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Abstract
When standing water mixes with wastewater, it can create serious public health and
environmental concerns. This scenario is particularly dangerous in densely populated
urban areas with inadequate infrastructure. Such contamination threatens to cause
major public health crises in the Ganga River basin where monsoonal flooding, which is
exacerbated by climate change, converges with 6 billion liters of untreated sewage that
is discharged daily into the river by 650 million people. To prioritize areas of the
watershed for actions ranging from conservation to intervention, it is vital to perform
vulnerability assessments. While the Analytic Hierarchy Process (AHP) is widely
regarded as the standard in decision making methodologies, uncertainties arise from its
dependence on expert judgments, especially when applied to remote sensing data, where
expert knowledge might not fully capture spatial and spectral complexities inherent in
such data. To constrain model uncertainties, AHP alongside a suite of alternative
existing and novel variants of AHP-based decision analysis was applied on remote
sensing data to assess the vulnerability of the river Ganga to pollution. Model outputs
were compared to identify areas where variants may provide additional insights over
AHP, and a composite variable of these results was utilized to robustly define the
vulnerability of the river Ganga to waterway pollution. Together, these analyses located
areas of extreme vulnerability at the nexus of river Ganga and urban landscapes as well
as regions of low vulnerability potentially suitable for conservation efforts or sustainable
development practices to prevent their degradation. This approach contributes to a
more comprehensive understanding of remote sensing data applications in environmental
assessment, and these decision-making variants can also have broader applications in
other areas of environmental management and sustainability, facilitating more precise
and adaptable decision support frameworks in densely populated watersheds.

Introduction 1

India is home to the world’s largest population and most populated river basin: Ganga. 2

While it spans across Bangladesh, Nepal, and Tibet, the majority of the Ganga basin 3
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and its population resides within present-day India. Not only is the Ganga basin 4

densely populated, but it also remains agriculturally productive and receives significant 5

rainfall during the southwest monsoon season (June-September); all three factors 6

compound its vulnerability to pollution and disease vectors. 7

The acute and chronic impacts of human activities on the river Ganga are physical, 8

chemical, and biological [1; 2]. For instance, the Ganga Basin is physically transformed 9

with several barrages (i.e. dams) as well as an extensive irrigation system that diverts 10

the Himalayan discharge away from river Ganga to support agriculture through the 11

basin. Moreover, changes in water chemistry along the river are driven by a variety of 12

factors, including industrial waste and synthetic fertilizer runoff, along the length of the 13

river [3]. Additionally, Srinivas et al. [4] identified 13 threats and challenges impacting 14

the river Ganga that included broad concerns ranging from biodiversity loss to open 15

defecation near the river. To reduce anthropogenic induced threats and increase the 16

overall health of the river basin, river rejuvenation and development must 17

simultaneously address multiple social, economic, and environmental dimensions [5]. 18

In order to prioritize areas of the Ganga basin for actions such as conservation, 19

restoration, intervention, and rejuvenation, it is crucial to perform vulnerability 20

assessments. There are many vulnerability assessment methods, and a multitude of 21

factors, dimensions, and subdimensions may be included in an assessment [6]. Critically, 22

our assessment considers not only the immediate vulnerability of a given area but also 23

the threat to the broader river system posed by potential sources of pollution in that 24

area. This approach properly recognizes that the interaction of pollutants with local 25

geophysical factors creates variation in environmental impacts downstream. 26

The Analytical Hierarchical Process (AHP) is a multicriteria decision making 27

process that combines pairwise comparisons and expert judgements to arrive at its 28

conclusions. Developed by Saaty [7], AHP has been used in numerous applications, 29

ranging from resource allocation and site prioritization to risk assessment and conflict 30

resolution. Climate and geophysical models have proven well-suited for AHP, due to the 31

complexity of decision making under uncertainty with respect to factors impacting their 32

features of interest. For example, Jhariya et al. [8] used AHP in combination with 33

Geospatial Information Systems (GIS), remote sensing, and vertical electrical soundings 34

(VES) to identify potential zones of groundwater using weighted data on geology, 35

geomorphology, rainfall, lineament, LULC (land use and land cover), drainage density, 36

slope, soil type, and soil texture. Using AHP, they were able to estimate the likelihood 37

of groundwater in each zone, with five levels of potential (low, medium, medium-high, 38

high, and very high) with an accuracy of 80%. 39

AHP factors of waterway vulnerability and their Saaty rankings 40

In this study, AHP was used as a characterization scheme rather than a decision making 41

process; hence, factors and their relative rank order of importance were structured to 42

highlight areas that may be vulnerable to pollution with an emphasis on urban 43

pollution. Land use was identified using LULC, a widely recognized direct 44

characterization of land types and includes development such as urbanization and 45

agricultural uses. Urbanization may be directly related to major sources of 46

contamination in water bodies, while agriculture is a major source of nonpoint source 47

pollution including fertilizers and pesticides. Moreover, densely populated areas have a 48

direct impact on surface water quality. For instance, population growth rate and water 49

quality parameters, such as biochemical oxygen demand (BOD) and dissolved oxygen, 50

were highly correlated in a Kelani river watershed in Sri Lanka [9]. Given our emphasis 51

on urban pollution and their direct impacts on vulnerability to pollution, population 52

density (PD) was ranked as the most important factor (1 on the Saaty-scale), and 53

LULC was ranked second with a Saaty-scale value of 2 in relative importance. 54
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Rainfall, slope, and drainage density indirectly impact vulnerability in that they are 55

not sources of pollution, yet they directly influence erodibility and pollution mobility. 56

For example, the runoff from steeper slopes was more likely to carry pollutants into 57

streams than runoff from land use in flatter slopes [10], and effects on water quality 58

originating from land use (agriculture, industrial, and residential) adjacent to water 59

bodies were dependent on rainfall variability [11]. Drainage density (DD) is an indicator 60

of surface runoff processes and direct runoff and pollution transport increase with 61

greater DD [12]. Rainfall, DD, and slope were assigned Saaty-scale values of 4, 5, and 7 62

respectively because rainfall initiates pollutant movement events, slope is an important 63

factor in pollutant transport, and DD influences final distribution of pollutants. 64

Temperature is an environmental determinant of microbial activity and productivity 65

including nuisance algal blooms. For instance, water surface temperature behavior in 66

zones with algal bloom occurrences presented greater significant values, up to 3°C, than 67

those with clearer water [13]. Moreover, seasonal increases of anaerobic bacteria in 68

aquatic surface sediment during summer compared to cool months indicated a depletion 69

of oxygen in the overlying water [14]. Given the absence of high resolution site 70

monitoring throughout the Ganga basin, land surface temperature (LST) was used as a 71

surrogate temperature estimate. LST was assigned the lowest importance among all 72

input factors (9 on the Saaty-scale) because it was expected to have a minor overall 73

relative impact on vulnerability. 74

Potential Shortcomings of AHP 75

While AHP offers numerous advantages in terms of decision making in remote sensing, 76

Munier and Hontoria [15] identified 30 potential shortcomings of the method. Given the 77

importance of accurately understanding vulnerability, we reviewed all the shortcomings 78

of AHP and assessed whether they were applicable for remote sensing data and our 79

particular use case (S1 Table). For instance, the first critique “The Pair-Wise Method 80

and Its Application in AHP” suggested that some problems may not be suited for AHP 81

if their decision space is amorphous with many interrelated factors that have minimal 82

differences in their relative importance. This critique was not applicable for our 83

use-case, since our problem fits well to the AHP architecture. Similarly, the critique 84

around rank reversals, which arise when uncertainty in the decision space is larger than 85

the consistency of rank, was applicable on our use-case since a change in parameter 86

weights might lead to an inaccurate assessment of the vulnerability of the river. To test 87

for this and design a better method, we applied AHP while taking into account the 88

effect of unknown variables (1-N AHP) and Fuzzy AHP as diagnostic analyses. To 89

summarize, all the applicable shortcomings were addressed with the following 90

approaches: Analytic Network Process (ANP) [16], Fuzzy AHP [17] , AHP with 91

non-linear parametric influence (Nested AHP), 1-N AHP, and Fuzzy AHP while taking 92

into account the effect of unknown factors (Fuzzy 1-N AHP) (S1 Table). 93

In this paper, we apply AHP to our remote sensing datasets to assess the 94

vulnerability of the river Ganga to pollution loads along a 1,330 km stretch of the river. 95

We cover the problem formulation, results and inferences of AHP. We also include a 96

deep-dive on each shortcoming of AHP in the context of Climate Modelling, addressing 97

the list set forth by Munier and Hontoria [15]. We share whether each shortcoming was 98

applicable to our problem statement, while suggesting and attempting alternative 99

solutions to counteract the shortcomings. Through this dialogical process, we have 100

arrived at two novel decision making approaches inspired by AHP, namely Nested AHP 101

and 1-N AHP. The methodological contributions of this research are, at one level, these 102

new variants of AHP we propose; and at another level, the demonstration of how 103

incremental evaluation of the AHP process and its shortcomings relative to a given 104

problem can reveal application-specific permutations of the original. Finally, we report 105
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the pollution vulnerability evaluation of the river Ganga produced by these processes. 106

Methods and Data 107

Study area and data source 108

The area of analysis (26,609.4 km2) is a 20 km zone extending 10 km on both sides of 109

the main channel of river Ganga from Haridwar, Uttarakhand, where it makes its 110

debouche from the Siwalik Hills into the Indo-Gangetic plains to its confluence with 111

river Ghaghara at Sitab Diara, Uttar Pradesh, India (Fig 1). 112

Fig 1. Ganga Inset Map This map shows the Ganga Basin, in gray, and the buffer
region, in blue, which is the scope of our paper. The 20 km buffer zone extends 10 km
on both sides of the main channel of river Ganga.

The change in elevation along this 1,330 km stretch of Ganga is from 314 m to 76 m 113

above mean sea level. Data from Landsat-8 (Level 2, Collection 2, Tier 1; pixel 114

resolution, 30x30m) and other sources (S2 Table) were used to assess vulnerability in 115

the area of analysis include slope, drainage density (DD), land surface temperature 116

(LST), rainfall, land use/land cover (LULC), and population density (Fig 2). The 117

drainage density and center line for the river Ganga were both derived from a digital 118

elevation model (DEM) of the watershed using typical GIS hydrography processes, as 119

previously described by Rahaman et al. [18]. Streams were extracted from NASADEM 120

data as a vector format Shapefile using the R programming language, Whitebox, Terra, 121

and sf packages. Lower order streams were removed to obtain the main Ganga river 122

centerline with ArcGIS Pro. The Ganga center line down-river of the Uttar Pradesh 123

border was removed, and the 20 km zone was established as a buffer around this 124

shortened centerline within the river Ganga. 125

Fig 2. AHP Factor Layers Visual representation of the data used in the calculation
of AHP. AHP factors Population Density (a), Annual Rainfall (c), Drainage Density (d),
Slope (e), and Land Surface Temperature (LST) (f) were divided into extreme low to
extreme high using natural breaks. AHP factor Land Use Land Cover (LULC) (b) was
separated by land use class. Factor classes were based on natural breaks. Factor
classification indicates how much impact each variable has on vulnerability.

Analytical Hierarchy Process (AHP) 126

To categorize the vulnerability of the area immediately around the river Ganga and to 127

identify potential locations to implement our remediation strategies, we applied the 128

AHP on Remote Sensing and other geospatial data as previously described by Jhariya et 129

al. [8]. Environmental, topographical, and anthropogenic factors were ranked from 130

equal importance to relatively greatest hierarchical importance across the full breadth of 131

the 9-point Saaty scale based on their likelihood of impacting vulnerability. A pairwise 132

matrix constructed from these ranked factors and their reciprocal values were used to 133

estimate a mean normalized weight for each factor (S3 Table). These normalized 134

weights were applied to each of five factor classes that were identified by natural breaks 135

in the data using the Jenks method. LULC categories were numerically scored as 136

vulnerability criteria based on their linkage to pollution. Lastly, overall vulnerability per 137

pixel was determined from the sum of the factor vulnerability scores. Additional details 138

describing factor rank orders, pairwise comparison matrices and their weights, as well as 139

Jenks natural breaks are provided in Supporting Information (S1 Text and S2 Text). 140
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If: 141

• W is the 1x6 row vector of AHP weights: 142

W =
[
w1 w2 w3 w4 w5 w6

]
(1)

• X(p) is the 1x6 row vector of parameter values at pixel p for the six factors: 143

X(p) =
[
x1(p) x2(p) x3(p) x4(p) x5(p) x6(p)

]
(2)

We calculated the predicted vulnerability for each pixel by multiplying each factor’s 144

parameter value by its corresponding AHP weight i.e. the dot product of the vector W 145

with the transpose of the vector X(p): 146

V (p) = W · X(p)T (3)

Eq (1), (2) and (3) were used to create the vulnerability map of the Ganga buffer 147

region. We used Google Earth Engine to multiply the AHP weights with the bucketed 148

values for each layer at each pixel and aggregated them to get our final vulnerability 149

scores for the entire Ganga buffer. More information about the Remote Sensing 150

datasets we used on Google Earth Engine can be found in S2 Table. 151

Diagnostic Analyses 152

Nested AHP 153

We performed the AHP analysis under the assumption that while each parameter 154

contributes to the vulnerability differently, the contribution of each parameter to 155

vulnerability was linear in nature i.e. areas where the value of a parameter was 5 156

contributed to the vulnerability 5 times more than areas where the value was 1. This is 157

an overly simplified approach; hence, we created a pairwise matrix for each factor, using 158

the bucketed values for the parameters, and performed AHP on each parameter with 159

itself, to create the Nested AHP approach (S3 Text). 160

Fuzzy AHP 161

Fuzzy Analytic Hierarchy Process (Fuzzy AHP), as introduced by Saaty [17] is an 162

extension of the classic AHP that incorporates the fuzziness (probabilistic 163

alterations/error) associated with human judgment. By using fuzzy numbers in the 164

rankings, Fuzzy AHP accommodates these uncertainties and thus provides more reliable 165

results. 166

To understand the robustness of our AHP factor rank order results, we utilized fuzzy 167

AHP to see if there was an inconsistency within the results, i.e. if there was a rank 168

reversal between the parameters when we incorporate fuzziness to the values of the 169

AHP pairwise comparison matrix (S4 Text). 170

ANP 171

One of the main limitations of AHP is its inability to adequately capture the 172

interdependencies among criteria and alternatives. To address this issue, Saaty [16] 173

developed ANP, which extends the AHP methodology by accommodating feedback 174

loops and interdependencies among criteria and alternatives. Unlike AHP, which 175

assumes a hierarchical structure, ANP allows for the representation of complex 176

relationships and feedback loops in decision networks. The method utilizes a 177

supermatrix to integrate both local and global influences, providing a more realistic 178
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representation of environments. ANP is widely used to represent interdependent 179

relationships, making it suitable for decision problems with interconnected elements. 180

ANP introduces the concept of contextual weights, enabling decision makers to adjust 181

the importance of criteria and alternatives based on the context of the decision problem. 182

This flexibility enhances the adaptability of ANP to various situations. 183

In a complex system such as the geophysical environment, it is expected that AHP 184

factors will be correlated to one another. While AHP assumes strict independence 185

between criteria at different levels of the hierarchy, ANP allows for both dependence and 186

independence relationships (Table 1) as described previously by Poh and Liang [20]; this 187

flexibility better captures the intricacies of decision networks across natural systems. 188

Table 1. Vulnerability ANP Supermatrixa

Goal Criteria Subcriteria Alternative
outcomes

Goal 0 0 0 0
Criteria (AHP factors) W21 W22 0 0
Subcriteria (vulnerability classes) 0 W32 W33 0
Alternative outcomes 0 0 W34 I

a ANP Criteria were AHP factors, and ANP Subcriteria were AHP vulnera-
bility rankings.
The ANP supermatrix component matrices as follows:

• Relative importance of criteria (AHP factors), W21;
• Inner dependence (As defined by [20]) matrix of criteria, W22;
• Relative importance of subcriteria (vulnerability classes) w.r.t criteria,

W32;
• Inner dependence matrix of subcriteria, W33;
• and Relative importance of subcriteria w.r.t alternatives, W34.

W21 =


0.408
0.268
0.138
0.1

0.058
0.028

 W22 =


0.464 0.233 0.14 0.277 0 0.186
0.271 0.408 0.12 0.098 0 0.077
0.105 0.126 0.662 0 0 0
0.085 0.079 0 0.498 0 0
0.076 0.079 0.078 0.126 0 0

0 0.075 0 0 0 0.737



W32 =


0.572 0.505 0.501 0.642 0.388 0.557
0.207 0.186 0.172 0.157 0.233 0.165
0.114 0.144 0.124 0.071 0.276 0.129
0.057 0.11 0.102 0.065 0.07 0.099
0.05 0.055 0.102 0.065 0.033 0.05

 W33 = O5x5

W34 =


0.56 0.61 0.571 0.483 0.409
0.187 0.203 0.229 0.276 0.273
0.112 0.102 0.114 0.138 0.182
0.08 0.051 0.057 0.069 0.091
0.062 0.034 0.029 0.034 0.045

 I = I5x5

The calculation of each component matrix is available in the “ANP supermatrix
and inner dependence pairwise comparisons” section in the Supplemental
Information (S5 Text).

We generated the ANP supermatrix with the goal to assign pollution vulnerability 189

scores (PVS). Here the AHP Factors, or Criteria were - Population density, LULC, 190

rainfall, drainage density, slope and temperature. The Alternatives were pertaining to 191

the PVS, i.e., extremely high, high, moderate, low, extremely low. The possible 192
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relationship arcs were dependencies, self-loops, and feedbacks. 193

We used the Python library pyanp created by Adams et al [21] to run the ANP 194

Algorithm on the Supermatrix. 195

1-N AHP 196

Another shortcoming of AHP is that, from inside the process, there is no way of 197

knowing for certain if there are any important factors missing from the decision problem 198

parameters. For AHP, our model was considering six factors - Population density, 199

LULC, rainfall, drainage density, slope and temperature. If a fundamental pollution 200

vulnerability factor was missing, AHP would not capture it. 201

To overcome this, we devised an approach named 1-N AHP where we aimed to 202

validate whether the unknown and unconsidered factors are important for our analysis 203

of vulnerability or not (S6 Text). 204

Fuzzy 1-N AHP 205

We have described two approaches to deal with the complex nature of decision making 206

methods for environmental problems. While Fuzzy AHP took into account the potential 207

error in the decision maker’s choice for the values of the pairwise comparison matrix, 208

1-N AHP considered unknown factors which we may have missed while considering the 209

vulnerability of a river. Since both approaches were mutually exclusive, we performed 210

one final test to check the robustness of our results by combining these two approaches. 211

We performed 1-N AHP followed by a fuzzy analysis on the values. First, we used 212

our eight weights (six original weights, plus a weight each for aggregated acute and 213

chronic factors) that we derived from our analysis in 1-N AHP, and applied linear 214

algebra to create our new matrix (i.e. because the AHP vector output is the eigenvector, 215

and the eigenvalue is used to calculate the confidence, we used A = PDP −1 to get back 216

our original matrix A, where P is a matrix of eigenvectors and D is a diagonal matrix of 217

eigenvalues). We then ran Fuzzy AHP on this new 8x8x3 matrix for 100,000 simulations 218

to get the 8x1 size priority vectors. From these vectors, we randomly excluded the acute 219

factors for 97.5% of the cases, and in 75% of the 100,000 cases, the chronic factors were 220

randomly excluded, before checking the rank reversals. This was to account for the 221

probabilities of the presence (or absence) of acute and chronic factors respectively while 222

checking for rank reversals. 223

Results 224

River Ganga vulnerability based on AHP 225

Given our pairwise matrix, we obtained the importance weights of parameters as 0.408, 226

0.268, 0.138, 0.100, 0.058, 0.028 for Population Density (PD), LULC, Rainfall (RAIN), 227

Drainage Density (DD), Slope, Land Surface Temperature (LST) respectively. We 228

multiplied the pixel values for each parameter with their weights to get our final output 229

layer, which represented the vulnerability map of the River Ganga (Fig 3). 230

AHP vulnerability scores ranged from a minimum of 1.001 to a maximum of 4.470 231

with 83.7% of the area being categorized as having extremely low or low vulnerability 232

and 3.5% of the area is highly or extremely high vulnerability (Fig 3(b)). Tier 2 cities 233

(i.e., cities with a population between 50,000 and 99,999 people) on the banks of river 234

Ganga such as Varanasi, Prayagraj/Allahabad, and Kanpur were clearly highlighted 235

with high and extremely high AHP vulnerability scores (Fig 3(a)). Indeed, urban 236

settings that had population densities ≥ 1,100 people km2 typically had vulnerability 237

scores ≥ 2.736. Alternatively, the areas with vulnerability scores ≤ 1.694 were 238
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Fig 3. AHP, Nested AHP, ANP, and Comparison: Ganga Vulnerability Map
& Histogram These figures show the vulnerability scores for AHP (a-b), Nested AHP
(c-d) and ANP (e-f) for the scope of our analysis; the lower values pertained to the least
vulnerable areas while the ones with higher scores were the most vulnerable. Map of
exact values per pixel location (a,c,e) and histogram of binned ranges of values (b,d,f).
The graph in (g) shows the normalized amount each factor class 1, 2, 3, 4, 5 affects the
overall weighted overlay for AHP, Nested AHP and ANP, where blue (circles) represents
AHP, red (squares) represents Nested AHP and green (triangles) represents ANP.

characterized by forest or cropland regions with low human population densities. The 239

annual rainfall in the high elevation regions of the river Ganga generally increased the 240

vulnerability of those regions. 241

Nested AHP and ANP 242

We used Google Earth Engine to multiply the subweights based on the bucketed value 243

for each factor, and multiplied it with our original AHP weights to get our final 244

vulnerability scores for the entire Ganga buffer. The new weights for the six criteria 245

were 0.44264, 0.21335, 0.14490, 0.10835, 0.09076 for each factor class 1, 2, 3, 4, 5. 246

The distribution of vulnerability scores produced with both Nested AHP and ANP 247

were markedly different from the distribution produced with AHP (Fig 3(c-f)). 248

Specifically, Nested AHP resulted in 96.7% of the area scored as extremely low and low 249

vulnerability, which was skewed with a right-tail range that extended 1.8-fold further 250

than AHP. Similarly, ANP exhibited a right-tailed distribution with low vulnerability 251

scores. Despite that, the Tier 2 cities had high vulnerability scores for both ANP and 252

Nested AHP, except for Kanpur, which saw a major reduction in the vulnerability 253

scores. These differences were due to the nonlinear response of factor weights to 254

vulnerability rankings in both methods (Fig 3(g)). Thus, these methods resulted in 255

overall focused, yet dampened, vulnerability-score maps compared to AHP. Despite the 256

additional insights these analyses revealed, the fundamental issue of the extent to which 257

the defined AHP factors adequately encompass the vulnerability space remained. 258

For ANP, the initial values of the “relative importance of subcriteria with respect to 259

criteria (W32)” submatrix were collected from the Nested AHP analysis. To test 260

whether the nonlinearity of this submatrix significantly affected the ANP results, we 261

changed the matrix values from Nested AHP to original AHP. There were only minor 262

changes from the initial ANP results (S4 Fig), suggesting that the nonlinear results of 263

ANP were independent of the submatrix values. 264

1-N AHP 265

When we ran 1-N AHP for the worst case, N = 0.33, we attributed more weightage to 266

the unknown acute and chronic factors than for the average case, N = 0.165. However, 267

due to the low probability of the presence of an acute or chronic factor, the vulnerability 268

scores were lower for the worst case than the average case (Fig 4). Even when we 269

considered the distribution of the result values, we saw that the results for the worst 270

case were more right skewed than the average case, which was more right skewed than 271

the original AHP. From this we can gather that given our assumptions, there was no 272

negative impact of considering unknown factors in our AHP analysis. However, 1-N 273

would positively be able to capture the robustness of AHP results in other contexts, or 274

if the assumptions were altered, and since our acute and chronic layers were purely 275

random across the Ganga buffer, the change in vulnerability values were correlated to 276
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the values of the initial AHP results, and not to any specific remote sensing or other 277

GIS data layers in the analysis. 278

Fig 4. 1 - N AHP Worst case (N = 0.33) and Average case (N = 0.165):
Ganga Vulnerability Map & Histogram These figures show the vulnerability scores
for 1-N AHP when we consider the worst case (N=0.33) (a-b) and average case
(N=0.165) (c-d); the lower values pertained to the least vulnerable areas while the ones
with higher scores were the most vulnerable. Map of exact values per pixel location (a,c)
and histogram of binned ranges of values (b,d).

Fuzzy AHP and Fuzzy 1-N AHP 279

Out of 100,000 Fuzzy AHP simulations, there were 4,433 rank reversals and no 280

simulation had any second-order rank reversal (cases with greater than 1 index being 281

flipped e.g. Population Density and Rainfall) at 95% fuzziness. This implied that there 282

was a 4.43% chance of rank reversals at 95% fuzziness. Of these reversals, the vast 283

majority occurred between the factors Rainfall and Drainage Density (Table 2), which 284

can be attributed to the low percentage difference between their initial values. 285

Table 2. Count of Rank Reversals for Fuzzy AHP out of 100,000 simulations
Reversals between Parametersa Range of Original AHP results Count of Rank Reversals
PD and LULC (0.408, 0.268) 45
LULC and Rainfall (0.268, 0.138) 30
Rainfall and DD (0.138, 0.1) 4233
DD and Slope (0.1, 0.058) 146
Slope and LST (0.058, 0.028) 49

aHere, PD is Population Density, LULC is Land Use Land Cover, DD is drainage density, and LST is
Land Surface Temperature

The simulations with rank reversals were tested to determine their potential impact 286

on vulnerability scores. This was done by running AHP on a sample of 500 from the 287

4,433 cases where a rank reversal occurred, and averaging all the output layers to return 288

the Mean Fuzzy AHP layer (Fig 5(a-b)). Of these, areas that experienced changes in 289

vulnerability due to rank reversals had high Drainage Density, or were areas that tended 290

to receive large amounts of precipitation. 291

Fig 5. Fuzzy AHP Mean, Case 1 and Case 2: Ganga Vulnerability Map &
Histogram These figures show the vulnerability scores for Fuzzy AHP’s Mean case
(a-b), Case 1 (c-d) and Case 2 (e-f) for the scope of our analysis; the lower values
pertained to the least vulnerable areas while the ones with higher scores were the most
vulnerable. Map of exact values per pixel location (a,c,e) and histogram of binned
ranges of values (b,d,f).

We also tested the change in vulnerability for two cases with the biggest rank 292

reversal (i.e., the worst case). There can be two ways with the biggest rank reversals: 293

• Case 1: When there was a rank reversal between the two factors that have the 294

highest weightage (i.e., Population Density and LULC, with the highest delta 295

between the weights). 296

• Case 2: When the difference between the fuzzy AHP results for a simulation had 297

the highest delta with the values of the original AHP factor weights. 298
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For both the cases (Fig 5(c-f)), we saw the distribution skewed to the left as 299

compared to the original AHP, and the vulnerability increased, which was more 300

prominent for Case 2 (Fig 5(e-f)). Due to the high weightage of the parameter, there 301

was a increase in vulnerability scores in the areas with high population density. 302

For Fuzzy 1-N AHP, there were 15,413 rank reversals out of 100,000 AHP 303

simulations, suggesting a 15.4% chance of rank reversals (Table 3). There were around 304

200 second-order rank reversals as well (Table 4). Most of the rank reversals were 305

between the factors Slope and Chronic, followed by Rainfall and DD, similar to Fuzzy 306

AHP. A major contributor to the rank reversals was the closeness of the original AHP 307

weights, leading to a higher likelihood of rank reversals when fuzziness is incorporated. 308

Table 3. Count of First-order Rank Reversals for Fuzzy 1-N AHP out of 100,000 simulations
Reversals between Parameters Range of Original AHP results Count of Rank Reversals
Acute and PD (0.297, 0.27336) 185
PD and LULC (0.27336, 0.17956) 854
LULC and Rainfall (0.17956, 0.09246) 21
Rainfall and DD (0.09246, 0.067) 6054
DD and Slope (0.067, 0.03886) 966
Slope and Chronic (0.03886, 0.033) 7220
Chronic and LST (0.033, 0.01876) 447

Table 4. Count of Second-order Rank Reversals for Fuzzy 1-N AHP out of 100,000 simulations
Reversals between Parameters Range of Original AHP results Count of Rank Reversals
Acute and LULC (0.297, 0.17956) 0
PD and Rainfall (0.27336, 0.09246) 0
LULC and DD (0.17956, 0.067) 0
Rainfall and Slope (0.09246, 0.03886) 5
DD and Chronic (0.067, 0.033) 77
Slope and LST (0.03886, 0.01876) 117

Comparison of analysis scores 309

To compare different approaches and test areas where the predicted vulnerability 310

changes, we normalized the different output layers by standardizing them to follow 311

Normal distributions with a Mean of 0 and Standard Deviation of 1, i.e. Standard 312

Normal Distribution. This enabled us to compare different approaches that had 313

different ranges. Then we subtracted each output layer from the original AHP results, 314

i.e. AHP Vulnerability Score - Variant Vulnerability Score, to get our final distribution 315

of difference layers. While computing these layers, the positive values showed that as 316

per AHP, the areas were identified as more vulnerable than the variant map did, and 317

the vice versa in case of negative values. 318

We compared the results of every other approach with the original AHP results, 319

using AHP as the baseline for checking the robustness of our approaches. We wanted to 320

infer three things from the distribution of difference layers, 1) Which pixel values 321

changed relative to AHP, 2) How much did they change, 3) Were the changed values 322

higher or lower than AHP? 323
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Also, since the effect of Population Density on vulnerability was high, we conducted 324

the same difference test to assess whether the Population Density layer by itself could 325

suffice in assessing the vulnerability of the basin. This tells us how much of the 326

variability of the vulnerability score can be attributed solely to Population Density. 327

To visualize and compare the distributions of differences of the AHP layer with other 328

approaches, we created 3 different map types (S5 Fig). We created Map Type 1 by 329

stretching the colors between the overall min max of all the different approaches, to 330

compare the approaches among themselves. For Map Type 2 we stretched the colors 331

between the local minimum and maximum value of each approach, to make outliers and 332

all instances with high variability (≥ 2 standard deviations (SD)) for each individual 333

map stand out. And for Map Type 3, we stretched the colors between the local 5 334

percentile and 95 percentile for each approach, to prevent the values ≥ 2SD from 335

washing-out the differences in the map. 336

Difference between Nested AHP, ANP and AHP 337

Observing Nested AHP and ANP, we saw a similar pattern of differences with AHP, 338

owing to the non-linear distribution of both the results. While the AHP predicted the 339

vulnerability to be high in Kanpur, ANP and Nested AHP suggest that it would be 340

lower. And the vice versa is seen to be true for Prayagraj/Allahabad and Varanasi, 341

where AHP predicted the vulnerability to be lower than the results of ANP and Nested 342

AHP. 343

Difference between 1-N AHP and AHP 344

Despite the different visualization approaches, there were no major differences for the 345

vulnerability scores of 1-N AHP with AHP. This can be explained by the probabilistic 346

layers of acute and chronic error, and the fact that the factors other than acute and 347

chronic are strongly correlated with the AHP variables. 348

Difference between Fuzzy AHP cases (Mean, Case 1, and Case 2) and AHP 349

In the Mean Fuzzy AHP Case, we sampled some of the simulations, and most of them 350

had a rank reversal between rainfall and drainage density, causing those layers to reduce 351

the robustness of the results. In Case 1 and Case 2, both approaches were in agreement 352

with each other across the latter half of the Ganga buffer, but we see that in the 353

high-altitude areas they were tending in opposite directions. In Case 1 the AHP 354

suggested a higher vulnerability than Fuzzy AHP, primarily affected by Population 355

Density, and in Case 2, Fuzzy AHP returned a higher value for vulnerability scores, 356

owing to the Annual Rainfall variable. 357

Difference between Population density and AHP 358

The differences between the standardized values of AHP and the Population density 359

layers were the highest among all approaches, and there were many areas where there is 360

a non-zero value for this layer. This indicates that AHP is amply influenced by the 361

other parameters and proves the effectiveness of the AHP approaches for creating a 362

good composite variable. 363

Analysis of Variances 364

To compare the predictions for multiple variants at once, we calculated the standard 365

deviation between three approaches: AHP, ANP, Nested AHP for each pixel and 366

visualized them for our region of interest (Fig 6(a)). We noticed that the deviations 367

May 26, 2025 11/25

This manuscript is a preprint and has not been peer reviewed. The copyright holder has made the manuscript available under a  Creative Commons Attribution 4.0 International
(CC BY) license and consented to have it forwarded to EarthArXiv for public posting.license EarthArXiv

http://creativecommons.org/licenses/by/4.0/
https://eartharxiv.org/


were high for the tier-two cities Prayagraj/Allahabad and Varanasi. Varanasi had the 368

highest vulnerability in terms of AHP, but the other variants of AHP brought more 369

emphasis to Prayagraj/Allahabad as well. There were also some high deviations in the 370

high-altitude regions near Rishikesh - a high-population city in Uttarakhand, suggesting 371

disagreements between the approaches. 372

Fig 6. Standard Deviation of Normalized and Composite Layers Standard
deviations of Normalized layers (a) for the approaches AHP, ANP, Nested AHP, where
darker values suggest lower standard deviation, and the lighter values suggest
high-standard deviations. The composite layer (b) that can be used to describe the
vulnerability of the river Ganga. We assign different colors for pixels representing ≥
2SD of each variant, and to showcase the positive and negative instances, we split them
into two charts (c) and (d).

Composite Layer for all Approaches 373

To create a composite layer to capture the effect of each variant of AHP across the river 374

buffer, we took a normalized base layer for AHP, and overlaid the outliers (≥ 2SD) for 375

each of the difference layers for Mean Fuzzy AHP, Nested AHP, and ANP (Fig 6(b-d)). 376

To understand the distribution of the AHP base layer, and the distribution of the 377

difference layers for Mean Fuzzy AHP, Nested AHP, and ANP, we also created the 378

histograms of each layer (Fig 7). In the composite layer, the primary colors (red, blue, 379

yellow) were used to depict the outliers for the individual layers, and secondary colors 380

(orange, green, purple) were used when the effects of two AHP variants were combined. 381

Given that the outliers could be both positive and negative, we also created separate 382

maps for the two. These composite layers can be used as a way to depict a single 383

variable for river Ganga’s vulnerability with the effect of all AHP variants. Through 384

these composite layers, we are illustrating the effect of AHP relative to the unique 385

effects of the variants wherever they disagree with AHP. 386

We also selected four important subsections of the river buffer where the composite 387

variable was effective in capturing the effects of each AHP variation (Mean Fuzzy AHP, 388

Nested AHP, and ANP). There were some small areas near the river body which had 389

high variability between AHP and all three AHP variants. We can see the effect of the 390

combination of two variants in Fig 8 subsection C, where there were a lot of variability 391

for both Nested AHP + ANP (violet) and Nested AHP + Mean Fuzzy AHP (green) 392

variants. 393

Fig 7. Normalized AHP & its Difference with Normalized AHP Variants
Here, (a) shows the Normalized AHP layer with its standard deviation, while the rest of
the figures show the distribution of the differences between Normalized AHP and its
corresponding AHP Variants: ANP, Mean Fuzzy AHP, and Nested AHP. (b) is
Normalized AHP minus Normalized ANP. (c) is Normalized AHP minus Normalized
Mean Fuzzy AHP. (d) is Normalized AHP minus Normalized Nested AHP.

Fig 8. Focused Composite Layers Subsection analysis of the composite variable for
four subsections A, B, C, D, with different panels numbered 1 (all instances of ≥ 2SD),
2 (positive instances), and 3 (negative instances). To cover a range of distributions, we
considered two rural (A, D), and two urban (B, C) subsections. Out of these,
Subsection B has the city Kanpur in them, while subsection C is near
Prayagraj/Allahabad and Varanasi, highly populated areas along the Ganga.
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Discussion 394

In this paper, we aimed to assess the pollution vulnerability levels of the river Ganga 395

using remote sensing datasets. We lacked ground truth data for pollution, making 396

supervised learning algorithms unfeasible, and making it difficult to validate the metric. 397

Gaining confidence around our results was critical, as decisions regarding the river’s 398

ecological health depend on a reliable assessment of vulnerability levels. In order to 399

generate a spatial numeric dataset reflecting the pollution vulnerability of the river 400

Ganga, we utilized the widely used AHP decision making method. 401

Despite the advantages of AHP, it has multiple shortcomings - one being its reliance 402

on expert opinion which might be biased. So we explored existing alternative methods, 403

such as ANP and Fuzzy AHP, and we designed novel variants of AHP, such as Nested 404

AHP, 1-N AHP, and a hybrid Fuzzy 1-N AHP. Each of these approaches offered unique 405

advantages over the original AHP approach, and contributed towards the robustness of 406

our analysis by addressing different shortcomings of the AHP method. 407

For instance, AHP functions under the assumption that the criteria are independent 408

of each other (5.2.8), which is fairly uncommon to achieve in real world scenarios, 409

especially in ecological settings. For this reason, we used ANP to capture the criteria 410

dependencies, and the results of ANP were accommodated into our proposed solution. 411

Another shortcoming being addressed by our approach is that we tested the uncertainty 412

in the decision space (5.2.24) by checking the likelihood of rank reversals using Fuzzy 413

AHP and Fuzzy 1-N AHP, thus ensuring that our solution is robust to uncertainties in 414

the decision space. Within Fuzzy AHP, we introduced another novel methodology which 415

involved using Monte Carlo simulations to get randomized values of fuzziness instead of 416

relying on the domain experts. This way we managed to quickly run a variety of 417

scenarios of AHP while excluding the need of domain experts. Lastly, the “external” 418

influence on decision (5.2.26) is accommodated by expanding to the breadth of all 419

possible factors that might influence the decision space using 1-N AHP. 420

To conclude, we incorporated the variability of these different approaches into a new 421

robust composite variable, one which overcomes the shortcomings of AHP. We can use 422

this ensemble variable as an adaptable and reliable decision making tool to plan 423

remediation methods for the river Ganga. 424

Although this study addressed many of AHP’s known shortcomings, there were some 425

limitations that were not addressed. Of note, the need for multiple technical experts to 426

address the broad range of factors when assigning Saaty rankings is a valid concern. 427

While we are an interdisciplinary group, we are not subject matter experts across all of 428

the fields represented by the AHP input factors. To address this issue, an overall quality 429

metric of the Saaty rankings may mitigate this issue based on the level of expertise and 430

available data (e.g., a quality metric might consist of four levels, ranging from novice 431

opinion to the consensus of subject matter experts). Furthermore, lack of certainty 432

about the importance of alternative criteria and biases during ranking may be addressed 433

by running different scenarios, as long as the decision space is fundamentally partitioned 434

based on an overarching difference due to a given circumstance, and robust data and 435

guidance is provided when rankings are calculated. In addition, vulnerability scores were 436

dependent on remote sensing data resolution (e.g., population density is reported at 1 437

km2 scale) and were context sensitive such that decision spaces may vary depending on 438

the influence, conditions, and/or regulatory as well as technical mitigation potential in 439

different biomes, nations, and jurisdictions to alleviate sources of vulnerability. Finally, 440

dependencies and correlations between or among factors may not be well understood. 441

While this is true, the process is iterative such that the models can be refined as 442

additional data are gathered, factor interactions are clarified, and scenarios are tested. 443

Additional data layers such as GIS-based applications that track impacts may be 444

integrated into the data process to support and hone vulnerability assessments and thus 445
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AHP factor weights as well as improve output resolution and validation. For instance, 446

acute factors may be known unknowns (e.g., mining locations) and unknown/ill defined 447

unknowns (e.g., location and breadth of endangered species habitat). Similarly, 448

potential widespread impacts such as loss of biodiversity and fragmentation of 449

biodiversity richness are chronic factors that were excluded from our AHP vulnerability 450

decision space but may be included in future efforts. Indeed, the approach of sand 451

mining and waste disposal tracked by Bayazidy et al. [22] may be used to identify 452

specific instances of these and other acute factors that require precise and timely 453

identification. In addition, coupling biodiversity and the conservation imperative 454

analysis of Dinerstein et al. [23] with our vulnerability assessment can further prioritize 455

areas for conservation that were scored as low biodiversity and extremely low 456

vulnerability. Moreover, emerging factors may be added as data are collected and the 457

breadth and depth of the decision space grow. For instance, the environmental spread of 458

antibiotic resistance in freshwater is tracked with molecular genetic techniques [24; 25], 459

and coupling these data with their spatial locations can add antibiotic resistance as a 460

vulnerability factor. Finally, high-resolution data from UAV such as that produced by 461

Tripathi et al. [26] during their effort to combine remote sensing with drone data while 462

cataloging riparian vegetation along the Ganga can augment and further refine LULC 463

information to better refine vulnerability scores. 464

Ultimately, networks of models may be brought together to enrich landscape digital 465

twins for design, decision making, and monitoring of real world features of landscapes. 466

These twins become digital representations of natural and built features in landscapes. 467

For river systems, digital twins may consist of riverscapes, the concept that integrates 468

longitudinal characteristics of rivers with their land features [27]. Indeed, the basis for 469

such twins already exists in regions prone to flooding. For instance, Nested AHP was 470

used to predict five categories of flood susceptibility with nine factors based on remote 471

sensing data in addition to soil texture, geomorphology, and geology [28]. Furthermore, 472

AHP with nesting of four factors (land use, percent green space, per capita sewer length, 473

and slope) was used to produce a flood vulnerability index in a section of Hanoi, 474

Vietnam [29], and a flood susceptibility map for all of Hanoi was made with a 9-factor 475

AHP that was ranked by subject matter experts [30]. AHP models that include cultural, 476

socioeconomic and environmental criteria provide for wider assessments of the human 477

condition. Recently, 20 factors representing these criteria as well as security and service 478

functions were placed in a hierarchical structure and assessed through a survey of 479

subject matter experts to realize a quality of life score [31]. Of note, they detected the 480

inverse of our vulnerability scores in that quality of life tended to decrease away from 481

city centers and the services they provide whereas cities consistently were sources of 482

high vulnerability to the river Ganga. Thus, the perspective of the modeling scenario 483

must be understood and integrated into the larger decision space of balance between 484

human endeavors and nature. A richness of alternative perspectives can drive 485

sustainable development so that factors that improve quality of life can be implemented 486

with policies that recognize and mitigate their accompanying sources of vulnerabilities. 487

Conclusion 488

In this study, we assessed the vulnerability of the river Ganga to pollution along a 20 489

km wide corridor covering 26,609.4 km2 of riverscape. We used AHP to perform a 490

dimensionality reduction of six remote sensing datasets to create a single variable for 491

river vulnerability. To mitigate structural limitations to AHP, our approach brought 492

together a suite of methods and produced a set of comparative metrics to identify and 493

refine vulnerability scores. Of note, urban landscape features with extremely high 494

vulnerability scores and those at the interface with vulnerable areas were identified. 495
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These findings provide the basis to rational prioritization of pollution mitigation and a 496

list of locations for future rejuvenation. Moreover, sites currently with low vulnerability 497

scores may be targeted for conservation or sustainable development practices to prevent 498

their degradation. Our vulnerability score, together with other metrics such as a quality 499

of life score [31], can enrich digital twins beyond simplistic animations and reveal their 500

underlying environmental, social, and economic characteristics. 501

Supporting information 502

S1 Table. Shortcomings of AHP analysis rubric. 503

S2 Table. Data Sources 504

S3 Table. AHP Pairwise and Normalized Comparison Matrix 505

S1 Text AHP Ranking method and pairwise comparisons 506

We used the factors Population Density (PD), Land Use Land Cover (LULC), 507

Rainfall (RAIN), drainage density (DD), Slope, and Land Surface Temperature (LST) 508

to define the hierarchy order among parameters on the basis of their importance or 509

relevance in terms of assessing pollution vulnerability. We classified the values for each 510

parameter for each pixel within our area of interest between 1-5 to arrive at the “Factor 511

Class” for that parameter, and we multiplied each Factor Class with the weight 512

indicating the importance of that parameter. We computed the sum of all weighted 513

parameters to produce the overall vulnerability of each pixel. We compared this with 514

the classification parameter ranges as defined using AHP. 515

The importance of factors influencing naala vulnerability were placed in the 516

following order: Population Density (PD) > LULC > Rainfall (RAIN) > Drainage 517

Density (DD) > Slope > LST, and the factor importance rankings were inputs into an 518

AHP pairwise comparison matrix (S3 Table). 519

S3 Table contains the pairwise comparison matrix and the Normalized AHP pairwise 520

comparison matrix. The Principal Eigenvalue is the mean of the eigenvectors, and n is 521

the number of factors - six. 522

To begin the AHP process, we constructed a pairwise comparison matrix (A), where 523

each element aij represented the importance of criterion i relative to criterion j. 524

Once we created our pairwise comparison matrix, we normalized the matrix by 525

dividing each element of a column by the sum of the elements of that column. This 526

resulted in the normalized matrix Ã. The normalized matrix for our example was 527

computed by: 528

ãij = aij∑n
i=1 aij

(4)

The priority vector W (the eigenvector) was then derived by averaging the rows of 529

the normalized matrix: 530

wi = 1
n

n∑
j=1

ãij (5)

This priority vector defines the AHP weights for each factor, and thus the impact of 531

each factor on the vulnerability of Ganga. 532

In some situations, AHP importance rankings may produce inconsistent outcomes 533

due to matrix properties. The Consistency Index (CI) and Consistency Ratio (CR) 534

May 26, 2025 15/25

This manuscript is a preprint and has not been peer reviewed. The copyright holder has made the manuscript available under a  Creative Commons Attribution 4.0 International
(CC BY) license and consented to have it forwarded to EarthArXiv for public posting.license EarthArXiv

http://creativecommons.org/licenses/by/4.0/
https://eartharxiv.org/


were developed to test for inconsistency with a Consistency Ratio < 0.1 indicating the 535

rankings were consistent [7]: 536

CI = λmax − n

n − 1 (6)

where λmax was the largest eigenvalue of the matrix A. The CR was the ratio of the 537

CI to the Random Consistency Index (RI) for the corresponding matrix size (n): 538

CR = CI/RI (7)

In our case, with a consistency ratio (CR) of 0.06, the matrix was considered 539

consistent (as CR < 0.1). This consistency indicated that our pairwise comparison 540

matrix was reliable for determining the weights. 541

S2 Text Natural breaks and AHP factor classes Data for each AHP factor were 542

divided into five vulnerability classes using the Jenks natural breaks method [19]. The 543

Jenks method is widely used within GIS packages to generate variance-minimization 544

classification. Breaks were typically uneven, and were selected to separate values where 545

large changes in value occur. For this, we used the boxplots (S1 Fig) and histograms (S2 546

Fig) for the layers to identify the natural breaks for each factor. 547

S1 Fig. AHP Box and Whisker Plot Summary Panels (a) through (e) are box 548

and whisker plots for the AHP factors Population Density (a), Annual Rainfall (b), 549

Drainage Density (c), Slope (d), and Land Surface Temperature (e) for the length of the 550

Ganga contained in the area of analysis. Data distribution was tested and results are 551

given for each factor label. Whiskers show the range of values, the box "shoulders" are 552

the inter-quartile range, and the median is shown as a band. 553

S2 Fig. AHP Histogram Summary Panels (a) through (l) are the histograms and 554

log-histograms to assess the distributions of the AHP factors along the length of the 555

Ganga contained in the area of analysis. Panels (a), (c), (e), (g), (i) represent the 556

histograms for Population Density, Annual Rainfall, Drainage Density, Slope, and Land 557

Surface Temperature, respectively, while panels (b), (d), (f), (h), (j) respectively 558

represent the log-histograms for the same. Panels (a) through (j) are binned using 559

deciles, and coloured green to red for low to high vulnerability. (k) and (l) represent 560

LULC and are color coded to their respective Land Use classes. 561

S3 Text Nested AHP pairwise comparisons and calculation 562

Using a pairwise comparison matrix, we assessed the relationship between individual 563

parameter values. S4 Table shows the pairwise comparison of Population Density and 564

the weight each category has, e.g. PD of >4036 people per km2 has a 9 times greater 565

effect on vulnerability than when PD was <865 people per km2. The pairwise matrices 566

for the other factors alongside the explanations of the comparison indices is as follows: 567

Minimum and maximum values for the five factor classes of population density, 568

slope, rainfall, and drainage density were averaged, normalized, transformed to a 9-point 569

scale to create the factor rankings, and fit to the Saaty AHP scale based on their 570

relationships with pollution production or its transport as well as their breadth across a 571

9-point scale (Table 5 and S4 Table). The relationship between population density and 572

pollution production was assumed linear based on municipal solid waste production in 573

India [38], and the factors were ranked as 1, 4, 6, 8, and 9. Rainfall factor rankings 574

spanned 1 through 5 on the Saaty scale because the range between lowest and highest 575

average annual precipitation was a factor of 2 (1, 3, 4, 5, 5). Drainage density can have 576
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a nonlinear relationship with pollution transport [12], and although the range of 577

drainage density values was more than 20-fold, its factors were ranked as 1, 6, 8, 9, and 578

9. The relationship between slope and transport is nonlinear for slopes greater than 26 579

degrees, and linear for slopes less than 26 degrees [39]. So slope factor rankings were 580

ranked 1, 1.5, 3, 6, and 9. Minimum and maximum temperature data per factor rank 581

were used to calculate normalized temperature dependent microbial growth rates with a 582

Q10 (temperature coefficient) of 1.75. Then the growth rates were transformed to a 583

9-point scale and scored on the Saaty scale (1, 4, 5, 6, 8). LULC factor ranks were 584

based on ESA WoldCover map [34] categories (built-up, cropland, bare/sparsely 585

vegetated, tree cover/grassland, water/wetlands) (1,3,4,5,7). Built-up was treated as the 586

factor rank 1 because of the breadth of pollution sources (e.g., municipal solid wastes, 587

pathogens, excess nutrients, and heavy metals) and amount of impervious surfaces that 588

lead to pollution transport. Cropland was ranked 3 due to runoff of fertilizers and 589

agrochemicals. Bare/sparsely vegetated land was ranked 4 due to moderate transport 590

risk. Tree cover and grassland were ranked 5 on the Saaty scale because these categories 591

represent natural ecosystems, and water/wetlands were ranked as 7 on the Saaty scale, 592

because Ganga was the point of pollution deposition. 593

Running AHP on this pairwise matrix for Population Density gave the subweights 594

for classes 1 - 5. Similarly, once we ran this for the other factors; LULC, Slope, 595

Precipitation, Drainage Density, and Temperature, we got the priority vector of 596

subweights for each factor (S4 Table). 597

Table 5. Nested AHP: Priority Vector of Subweights for each factor
Factor AHP

Weight
Weight of Vulnerability Classes

5 4 3 2 1
Population Density 0.408 0.572 0.207 0.114 0.057 0.05
Land Use Land Cover 0.268 0.505 0.186 0.144 0.110 0.055
Slope 0.138 0.501 0.172 0.124 0.102 0.102
Precipitation 0.100 0.642 0.157 0.071 0.065 0.065
Drainage Density 0.058 0.416 0.278 0.202 0.070 0.034
Temperature 0.028 0.557 0.165 0.129 0.099 0.050

To create the vulnerability map on the Ganga buffer region using Nested AHP, we 598

calculated the predicted vulnerability for each pixel, where: 599

• W is the 1x6 row vector of AHP weights: 600

W =
[
w1 w2 w3 w4 w5 w6

]
(8)

• X(p) is the 1x6 row vector of parameter values at pixel p for the six factors: 601

X(p) =
[
x1(p) x2(p) x3(p) x4(p) x5(p) x6(p)

]
(9)

• S is the 5x6 matrix of subweights, where each column corresponds to a factor and 602

each row corresponds to the subweights for factor classes 1, 2, 3, 4, 5. 603

S =


s1(1) s2(1) s3(1) s4(1) s5(1) s6(1)
s1(2) s2(2) s3(2) s4(2) s5(2) s6(2)
s1(3) s2(3) s3(3) s4(3) s5(3) s6(3)
s1(4) s2(4) s3(4) s4(4) s5(4) s6(4)
s1(5) s2(5) s3(5) s4(5) s5(5) s6(5)

 (10)
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Each entry si(v) corresponds to the subweight of factor i when the value is v. For 604

each pixel p, the parameter vector X(p) is used to select corresponding subweights from 605

S based on its value. This can be done through matrix multiplication by creating a 606

matrix P , which will be a 5x6 binary matrix (one-hot encoded) representing the values 607

of each parameter. For instance, if x1(p) = 3, x2(p) = 1 the matrix P will have a 1 in 608

the corresponding positions for the values x1(p), x2(p), . . . at pixel p: 609

P =


0 1 0 0 0 0
0 0 0 0 1 0
1 0 0 0 0 0
0 0 1 0 0 0
0 0 0 1 0 1

 (11)

Now, we performed the matrix multiplication between S (the subweights matrix) 610

and P (the binary matrix). 611

S · P =
[
s1(x1(p)) s2(x2(p)) ... s6(x6(p))

]
(12)

This operation selects the subweights corresponding to the actual values of the 612

parameters at pixel p. Finally, we performed the dot product of the AHP weight vector 613

W with the transpose of this resulting subweight vector S.P to obtain the predicted 614

vulnerability for each pixel using Nested AHP V (p): 615

V (p) = W · (S · P )T (13)

S4 Table. Nested AHP: Factor Vulnerability Rankings for all Factors 616

S4 Text Fuzzy AHP calculation 617

In Fuzzy AHP, preferences are represented as Triangular Fuzzy Numbers (TFNs) 618

rather than single discrete values. A triplet (l, m, u) is known as a Triangular Fuzzy 619

Number Ã, where l represents the lower bound, m is the most likely value, and u is the 620

upper bound. These numbers form a triangular shape on a graph, and they allow 621

factors to have a range of possible values for each pairwise comparison, rather than a 622

single exact number. For example, instead of stating that one criterion is exactly twice 623

as important as another, a factor can be expressed such that it is “between 1.5 and 2.5 624

times more important, with 2 being the most likely value.” This flexibility helps to 625

capture the subjective uncertainty inherent in human judgments. 626

Once we used these nonlinear weightages in our AHP calculations, we updated the 627

map showing the different classifications of pixels based on vulnerability. 628

The Fuzzy Pairwise Comparison Matrix was constructed using these Triangular 629

Fuzzy Numbers (TFN). Each element a ijãija ij in the matrix was a TFN representing 630

the relative importance of criterion i over criterion j. If a criterion was compared with 631

itself, its TFN was (1,1,1), representing absolute equality. For off-diagonal elements, if 632

ãij = (l, m, u), then ãji =
( 1

u , 1
m , 1

l

)
, maintaining the reciprocal nature of the matrix. 633

These fuzzy comparisons were then aggregated to derive the fuzzy weight vector for 634

each criterion. 635

In Fuzzy AHP, the decision maker generally recreates the pairwise matrix by 636

choosing the l, m, u for each element, but to understand the outlying cases for Fuzzy 637

AHP, and to incorporate the breadth of decision maker’s range, we ran Fuzzy AHP on 638

100,000 Monte Carlo simulations at 95% fuzziness. For each run, we made a unique 639

Fuzzy Pairwise Comparison Matrix, where if the comparison index between two factors 640

was 2, the triangular fuzzy range would be (0.05 ∗ 2, 2, 2 ∗ 1.95) = (0.1, 2, 3.9), and we 641

chose a random value between 0.1 and 2, and 2 and 3.9 to design the final TFN 642
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[random.uniform(0.1, 2), 2, random.uniform(2, 3.9)]. Running 100,000 simulations 643

took into account most of the likely Fuzzy Pairwise Comparison Matrices that might be 644

generated. 645

We ran Fuzzy AHP on each Fuzzy Pairwise Comparison Matrix, where we calculated 646

the geometric mean across each row of the matrix, and normalized the results. The final 647

step was to defuzzify these fuzzy numbers by taking the mean, which returned the 648

priority vector. We then determined the number of cases out of 100,000 where there 649

were rank reversals. We observed the cases where the order of parameters in terms of 650

vulnerability changed, as compared to rank-orders in case of classic AHP. 651

S5 Text ANP supermatrix and inner dependence (W22 and W33) pairwise 652

comparisons Pairwise comparisons were made to describe the relative importance of 653

the ANP criteria (AHP factors) on influencing each other (S3 Fig). Criteria that did 654

not contribute to an inner dependence matrix were scored with a zero. When 655

identifying the relative importance of Land Use Land Cover (LULC) compared to other 656

criteria on influencing Population Density (PD), it was scored with a 2 because of the 657

importance of built-up and agriculture categories in LULC and their direct relationships 658

with population densities. Rainfall and slope were scored with a 5 because historically 659

there were natural limits to both that influenced urbanization and agriculture although 660

this is changing [40; 41; 42; 43; 44]. Drainage Density (DD) was scored an 8 because the 661

natural drainage density is modified by people to meet agricultural and societal 662

requirements suggesting it has a minor influence on PD. When identifying the relative 663

importance of PD compared to other criteria on influencing LULC, it was scored with a 664

2 as a reciprocal of the LULC-PD inner dependence. Rainfall and temperature are 665

major drivers of land cover type, and as such each was scored with a 4. Slope and DD 666

shape landscapes within land cover types, and each was scored with a 7. When 667

identifying the relative importance of LULC compared to other criteria on influencing 668

rainfall, it was scored with a 7 and PD was scored with an 8 because of the potential for 669

built-up land to influence local precipitation [45]. Slope may influence the speed of 670

runoff during rainfall and was scored with a 5. When identifying the relative importance 671

of criteria on influencing DD, PD was scored a 2, LULC was scored a 4, and slope was 672

scored a 7, because DD is the product of both anthropogenic and natural influences. 673

When identifying the relative importance of criteria on influencing temperature, PD was 674

scored a 5, and LULC was scored an 8 to account for potential urban heat island effects. 675

S3 Fig. ANP Parameter Inner Dependencies Inner dependencies between ANP 676

criteria (AHP factors) are shown as ovals. Arrows about the ovals indicate influence by 677

a criterion on other criteria to its right and arrows below the ovals indicate influence by 678

a criterion on other criteria to its left. 679

S6 Text 1-N AHP calculation 680

We first took our original output of AHP, i.e. the weights of the known factors. 681

Here, we assumed that our known factors would at least represent 67% of the 682

importance while classifying the vulnerability variable. This is a fair assumption since 683

through our preliminary analysis we can conclude that our factors were robust enough 684

to represent at least 67% of the variability of the vulnerability variable. 685

The unknown factors could be one of two types: acute or chronic. Some factors 686

(acute) may be less likely to occur but more likely to have a significant impact on 687

vulnerability, while other factors (chronic) may be more likely to occur but less likely to 688

have a less significant impact. In the case of our problem statement, acute factors might 689

include mining sites and hide tanning operations while chronic factors might include 690

algal blooms from fertilizer runoff and pollution during funeral processions. 691
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To assess the potential impact of these acute and chronic factors, we first created 692

two new layers on the river Ganga buffer region, with uniformly distributed random 693

values from 1-5 similar to the other factors, and pixels with value zero, to capture the 694

probabilistic non-occurrence of acute or chronic factors. For chronic factors, 75% of the 695

pixels were 0, while for acute factors 97.5% of the pixels were 0. This means that each 696

variable had a 25% and a 2.5% probability of occurrence respectively, where pixels were 697

assigned the random values 1-5. 698

To evaluate the unknown variability captured between 1-N (where N lies between 699

0.67 and 1), we split it between acute and chronic. We assumed that since acute factors 700

have a significant impact on vulnerability, 90% of the 1-N factor would be attributed to 701

the impact of acute factors to vulnerability, while the leftover 10% would be attributed 702

to the impact of chronic factors to vulnerability. For instance, in the worst case scenario 703

if 1-N is 0.33 (i.e. the weightage of the unknown factors towards vulnerability is 33%), 704

the 0.33 will be split into 0.297 for acute and 0.033 for chronic. The original six factors, 705

with their weights 0.408, 0.268, 0.138, 0.100, 0.058, 0.028 will be scaled down based on 706

N. If N is 0.67, we multiply the old weights by 0.67 so that they sum up to n, and we 707

can accommodate the new acute and chronic weights. Here, 0.408*0.67 gives 0.27336, 708

which would be lower than 0.297 for acute factors, which means the acute factors would 709

have a higher impact on vulnerability but with a lower probability. 710

We ran AHP using the original six layers and two additional layers, with new 711

weights to accommodate for acute and chronic factors, and compared the results with 712

the AHP results to check the robustness of our model. We ran this approach once with 713

1-N as 0.33 to represent a worst case scenario, and once with 1-N as 0.165 to reflect the 714

average or expected case. 715

To ensure consistent results while dealing with abstract foundations for parameter 716

understanding, we performed our analysis on a set of assumptions. We assumed that our 717

classic AHP model at least represented 67% of the importance in terms of weights and 718

that the value of 1-N could be anything between 0 and 0.33 with a uniform distribution. 719

Also, to deal with the uncertainty, we assumed that the unknown factors can be of two 720

types - acute and chronic, with a 2.5% and a 25% probability of occurrence respectively; 721

and while there could be numerous unknown factors, they can be clumped into two 722

factors - acute and chronic. Lastly, we assumed that the non-zero pixel values were 723

randomly and uniformly distributed with their appropriate probabilities. 724

S4 Fig. ANP with original AHP submatrix These figures show the ANP’s 725

vulnerability score with the original AHP submatrix; the lower values pertained to the 726

least vulnerable areas while the ones with higher scores were the most vulnerable. Map 727

of exact values per pixel location (a) and histogram of binned ranges of values (b). 728

S5 Fig. Original AHP & AHP Variants Comparison Chart These figures show 729

the comparison charts for the different variants of AHP with the original AHP across 730

the Ganga buffer. We used three map types to highlight the distribution of differences 731

between the approaches. Column (a) is Map type 1 (colors spread between overall min 732

max), Column (b) is Map type 2 (colors spread between local min max), and Column 733

(c) is Map type 3 (colors spread between 5-95 percentile). Rows 1-8 are Nested AHP, 734

ANP, 1-N AHP (Worst case), 1-N AHP (Avg case), Fuzzy AHP (Mean), Fuzzy AHP 735

(Case1), Fuzzy AHP (Case2) and Population density, respectively. 736
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