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Abstract

This paper presents a robust parameter estimation technique for a probabilistic earthquake haz-
ard model that captures time and space interactions between earthquake mainshocks. The approach
addresses the existing limitations of parameter estimation techniques by developing a Bayesian for-
mulation and leveraging physics-based simulated synthetic catalogs to expand the limited datasets
of historical catalogs. The technique is based on a two-step Bayesian update that uses the syn-
thetic catalog to perform a first parameter estimation and then uses the historical catalog to further
calibrate the parameters. We applied this technique to analyze the occurrence of large-magnitude
interface earthquakes along 650 km of the central subduction zone in Peru, located offshore of Lima.
We built 2,000-years-long synthetic catalogs using quasi-dynamic earthquake cycle simulations based
on the rate-and-state friction law. The validity of the synthetic catalogs was verified by comparing
its annual magnitude exceedence rates to those of recorded seismicity and its predicted areas of high
interseismic coupling to those inferred from geodetic data. We show that when the Bayesian update
uses the combination of synthetic and historical data, instead of only the historical data, it reduces
the uncertainty of model parameter estimates by 45% on average. Further, our results show that
the time-dependent seismic hazard estimated with the both datasets is 40% smaller than the one
estimated with only the historical data.
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INTRODUCTION

Recent earthquake observations and improvements in the understanding of the mechanics of earthquake
rupture processes have enabled the development of advanced probabilistic models of time-dependent
earthquake hazards (Akinci et al., 2009; Field, 2015; Ceferino et al., 2018b). Even though these proba-
bilistic models can capture complex spatio-temporal interactions between earthquakes, they still face two
main challenges. First, there is a lack of robust statistical techniques to estimate the parameters of these
complex models. Simplified parameter estimation techniques that are often used can lead to unreliable
parameter estimates (Field, 2015; Ceferino et al., 2018b). Second, datasets, i.e., earthquake catalogs,
are sparse and short, especially for earthquakes of large magnitude, which introduces large uncertain-
ties in the parameter estimates. Thus, time-dependent seismic hazard analyses based on such complex
earthquake models have low reliability and large uncertainties, particularly in fault systems with large
earthquakes and long seismic gaps, i.e., long times without large ruptures (Hong and Goda, 2006). Here,
we present a methodology that addresses these two limitations by utilizing robust statistical techniques
and synthetic catalogs to expand sparse historical catalogs.

Robust statistical techniques for parameter estimation are mostly targeted to probabilistic models
that only capture the time dependency of earthquake occurrence. For example, parameter estimation
techniques based on maximum likelihood estimation (MLE) can be found for the Weibull, Lognormal,
Gamma, and the Brownian passage-time (BPT) distributions (Hagiwara, 1974; Nishenko and Buland,
1987; Udias and Rice, 1975; Matthews et al., 2002). However, as the complexity of the probabilistic
model increases, parameter estimation techniques become harder to formulate. For example, the Uni-
form California Earthquake Rupture Forecast version 3 (UCERF v3) time-dependent model utilizes a
parameter estimation technique that is not consistent with the complexity of the model. UCERF v3
uses rupture data to find averages of mean rupture interevent times at multiple fault sections separately.
However, UCERF v3 introduces spatial dependencies in earthquakes with overlapping rupture lengths,
which requires a parameter estimation technique that evaluates interevent time data simultaneously in-
stead of separately. As a result, UCERF v3 rupture simulations mismatch the assumed distributions
of rupture interevent times on the fault (Field, 2015). Similarly, the model proposed by Ceferino et al.
(2018b) presented a simple technique that estimates the means of rupture interevent times at different
fault sections separately. Because the model incorporates spatial dependencies, such a technique can
lead to unreliable parameter estimates (Ceferino et al., 2018a).

In addition to the lack of robust parameter estimation techniques, sparse earthquake data can sig-
nificantly increase the uncertainties in earthquake occurrence modeling (Woessner and Wiemer, 2005).
Most complete earthquake catalogs cover periods from a few decades to several hundreds of years de-
pending on the region and earthquake magnitude of analysis. For example, catalogs including data with
large earthquakes (i.e., Mw > 8:0) often cover only few hundred years. Because very large earthquakes
have return periods larger than the catalogs span, these catalogs are often insufficient to characterize
the recurrence time of large earthquakes. Data is inadequate even in regions with rich seismic catalogs.
For example, the Tokai segment of the Nankai-Tokai subduction zone area in Japan, one of the Earth’s
best-identified set of fault segments, has a long catalog that covers 3,000 years because it was built using
a combination of historical earthquakes, paleo-earthquakes and tsunami records. Yet the catalog contains
only six large ruptures with magnitudes larger than 8.0, and such a small number of data points intro-
duces large uncertainties in the interevent time distributions and in the earthquake recurrence modeling
(Parsons et al., 2012).

To address these limitations, we propose a robust parameter estimation technique for the model
proposed by Ceferino et al. (2018b) that leverages physics-based simulated synthetic catalogs to enlarge
the historical earthquake occurrence dataset. The parameter estimation technique is based on a two-step
Bayesian estimation that utilizes synthetic catalogs to perform an initial update of the parameters. It
then uses these intermediary results as a prior distribution and performs a second update using the
historical catalog to obtain the final distribution of the model parameters. The Bayesian formulation
for each update is presented in this paper and is solved using a Markov Chain Monte Carlo (MCMC)
algorithm. The physics-based synthetic catalog was developed using quasi-dynamic earthquake cycle
modeling based on the rate-and-state friction law (Rubin and Ampuero, 2005; Ampuero and Rubin,
2008).

The remainder of the paper is structured as follows. First, a summary of the model proposed by
Ceferino et al. (2018b) is provided for completeness. Then, the two-step Bayesian update is presented.
Next, earthquake datasets for the subduction zone along the coast of Lima, Peru, are described, including
the historical catalog and the physics-based simulated synthetic catalogs for large earthquakes. Finally,
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the results of applying the parameter estimation technique are shown and discussed.

PROBABILISTIC MODEL

Ceferino et al. (2018b, 2017) presented a probabilistic formulation for modeling time and space inter-
actions between earthquake mainshocks. The model uses Brownian Passage Time (BPT) distributions
to assess rupture interevent times in multiple fault segments to represent time interactions, and it uses
spatial correlograms to represent spatial interactions of rupture occurrences. The model was proposed
as an alternative to existing probabilistic models because (1) it captures time and space interactions of
mainshocks, (2) it preserves the marginal distributions of interevent times after including the spatial
interactions, and (3) it has an implicit physical interpretation compatible with earthquake rupture ob-
servations (Ceferino et al., 2018b). The following subsections briefly describe the earthquake rupture
model for completeness.

Fault and rupture representation

The model represents the contact surface between tectonic plates as a plane subdivided into smaller area
sections. Figure 1 shows the fault geometry, the sections, and an earthquake rupture (in shaded areas)
occurring at time t. N is the total number of sections in the fault, and t is a discrete time index with
time steps of one year. A rupture at year t is represented by the rupture vector Xt 2 f0; 1gN . Each
section has a corresponding element Xt(j) of the vector Xt, representing its rupture state: Xt(j) = 1
if section j was involved in the rupture, or 0 otherwise. A vector Tt 2 NN contains the time since the
last earthquake at year t for each section. Therefore, Tt+1(j) = Tt(j) + 1 if there is no rupture in the
j-th section at time t (i.e., Xt(j) = 0), or Tt+1(j) = 1 otherwise. This is represented in the following
equation:

Tt+1(j) = (Tt(j))(1�Xt(j)) + 1 (1)

Figure 1: Fault subdivision into small sections. The shaded sections represent a rupture at year t.
Extracted from Ceferino et al. (2018b)

Probabilistic model formulation

The rupture occurrence at year t conditioned on the time since the last earthquake, i.e., XtjTt, is modeled
as a multivariate Bernoulli distribution:

XtjTt � Mutivariate Bernoulli(pt;Σ) (2)

where pt is the vector containing the rupture occurrence probabilities of the N sections, and Σ is the
covariance matrix of size N � N containing rupture correlations between the sections. The vector’s
element pt(j) is a function of the time since the last rupture Tt(j) at the j-th section. pt(j) can be
estimated as

pt(j) = P [Xt(j) = 1jTt(j)] = P [Tt(j) + 1 � �j j�j > Tt(j)] (3)

where �j is a random variable that represents the rupture interevent time of the j-th section. �j is
modeled as a BPT distribution with parameters �j and �j , and therefore pt(j) can be estimated as
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pt (j ) =
(�[ u1(Tt (j ))] � �[ u1(Tt (j ) � 1)]) + e2=� 2

j (�[ � u2(Tt (j ))] � �[ � u2(Tt (j ) � 1])

1 � (�[ u1(Tt (j ) � 1)] + e2=� 2
j �[ � u2(Tt (j ) � 1)])

(4a)

u1(t) = � � 1
j [t1=2� � 1=2

j � t � 1=2� 1=2
j ] (4b)

u2(t) = � � 1
j [t1=2� � 1=2

j + t � 1=2� 1=2
j ] (4c)

The elements� i;j of the covariance matrix � are de�ned by a spherical correlogram in order to capture
earthquake nucleation and spatial rupture propagation e�ects. The correlogram is

� i;j = exp
�

�
� dist (i; j )




� 2�
(5)

The correlation decreases as function of the distancedist (i; j ) between the sectionsi and j , with a
characteristic correlation length 
 .

Copulas method

Because correlated multivariate Bernoulli distributions cannot be written in closed-form, an approxima-
tion is used through the copula method (Jin et al., 2015). A vectorZ t of normally distributed random
variables is �rst de�ned, with a zero-valued mean vector and a covariance equal to the covariance matrix
� (i.e., from the correlogram in Equation 5). Then, X t (j ) is obtained by evaluating whether �[ Z t (j )] is
smaller than pt (j ), as

X t (j ) = 1f �( Z t (j )) < p t (j )g (6)

where 1f � g is an indicator function that equals 1 if the Boolean argument � is true, or 0 otherwise.

BAYESIAN PARAMETER ESTIMATION PROCEDURE

Ceferino et al. (2018b) described a simple parameter estimation method for the probabilistic model
summarized thus far. The method uses Maximum Likelihood Estimation (MLE) at each individual fault
section separately to estimate� j and � j . Then, the method calibrates 
 to match annual exceedance
rates and average seismic moment releases in tectonic faults. This method was applied to the subduction
zone along the coast of Lima, Peru, due to its implementation simplicity. However, Ceferino et al.
(2018a) showed that this method can generate unreliable estimates of rupture occurrence, particularly,
when earthquake rupture data is sparse.

In this paper, we propose a more robust parameter estimation technique. It uses a two-step Bayesian
parameter update and has two advantages in comparison to the existing parameter estimation technique
proposed by Ceferino et al. (2018b). First, in addition to the historical earthquake catalogs, the technique
uses synthetic physics-based simulated earthquake catalogs to enlarge the earthquake dataset. Second,
our technique uses a Bayesian approach that estimates all the parameters simultaneously rather than
separately. As shown by Ceferino et al. (2018a), this feature gives more reliable parameter estimates,
particularly, for the fault sections with few or no known earthquake ruptures.

The two-step parameter estimation technique �rst uses a physics-based simulated earthquake catalog
to perform an initial Bayesian update of the parameters, and then uses the historical earthquake catalog
to perform a second Bayesian update as shown in Figure 2. In the �rst Bayesian update, the prior
distributions of the parameters are de�ned as independent, log-normally distributed random variables.
The log-normal distribution parameters are chosen by a combination of expert opinion, existing common
BPT parameter values for similar tectonic regions (Sykes and Menke, 2006; Field, 2015), or average
historical earthquake interevent times in the region. Then, the technique updates the parameters of the
model to a posterior distribution using the physics-based catalog. The posterior is estimated using a
Monte Carlo Markov Chain (MCMC) technique as described later. In the second Bayesian update, the
prior distributions of the parameters are also de�ned as independent, log-normally distributed random
variables. The log-normal distribution parameters are estimated using MLE on the realizations sampled
from the MCMC of the �rst Bayesian update. Finally, the �nal posterior of the parameters is estimated
using the MCMC and the historical earthquake catalog. The following subsection describes the Bayesian
update formulation and the MCMC technique.
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Figure 2: Two-step Bayesian update using both a synthetic physic-based simulated earthquake catalog
and a historical catalog.

Bayesian update

The posterior distribution of the parameter vector is estimated with the Bayesian update. There are
2� N + 1 parameters in the model, two per each of theN sections of the fault (� j and � j ), and another
de�ning the correlogram model (
 ).

Posterior

The Bayesian update for the posterior distribution of the parameters is formulated as

P(�; �; 
 jX ) / P(X j�; �; 
 )P(�; �; 
 ) (7)

The posterior is proportional to the likelihood of observing the data, P(X j�; �; 
 ), times the prior
distribution of the parameters, P(�; �; 
 ). X represents the collection ofH years of rupture history in
the earthquake catalog for all the fault sections: X = f X 1; X 2; : : : X H g. The vectors � and � are the
collections of � j and � j , respectively, for all the fault sections.

Prior

The prior distributions of � j ; � j and 
 are assumed to be log-normal probability distributions. Because
these parameters can only take positive values, a lognormal probability distribution is considered suitable
for the analysis. Their marginal probability distributions are

� j � P [� j ] : Lognormal(� log � j ; � log � j ) (8)

� j � P [� j ] : Lognormal(� log � j ; � log � j ) (9)


 � P [
 ] : Lognormal(� log 
 ; � log 
 ) (10)

We assumed the parameters to be independent in the prior distribution, thus the joint probability
distribution can be written as

P(�; �; 
 ) = P[
 ]
NY

j =1

P[� j ]P [� j ] (11)

Likelihood of observing the data

The likelihood of observing the rupture history, P[X j�; �; 
 ], can be computed using the following formu-
lation. The rupture history X is initially conditioned by T1, the number of years since the last earthquake
at the starting year of the catalog. Given that Tt +1 is a deterministic function of Tt and X t and there is
a one-to-one correspondence betweenTt +1 and f Tt ,X t g (see Equation 1), then
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P[X j�; �; 
 ] = P�;�;
 [X 1; X 2; � � � ; X H jT1] = P[X 1; T2; X 2; � � � ; TH ; X H jT1] (12)

In addition, the set f Tt +1 ; X t g is a Markov chain, because iff Tt +1 ; X t g is conditioned on the last
step f Tt ; X t � 1g, it is independent of all the previous rupture history. This is because the setf Tt ; X t � 1g
contains all the required information to assess the rupture in the next year (i.e., whether a rupture
occurred the previous year and the time since the last rupture in each fault section). Therefore

P[X j�; �; 
 ] = P�;�;
 [T2; X 1jT1]
HY

t =2

P�;�;
 [Tt +1 ; X t jTt ; X t � 1] (13)

Finally, given the one-to-one correspondence betweenTt +1 and f Tt ; X t g described previously,Tt +1

can be dropped from the conditional probabilities. X t � 1 can also be dropped from the conditional set
f Tt ; X t � 1g, becauseTt , the time since the last rupture in each section, is the only information that is
needed to evaluate the likelihood ofX t (see Equation 2). Thus

P[X j�; �; 
 ] = P�;�;
 [X 1jT1]
HY

t =2

P�;�;
 [X t jTt ] (14)

We evaluateP�;�;
 [X t jTt ] using the copula method described earlier.P�;�;
 [X t jTt ] is estimated as the
probability that the vector Z t (from Equation 6) is within the region de�ned in Equation 15, where Z t (j )
is the j -th element of the vector Z t that follows a normal distribution. This region is the intersection
of the regionsA j , where A j extends over the setf Z t (j ) � � � 1(pt (j ))g if there is a rupture in the j -th
section at year t, or extends over the setf Z t (j ) > � � 1(pt (j ))g otherwise.

P[X t jTt ] = P[\ N
j =1 A j ]; where

(
A j = f Z t (j ) � � � 1(pt (j ))g if X t (j ) = 1 ;
or A j = f Z t (j ) > � � 1(pt (j ))g otherwise

(15)

Posterior Estimation using Markov Chain Monte Carlo

As shown in Equation 7, the posterior distribution can only be partially evaluated by multiplying the
prior distribution by the likelihood of observing the data. This product is proportional to the posterior
distribution of the parameters. Thus, in order to evaluate the posterior with a closed-form equation,
a normalizing factor must be estimated. However, because of the complexity and high dimensionality
of the posterior distribution, it is not feasible to estimate such a normalizing factor by direct methods
such as integration. Instead, in this paper we use the MCMC technique as it allows us to sample from
and evaluate complex, high-dimensional distributions (Liu, 2004), avoiding the numerical challenges
stemming from the highly dimensional integration.

We used the Metropolis-Hastings (MH) version of the MCMC algorithm because it is an approach
designed to compute complex posterior distributions as in our case. Liu (2004) provides a detailed
description of the MH algorithm. Brie
y, the MH searches on the high-dimensional parameter vector
space using a Markov Chain (MC) whose stationary distribution is the posterior distribution of the
parameters. Algorithm 1 describes the procedure for generating samples from the posterior distribution.
In order to generate a new parameter sample [�; �; 
 ]m , we estimate a sample candidate [�; �; 
 ]� using
a random walk with an uncorrelated multivariate normal distribution

[�; �; 
 ]� � Q([�; �; 
 ]j[�; �; 
 ]m � 1) = N ([�; �; 
 ]k � 1; diag([� 2
� ; � 2

� � 2

 ])) (16)

In the random walk, the normal distribution has a mean that equals the values from parameter
sample in the last step and has a covariance matrix that equals a diagonal matrix diag([� 2

� ; � 2
� � 2


 ]), i.e.,
the walk has �xed variances in all parameters at each step. Then, we estimate an acceptance rateA as

A =
P([�; �; 
 ]� jX ) � Q([�; �; 
 ]� j[�; �; 
 ]m � 1)

P([�; �; 
 ]m � 1jX ) � Q([�; �; 
 ]m � 1j[�; �; 
 ]� )
(17)

Because the random walk has symmetrical probabilities,Q([�; �; 
 ]m � 1j[�; �; 
 ]� ) = Q([�; �; 
 ]� j[�; �; 
 ]m � 1).
Thus

A =
P([�; �; 
 ]� jX )

P([�; �; 
 ]m � 1jX )
(18)
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Finally, the sample candidate is accepted with probability A. According to the MH properties, the
samples will eventually converge to the posterior distribution of the parameters when the Markov chain
reaches stationarity. Therefore, the �rst B samples belong to the burning period and are discarded.
Only M � B samples are used to evaluate the posterior distribution.

Algorithm 1 Metropolis-Hastings for Bayesian Parameter Estimation of Earthquake Rupture Model

1: procedure Bayesian Parameter Update (X)
2: for eachm in f 1; 2; : : : ; M g do
3: Sample [�; �; 
 ]� � Q([�; �; 
 ]j[�; �; 
 ]m � 1) as in Equation 16
4: Calculate A as in Equation 17
5: SampleU � Uniform(0,1)
6: if U < A then
7: [�; �; 
 ]m = [ �; �; 
 ]�

8: else
9: [�; �; 
 ]m = [ �; �; 
 ]m � 1

10: end if
11: end for
12: Use the last M � B samples to estimateP([�; �; 
 jX ])
13: end procedure

MODEL SETUP AND EARTHQUAKE DATA

The parameter estimation technique was applied to the central portion of the subduction zone of Peru,
where the oceanic Nazca plate is subducting beneath the continental South American plate at an average
rate of 6 cm/yr (Kendrick et al., 2003). Figure 3 shows the seismotectonic setting of the region of analysis
and the rupture areas of the four last large earthquakes that occurred in 1940, 1966, 1970, and 1974.
According to historical reports and instrumental catalogs, the region has been very active and has
generated more than ten earthquakes with magnitudes larger than 7.5 in the last 450 years (Dorbath
et al., 1990; Villegas-Lanza et al., 2016; Ceferino et al., 2018a). This region has a size of 650 km along
the strike direction, 200 km along the dip direction, and a dip angle of 15o, reaching depths of up to
50 km. The northern and southern boundaries of the selected seismic region correspond to the areas of
signi�cant fault creep inferred by Villegas-Lanza et al. (2016) using geodetic data.

The tectonic region was discretized into eight sections along the strike direction as shown by the
dashed lines in Figure 3. Thus, in this application, the model has 17 parameters: one� j and � j per
each section, and
 for the correlogram. The sections are labeled from 1 to 8 starting from south to
north. Each section has approximately 81.3 km along the strike direction, whose rupture corresponds to
an earthquake magnitude of approximately 7.5 according to the scaling law proposed by Strasser et al.
(2010). Because the fault sections represent the minimum tectonic area unit, the model only captures
earthquakes with magnitude equal to or larger than 7.5.

The following subsections describe the earthquake data used in the two-step parameter estimation in
the study region.

Historical Catalog

We used the historical catalog compiled by Ceferino et al. (2018b). It contains information on the
earthquake rupture areas, locations, and magnitudes during the last 450 years. For earthquakes before
1940, the catalog uses the area, location, and magnitude estimates inferred by Dorbath et al. (1990)
from isoseismal maps. For seismic events starting in 1940, the catalog uses earthquake estimates from
aftershock information and other instrumental data (Kelleher, 1972; Kanamori, 1977; Langer and Spence,
1995; Chlieh et al., 2011). We included in the historical catalog two additional earthquakes that occurred
in 1806 and 1828, respectively. Although several studies omit these two earthquakes, Silgado (1978) and
Seiner (2011) showed that they were catastrophic events. Villegas-Lanza et al. (2016) estimated the
magnitude, locations and sizes of these two events.

Next, we projected all rupture areas along the strike direction and discretized them to match the fault
sections de�ned in Figure 3. Figure 4 shows these rupture projections in the Y axis and the earthquake
occurrence year in the X axis.
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Figure 3: Central Peru subduction zone and its recent seismicity. The line parallel to the coastline shows
the fault trench where the Nazca and South American plates converge. The black quadrilateral shows
the region of study subdivided into eight sections, and the four enclosed areas show the rupture areas of
the four most recent large earthquakes, with the year and magnitude indicated in each area. The arrows
indicate the plate convergence rates in mm/year. Modi�ed from Ceferino et al. (2018b)

Synthetic Catalog Using Physics-based Simulation

We generated the synthetic catalog of seismic events using a physics-based model for earthquake cycles.
In this model, the tectonic load resulting from the convergence between plates and fault slip is balanced
by a fault friction resistance governed by the rate-and-state friction law (Dieterich, 1979; Tullis, 1988;
Marone and Kilgoret, 1993). The black solid line in Figure 3 represents the fault interface as a 2D
frictional plane embedded in a 3D elastic medium dipping 15� . As a result of the tectonic load, some
regions on the fault become unstable, nucleate and trigger earthquakes of di�erent magnitudes (Rubin
and Ampuero, 2005). We used the implementation in the software QDYN to carry out the physics-based
modeling (Luo et al., 2017). To limit computational cost, this physics-based model necessarily contains
simplifying assumptions and approximations, like the use of rate-and-state friction even during fast sliding
stages. However, it maintains the advantage of tracking the stress history on the fault, accounting for the
quasi-static elastic interactions between asperities mediated by co-seismic stress transfer and intervening
transient creep, and utilizing it to compute the evolution of the future earthquakes.

Fault asperities

We represent the main fault asperities that produce earthquakes by assigning heterogeneous fault friction
properties de�ning four velocity-weakening (VW) regions on the fault as shown in Figure 5. These VW
regions are locked in the interseismic period between earthquakes. Their shapes were idealized as ellipses
with length L asp along the strike direction and width Wasp along the dip direction. They were located
according to the rupture areas of the last four large earthquakes shown in Figure 3. We assume that
these previous large rupture areas revealed the main asperities.

Input data for the physics-based model

We set the reference steady-state slip velocity equal to 6 cm/year, which is the convergence rate of the
tectonic plates. Other input data were de�ned according to commonly used values in previous studies
in subduction zone regions (Liu and Rice (2007)). The values are shown in Table 1. We assume that
these values are constant through the entire fault, except for the state-e�ect frictional coe�cient b. The
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