their components are indicated by the subscripts ij), and dV is 

the unit volume of the strained part of the rock hosting the fissure/dike swarm. In the interest 

of simplicity, we now drop the subscripts ij and then use Hooke’s law,  E= , where E is 

Young’s modulus, to recast Equation (53) in a form that gives the total strain energy U, namely:   

 

V
E

VEV
U

222

22


===                                                                                                   (54)    

 

where V is the strained and stresses rock volume hosting the particular fissure/dike propagation 

under consideration. This strain energy is partly used to form the two new fracture surfaces 

(surface energy) during fracture propagation. Partly, however, the strain energy is used for 

microcracking and plastic deformation in the process zone at the tip of the propagating tectonic 

fracture or dike [1,3].  

 

Let us now make a crude estimate of the strain energy released during tension-fracture 

propagation in a fissure swarm (Equations 47-49). At the time of fracture initiation and 

subsequent propagation, the tensile stress at the site of fracture initiation must reach in-situ 

tensile strength of the rock. While the in-situ tensile strength of rocks ranges from about 0.5 to 

9 MPa, it is commonly in the range of 2-4 MPa [3]. We therefore use the value of 3 MPa for 

the tensile stress σ (we omit the minus sign, considering only the magnitude of the stress).  

 

Consider first the strain energy density per unit thickness U1 released during the formation of 

a tectonic tension fracture (mode I crack) of half-length a. For plane-stress conditions (the 
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fractured unit or layer is thin in comparison with its lateral dimensions), then Griffith’s analysis 

yielded the following result [3]: 

 

2
2

1
2

a
E

U 


=
                                                                                                                                              (55) 

 

For plane-strain conditions (the thickness of the fractured unit or layer being similar to or 

greater than its lateral dimensions), then we have:  
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                                                                                                            (56) 

 

Here ν is Poisson’s ratio and all the other symbols are as defined above. Since we are dealing 

with slow (spreading-rate) accumulation of stress (and strain) before fracture initiation and 

propagation, we use the static Young’s modulus (rather than the dynamic one). For the 

uppermost 0.5 km of the active rift zone in Iceland, the static Young’s modulus is about 7 GPa 

and Poisson’s ratio about 0.25 [86]. For a tectonic tension fracture the length (strike-dimension) 

is generally shorter than 500 m. This follows from the ‘break’ in the slopes on the log-log plots 

being between 300 m and 500 m (Figure 17). Using the average value for the breaks, the 

common maximum length of tectonic tension fractures would be 400 m, so that the half-length 

(half strike-dimension) a is then 200 m. 

 

Substituting the above values into Equations (55) and (56) we get the released strain energy 

per unit thickness of a fracture-hosting layer as 8.1 × 107 J (for plane stress) and 7.6 × 107 J 

(for plane strain). This is the strain energy release per unit thickness; in the SI system used here 

the unit thickness is 1 m. Since tension fractures rarely reach depths greater than several 

hundred metres, and a maximum depth of around one kilometre, we can take 1000 m as the 

maximum dip-dimension (height) of the fracture. Then the maximum total strain energy U 

released during the fracture formation becomes 8.1 × 1010 J for plane stress and 7.6 × 1010 J for 

plane strain. These results compare well with those obtained from Equation (49) for the energy 

release rate for propagating tension fractures [87,88]. 

 

For calculating the strain energy released during the propagation of a regional dike, there are 

several parameters that are somewhat different from those used for the tectonic tension fracture 

above. First, for a dike the driving pressure or overpressure po should be used instead of the 

tectonic tensile stress. Second, a regional dike has commonly much larger dimensions than a 

tension fracture; in particular, the dike extends down to its source reservoir which may be at 

the depth of 10-20 km. It follows, that the average Young’s modulus to be used is higher than 

the comparatively low Young’s modulus at the surface of an active rift zone – which was used 

for the tectonic tension fracture above.  

 



52 
 

A long (strike-dimension) dike in the data set from Northwest Iceland is 8 km. There are dikes 

in Iceland that are much longer – several tens of kilometres [16,35] - but here we focus on the 

present data set (Figures 19 and 20). Such a dike is likely to have a dip-dimension (height) of 

at least 10 km, but it may be 20 km or possibly more. As an example, we here assume the dike 

to be 8 km long (strike-dimension) and 10 km high (dip-dimension), very similar in dimensions 

to the dike emplaced during the 2021-2023 Fagradalsfjall eruptions in Iceland [65,89]. Then 

the average static Young’s modulus of the crust is about 30 GPa and Poisson’s ratio 0.25 [86] 

and the magmatic overpressure around 10 MPa (it varies along the dike, but this would be a 

typical ‘average’ value based on typical regional dike aspect ratios in Iceland and other 

considerations). Because the dip-dimension exceeds the strike-dimension, the plain-strain 

equation is the most appropriate to use. Substituting the overpressure for the tensile stress, 

Equation (56) may be recast as: 
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where all the symbols have been defined above. Substituting the above values into Equation 

(57) yields the strain energy release per unit thickness of 7.8 ×1010 J. Since the dike is assumed 

10 km tall (dip-dimension), the total strain energy release during the dike emplacement 

becomes U = 7.8 ×1014 J. 

 

How do these strain energy release values compare with estimates of the accumulated strain 

energy in the part of the fissure/dike swarm hosting the fracture? We can estimate the 

accumulated strain energy available using Equation (54) as follows. For a tension fracture the 

stress relaxation is out to a distance similar to its length [3]. So we take the width of the part of 

the fissure swarm contributing strain energy to the formation of a 400-m-long tension fracture 

as 800 m. Using the estimated maximum depth of the tension fracture as an indication of the 

thickness of the unit hosting the fracture as 1000 m, then only the lateral dimension along 

length of the fissure swarm that contributes strain energy to the fracture development needs to 

be estimated. As a reasonable length we use the same value as the width, so that the surface 

area around the fracture that accumulates strain energy for the fracture propagation is a square 

of length and width of 800 m. This follows also from the stress effects induced by a fracture in 

that large stress effects extend to about the half length of the crack from its tips [3]. The volume 

of the crustal segment accumulating strain energy before fracture formation is then V = 6.4 × 

108 m3 or 0.64 km3.  

 

Substituting these values into Equation (54) yields the accumulated total strain energy in the 

crustal segment hosting the fracture and contributing strain energy to its development as U  = 

4.1 × 1011 J. This is about 5-times greater strain energy than that needed to form the tectonic 

tension fracture (assuming it reaches its maximum possible depth) – and thus sufficiently great 

energy to develop the fracture. The volume considered could be regarded as being somewhat 

larger. For example, there are significant fracture-induced stress changes out to a distance of at 
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least the length of the fracture from each of its lateral tips, in which case the distance would be 

400 m (rather than 200 m as used here) and the volume would then be V = 9.6 × 108 m3 or 0.96 

km3. However, the main purpose of these calculations is to show that enough strain energy 

would be expected to accumulate in a conservatively estimated rock volume around the fracture 

so as to make the fracture development possible. Therefore we use the lower volume estimate.  

 

To calculate the strain energy accumulation for the reginal dike, we use a similar approach as 

for the tectonic tension fracture. Dikes are known to affect crustal stress and strain (or 

displacement) out to a distance of up to several times the length of the dike [81,90,91,92]. Here 

we use the same conservative estimate as for the tectonic tension fracture above and assume 

that the lateral area around the dike available to contribute strain energy during its formation is 

a square of width and length 16 km. Given the dip-dimension of the dike, 10 km, the volume 

of crustal segment accumulating strain energy before dike emplacement is estimated at 2.6 × 

1012 m3 or 2560 km3. Using the values above for Young’s modulus and overpressure, Equation 

(55) - where po is now substituted for σ - then yields the total accumulated strain energy in the 

crustal segment hosting the dike and available for dike propagation as U  = 4.3 × 1015 J. Thus, 

the conservatively estimated accumulated strain energy is again about 5-times greater than that 

needed to propagate the dike, so clearly large enough for the dike propagation.  

 

11.  Discussion and Conclusions 

 

One fundamental question in geology that has still not been properly answered is what factors 

determine the size of a rock fracture. A correct answer to that question would automatically 

allow us to explain the size distribution of rock fractures of any kind. One main reason why 

that question is of fundamental importance is that rock fractures control so many important 

processes in the Earth’s crust. These processes include the transport of all types of crustal 

fluids, such as groundwater, geothermal water, hydrocarbon fluids, and magma. Additionally, 

rock fractures largely control many of the dynamic processes on Earth, including volcanic 

eruptions, tectonic earthquakes, and plate-boundary formation and development 

(Gudmundsson, 2011a).  

 

Here I use examples from fissure swarms and dike swarms in Iceland to analyse the size 

distributions of rock fractures.  The results indicate that the statistical distributions of fracture 

sizes fit reasonably well with both exponential laws and power laws. This is in agreement with 

many other results as regards length-size distributions of tectonic fractures [20-27]. Similar fits 

as to size-distribution laws have also been obtained for displacements (throws) on faults [29] 

as well as opening (apertures) of tension fractures [21].  

Similarly, the suggested fits fore dike-length size distributions are commonly power-laws [30-

32]. Several studies have also been made of the length-size distributions of volcanic fissures, 

which may be regarded as equal to the strike-dimensions of the associated feeder-dikes at the 

surface. These studies generally suggest power-law fits for the fissure/feeder-dike lengths 

[29,39]. Many dike-thickness size distributions fit power laws [16,33,41,42,43] or negative 
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exponential laws [32,47]. In particular, Klausen [47] concluded that for 17 of 21 studied dike-

thickness data sets negative exponential laws provided the best fits – in agreement with the 

present results.  

While the present results are thus in general agreement with those obtained in earlier studies, 

there has not been, so far, any plausible physical theory provided to explain the size 

distributions. In the present paper I show that provided the length-size distribution of fissures 

and dikes can be explained, then the other distributions (opening, throw, dike thickness) follow. 

This derives from the well-established fact that fracture displacement, such as opening-

displacement of tectonic tension fractures, slip on faults, and thickness of dikes, is linearly 

related to the controlling dimension of the fracture. The controlling dimension is the smaller 

one of the dip-dimension and the strike-dimension [3,49]. Thus, is the length-size distribution 

can be explained in terms of a physical theory then the other distributions discussed here would 

follow from the same explanation. 

The physical theory offered here to explain the length distribution of tectonic fractures and 

dikes is based on two main concepts, namely stress-homogenisation and stress heterogeneity. 

For a tectonic fracture or a dike to propagate for a considerable distance, the stress field in a 

large rock body, or a large crustal segment (for very large fractures/dikes), must everywhere 

have essentially the same local stress field. Additionally, that stress field must be favourable to 

the propagation of the mechanical type of fracture under consideration. This means that the 

local stress field within which a tectonic fracture is supposed to propagate must be 

homogenised [51,65,81].  

Given the heterogeneity and anisotropy of outcrop-scale rock bodies, and even more so crustal 

segments, the most likely state of stress in such a body/segment is not homogeneous but rather 

heterogeneous. More specifically, at any given instant when such a body/segment is subject to 

loading, the probability that the state of stress is heterogeneous is much higher than that the 

state of stress is homogeneous. When fractures develop in a heterogeneous stress field, they 

tend to be small. Thus, for large fractures to develop, homogenisation to a state of stress that 

favours the type of fracture under consideration is needed over large rock bodies or crustal 

segments[81].  

Here I apply the statistical-physics concept of a microstate to two aspects the fissure swarms 

and dike swarms, namely their statistical size-distributions and the stress states in the hosting 

rock bodies/crustal segments. For the size-distribution, the bins are supposed to correspond to 

microstates. This allows for the description of the spreading of the bins, and thus the shape of 

the size-distributions (frequency distributions), in terms of statistical physics. In particular, 

using Equation (42) I have calculated the entropies of the fissure swarms and the dike swarm 

and their various subsets (Table 1). The results show strong correlation between the calculated 

entropies for the sets and subsets, on one hand, and the following parameters that characterise 

the sets/subsets: scaling exponent and the range in fracture length. More specifically, the 

coefficient of determination between entropy and scaling exponent is about 0.84, and that 

between entropy and range in fracture length  about 0.90. The results indicate thus indicate that 
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between about 84% (scaling exponent) and about 90% (range in fracture length) of the variation 

in entropy can be explained in terms of these parameters.  

For microstates as stress states, the distribution of such states is here suggested as an 

explanation of the size-distribution of tectonic rock fractures (including dikes). The general 

probability or frequency distribution of microstates is a negative exponential function 

(Equations 21, 23, and 26), named the Boltzmann distribution. I propose that the size-

distribution of stress-homogenised rock volumes also follows the Boltzmann distribution. If 

so, then that distribution would be a formal explanation for the size-distribution of the tectonic 

fractures that form or propagate within the rock body/crustal segment at a given period. This 

follows because if a fracture initiates or is reactivated within a given homogenised volume, 

then that fracture would soon enter volumes with different local stresses that could commonly 

be unfavourable to the propagation to that type of fracture, which would thereby become 

arrested. This means that the fracture size would be limited by the size of the homogenised 

volume within which the fracture forms.  

The size distribution of fractures would therefore also follow the Boltzmann distribution.  

Fracture displacement, either opening displacement on extension fractures (such as tectonic 

tension fractures and dikes) or shear displacement on shear fractures (such as slip or thrown on 

faults) is proportional to the dimensions of the fractures on which the displacement occurs. 

Given that earthquake magnitudes are a function of both fault dimensions and slips, it follows 

that once the fracture-size distribution is explained, then so is the size distribution of earthquake 

magnitudes. 

For a large tectonic fracture to form or propagate, stress-homogenisation over large rock 

volume is needed. This can happen as small-scale fault slip and earthquakes gradually stress-

homogenise larger parts of a rock body or a crustal segment, such as a fault zone or a large part 

of a fissure/dike swarm. In a fault zone, gradual migration of small earthquakes along the zone 

indicates that it is being stress-homogenised [51,81]. Similarly, in volcanic systems and 

polygenetic volcanoes there is commonly considerable seismicity prior to dike injection, 

suggesting that part of the volcano is being stress-homogenised so as to favour dike subsequent 

dike propagation. The earthquake activity and stress-homogenisation can occur through 

loading external to the crustal segment, such as the activity in the roof of a magma chamber 

during inflation driven by increase in excess pressure in the chamber and/or changes in external 

load such as sea-level [1,80]. One common process of stress-homogenisation for dikes is the 

formation of multiple dikes [65,81]. One or several earlier dike injections then homogenise the 

mechanical properties, and thus commonly the local stress field, along their paths, encouraging 

subsequent dike injections to follow the same path.  

Stress-homogenisation may occur in zones or rock bodies that function as elastic inclusions 

[81,93]. An elastic inclusions that has significantly different mechanical properties from the 

surrounding matrix – here the host rock – is commonly referred to as an inhomogeneity [94,95]. 

But in geological context it is often unclear when the difference in mechanical properties 

(mainly Young’s modulus) become significant (say between a  cooling basaltic intrusion in a 
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basaltic lava pile), so here we use elastic inclusion irrespective of the difference in mechanical 

properties between the inclusion and the host rock.  

Even when parts of the host rock ‘matrix’ surrounding major elastic inclusions, such as 

stratovolcanoes, collapse calderas, and intrusions (including large plutons), may itself have 

become stress-homogenised, as seen in numerical models [81,93], the local stress field inside 

the hosted large inclusions may not be homogenised with the matrix/host rock field. Whenter 

inclusion stress-homogenisation is in harmony with that of the matrix depends on the difference 

in the mechanical properties of the inclusion and the matrix/host rock. For example, the local 

stress fields of polygenetic shield volcanoes (basaltic edifices) and lava shields (monogenetic 

basaltic volcanoes) are easily brought into harmony with a host rock stress field, if the latter is 

primarily composed of basaltic lava flows – as is common – but the same need not happen if a 

stratovolcano or a table mountain is surrounded by a basaltic lava field.  

Stress-homogenisation may also have other statistical consequences. When larger rock bodies 

or crustal segments become stress homogenised so as to favour larger tectonic fractures, the 

frequency distributions tend to shift to the right (Figures 17, 20, 23, and 24). While the shifts 

simply extend the tails of power laws (Figures 17 and 20), there is a possibility that they may 

transform exponential laws into power laws. This follows because as longer fractures become 

proportionally more common (when larger rock bodies become stress-homogenised), then, for 

a negative exponential law, the tail becomes longer and more similar to that of a power law. 

There is still a difference between distributions that follow these laws. For example, in an 

exponential law (Equation 5) the base is constant (here the Euler number e) and the exponent 

is the variable. By contrast, in a power law (Equation 2) the base is a variable and the exponent 

(power) a constant. This suggestion is thus not a formal demonstration that exponential laws 

can transformed into power laws. But for the particular power laws related to rock fractures, 

exponential laws transformed and extended to the right (Figures 20 and 24) during to increasing 

stress-homogenisation of rock bodies/crustal segments may be one way in which related power 

laws form.   

There have been several recent works on crustal heterogeneities and earthquakes. While these 

works use very different approach to that used in the present paper, their focusing on the effect 

of crustal heterogeneities on local stresses and earthquakes – and thereby faulting – is relevant. 

Morad et al. [96] focus on the effects of geometric irregularities in fault zones in producing 

heterogeneous stress fields which, thereby, affect fault slip and earthquakes. Lio et al. [97] 

provide numerical models on the effect of stress heterogeneities on the earthquake cycle in the 

Hikurangi-Kermadec subduction zone that extends north-northeast (into the Pacific) from the 

North Island of New Zealand - where the subduction zone transform into the Alpine Fault (a 

transform fault). Schoenball and Davatzes [98] analyse the stress-field heterogeneities using 

borehole data. They conclude that while such heterogeneities are well known and may follow 

self-similar scaling, for a detailed analysis sample volumes of the order of 1 km are needed to 

characterise the details of the stress-field heterogeneities. Huang et al. [99] found evidence for 

mechanical and stress heterogeneities in the Japan subduction zone. In particular, their results 

suggest volumes of near-zero Poisson’s ratios surrounding 1-2-km-sized clusters of 

earthquakes, resulting in local stress heterogeneities. Li et al. [100] analysed numerically the 
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effects of stress heterogeneities in a fault zone on the resulting size of the fault slip and 

earthquake magnitude. In particular, they studied the effects the wavelength in the variations 

in the normal stress on a fault plane and the sizes of the nucleation patch on how and where 

earthquakes nucleate and slip. They conclude that when the normal stress variation is totally 

random, larger earthquakes occur than when the variation in normal stress is smooth. All these 

works, while with a different focus from the present one, indicate that heterogeneous rock 

properties and local stresses have great effects on faulting and earthquakes, in harmony with 

the results presented here. 

In conclusion, the main results of this study may be summarised as follows. 

1. Length-size distributions of 565 tectonic tension fractures and normal faults – referred 

together as fissures - located in Holocene fissure swarms in Iceland show reasonable to 

good fits both with negative power laws and negative exponential laws. Length-size 

distributions of basaltic dikes in regional swarms of Neogene (Tertiary) age in Iceland also 

show fits with negative power and exponential laws.  

2. Based on the calculated coefficient of determination (R2), the non-transformed fissure-

length data show better fit with a power law (R2 = 0.78) than with an exponential law (R2 = 

0.48). The single-line and double-line (regression) fits with the log-transformed (power 

law) and semi-log transformed (exponential law) fissure-length data, however, are similar: 

for the various sets R2 ranges from 0.90 to 0.97 for the power laws and from 0.93 to 0.98 

for the exponential laws.  

3. The non-transformed dike-length data show a much better fit with an exponential law (R2 

= 0.91) than with a power law (R2 = 0.25).  The single-line and double-line fits with the 

log-transformed (power law) and semi-log transformed (exponential law) dike-length data, 

while more similar than for the non-transformed data, also show differences. Thus, for the 

various sets R2 ranges from 0.89 to 0.97 for the power laws but from 0.96 to 0.99 for the 

exponential laws. Thus, the dike-length data generally fit the a negative exponential law 

somewhat better than a negative power law.  

4. Using the thermodynamic concept of Helmholtz free energy and the statistical concept of 

a microstate as basis, the general equation for entropy, known as Gibbs-Shannon entropy 

formula, is derived (Equation 42). This formula is completely general and applies to any 

probability or statistical frequency distribution, including the length-size distributions of 

tension fractures, normal faults, and dikes.   

5. Using the interpretation of Gibbs-Shannon entropy as a measure of spreading in statistical 

size-distributions of dike and tectonic fracture populations, the entropies were calculated 

for 12 sets and subsets of tension fractures and normal faults (the fissures of the fissure 

swarms) and 3 sets and subsets of dikes (in the studied dike swarm). The results show that 

for the sets and subsets of fissures and dikes entropy is positively correlated with the scaling 

exponent and the length range of the power laws. This means that much of the variation in 

calculated entropy of these sets and subsets can be explained in terms of variation in these 

three parameters, namely average length, length range, and scaling exponent.  

6. The highest calculated entropies are those of the subsets of long fissures/dikes. It is 

proposed that these high entropies are because the long fissures/dikes constitute the tail 
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parts of the length-size distributions. The tail parts are those where the size-distribution is 

closest to being uniform. Uniform distributions, which for discrete data such as here are 

characterised by all the bins (with the same class limits or widths) being of the same height, 

have the highest entropy.  

7. The length-size distributions of fissures and dikes are explained in terms microstates as 

crustal stress states and stress-homogenisation. Microstates refer to specific configurations 

of thermodynamic systems. Here they refer, first, to the bins in the statistical size 

distribution of the fissures and dikes and, second, to stress-state distribution in a rock body 

or a crustal segment. The probability of the occurrence of a given microstate depends on 

the energy associated with that state and follows a negative exponential distribution – 

Boltzmann distribution (Equations 21, 23, and 26). The size distribution of local stress 

states within which the stress field is homogeneous is here supposed to follow Boltzmann 

distribution, so that most of the local stress states control small volumes. It follows that the 

overall state of stress in a large body/crustal segment is, with numerous but mostly small, 

local stress states highly heterogeneous. Thus, at any given moment the most probably 

overall state of stress in a large rock body/crustal segment is highly heterogeneous, 

favouring short fissures/dike segments.  

8. For a long fissure/dike to form, a large part of the hosting rock body/crustal segment must 

be stress-homogenised. This means that the state of stress within a large part of the rock 

body is everywhere favourable to a particular mechanical type of fracture, here either a 

fissure or a dike.  Stress-homogenisation in a large rock volume located in a tectonically 

active area is reflected in slip or opening of small fractures. Some fracture slip is aseismic, 

but there is generally considerable seismic activity associated with stress-homogenisation. 

Normally, the process takes considerable time, but the exact time depends on the rate of 

loading or energy input into the rock body and the mechanical properties of the body. If the 

rate is high and the mechanical properties of the body comparatively similar, then the stress-

homogenisation occur over a (geologically) short time. But at normal geological loading 

rates, such as associated with plate movements, the stress-homogenisation may take years, 

decades or centuries.  

9. When a large rock bodies/crustal segments become stress-homogenised so as to favour 

larger fissures/dikes, the frequency distributions tend to shift to the right (Figures 17, 20, 

23, and 24). This means that the tail parts of the size distributions becomes extended, that 

is, proportionally longer. Here it is suggested that shifts of this kind may contribute to the 

transformation of exponential laws into power laws. This follows because as longer 

fissures/dikes become proportionally more common (when larger rock bodies/crustal 

segments become stress-homogenised), then, for a negative exponential law, the tail 

becomes gradually more similar to that of a power law. 
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