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ABSTRACT.

Subglacial topography is critically important for simulating ice sheet evo-
lution and projecting sea-level contributions. However, the subglacial topog-
raphy of the Antarctic Ice Sheet is sparsely measured. Obtaining a gridded
topography map used in ice sheet simulations requires interpolating the sparse
measurements or inverting topography from observations of ice velocity and
surface elevation. Traditional inverse methods based on the mass conservation
law often produce a single topography that is overly smooth and does not
capture the non-uniqueness of the solutions to mass conservation. Instead of
solving for a single topography deterministically, stochastic methods can be de-
veloped to simulate equiprobable realizations of mass-conserving topography
with realistic roughness. In this study, we develop a new algorithm that com-
bines geostatistical simulations with Markov chain Monte Carlo (MCMC) to
stochastically generate subglacial topography realizations for Denman Glacier.
The final topography ensemble shows significant elevation differences to Bed-
Machine and large topographic uncertainty. This topography ensemble can be
incorporated in ensemble modeling, allowing the propagation of topographic

uncertainty to the uncertainty in sea level contribution predictions.
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INTRODUCTION

Subglacial topography, the bed elevation beneath the ice, plays a key role in the evolution of glaciers and
ice sheets. In coastal regions, grounding line retreat is associated with the slope, curvature, and elevation
of the subglacial bed (Weertman, 1974; Schoof, 2007; Bradwell and others, 2019; Sergienko and Wingham,
2022). Thus, variations in different topography realizations can directly affect the simulated ice-stream
stability (Gasson and others, 2015; Wernecke and others, 2022; Castleman and others, 2022). Subglacial
topography is also an essential component in modeling englacial and subglacial processes. For example,
previous studies have demonstrated how subglacial topography influences basal traction (Bingham and
others, 2017; Kyrke-Smith and others, 2018; Hoffman and others, 2022), geothermal heat flow (Colgan
and others, 2021; Shackleton and others, 2023), ice deformation (Meyer and Creyts, 2017; Law and others,
2023), and subglacial hydrology (Siegert and others, 2016; MacKie and others, 2021b), each of which
significantly impacts ice sheet evolution, and hence the projected sea level rise contributions.

Despite its importance, subglacial topography under the Antarctic Ice Sheet is only sparsely measured.
Bed elevation measurements are mostly provided by airborne ice-penetrating radar, which samples data
along the aerial vehicle’s flight lines. Densely sampled coastal regions of Antarctica have flight lines
separated by five to twenty kilometers, and data gaps in inland Antarctica can easily exceed fifty kilometers
(Frémand and others, 2023).

These sparse bed elevation measurements must be interpolated to produce a gridded topographic map
for ice sheet modeling applications (e.g. Herzfeld and others, 1993). In addition, the interpolated topogra-
phy needs to satisfy physical laws that relate subglacial topography to other conditions. Specifically, the
mass conservation equation relates subglacial topography to ice velocity, ice surface elevation, surface and
basal mass balance, and change in ice thickness (Seroussi and others, 2011). Seroussi and others (2011)
show that traditional interpolation methods, such as kriging, produce subglacial topographies that violate
mass conservation when integrated with ice surface observations. This violation manifests as spurious,
large-magnitude ice flux divergences, which can cause large and rapid changes in ice thickness in the first
few time steps of the glacier simulation.

To find a physically realistic topography without the spurious ice flux, several methods have been
proposed to constrain subglacial topography by mass conservation. These methods include numerically

solving for bed topography from mass conservation (Morlighem and others, 2011; McNabb and others,
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2012), using simplified glaciers model to invert subglacial topography and other parameters from ice velocity
and surface elevation observations (e.g. Clarke and others, 2013; van Pelt and others, 2013; Perego and
others, 2014), adopting machine learning to find an optimal topography that minimizes ice flux divergence
(Teisberg and others, 2021), transferring perturbations from ice slab’s base to its surface and solving the
topography using either least square inversions or maximum a posteriori estimation (Gudmundsson, 2003;
Pralong and Gudmundsson, 2011; Ockenden and others, 2023). These methods reconstruct physically
realistic topographies compatible with ice surface measurements, which are valuable for modeling ice sheet
evolution. Specifically, the method proposed in Morlighem and others (2011) has been used in BedMachine
(Morlighem and others, 2017, 2020) to interpolate topography in fast-flowing regions of the Antarctic and
Greenland Ice Sheets.

While the BedMachine estimate of subglacial topography in fast-flowing regions conserves ice mass, this
solution to mass conservation has several limitations. First, the topography solution is often unrealistically
smooth. Specifically, Morlighem and others (2011) solve for an optimized bed topography from mass
conservation by regularizing the gradients of ice thickness. The topography is not required to match
the spatial covariance structure in radar measurements (MacKie and others, 2021b) and is usually much
smoother than the observed topography (Hoffman and others, 2022). Furthermore, the topographic error
bound in Morlighem and others (2011) is calculated from the assumed error bound in observed ice velocity,
surface and basal mass balance, and change in ice thickness. This topographic error represents how the
optimal solution might be affected by variations of observational data within their error bounds, but
it does not take into account the topographic uncertainty due to the non-uniqueness of solutions to mass
conservation. In addition, the given error bound does not provide a direct way to propagate the topographic
uncertainty to ice sheet simulation results and sea level projections. The uncertainty of non-unique solutions
to mass conservation still needs to be robustly quantified, and the propagation of such uncertainty could
be achieved through an ensemble of ice-sheet models initiated by equiprobable realizations of subglacial
topography.

In contrast to deterministic interpolation approaches, geostatistical simulation is a class of interpola-
tion methods that generates multiple realizations of the parameter field while preserving the parameter’s
spatial variability, which enables it to stochastically quantify uncertainty arising from sparse data. Several
geostatistical methods have been used to simulate topographic realizations with realistic morphology and

to quantify topographic uncertainty. For example, Zuo and others (2020) reconstruct subglacial topogra-
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phy using multiple-point statistics and revealed that subglacial water routing paths are highly sensitive to
topographic uncertainty. In thermodynamic modeling of ice deformation, Law and others (2023) find that
using topographies generated by sequential Gaussian simulation lead to enhanced ice deformation and a
variable-thickness temperate ice layer at the base, which aligns more closely with borehole temperature
observations. In contrast, the model with the BedMachine topography produces reduced ice deformation
and a thin basal temperate ice layer.

Despite their ability to accurately quantify topographic uncertainty and preserve topographic roughness,
traditional geostatistical methods do not constrain the topography by mass conservation and consequently
could cause physical inconsistencies in ice flux. As a first step in addressing the issue, MacKie and others
(2021b) employ a co-simulation technique in which topography is geostatistically simulated to correlate
with mass-conserving topography from BedMachine (Morlighem and others, 2017). Although this approach
visually aligns topographic realizations more closely with mass conservation constraints, it does not guar-
antee that ice mass is conserved, as the mass conservation equation is neither explicitly used nor proven to
be satisfied in the workflow.

To reconcile the competing needs of imposing the mass conservation constraint, preserving realistic
roughness, and measuring topographic uncertainty, we adopt a Markov chain Monte Carlo (MCMC) ap-
proach that integrates geostatistical simulations with mass conservation enforcement. MCMC is well-
recognized as a sampling method used for model parameter inversion and uncertainty quantification (Gal-
lagher and others, 2009). MCMC draws samples from the parameter distribution by iteratively updating
the parameters and probabilistically accepting each update based on its probability density in the target
distribution (Geyer, 2011). MCMC has previously been used to invert for mass-conserving subglacial to-
pography, but the described algorithm was only demonstrated for a flowline of the glacier (Brinkerhoff and
others, 2016) or relies on elevation-bands averaged quantities (Werder and others, 2020).

In other geoscience disciplines, geostatistics and geophysical inversion have been integrated through
MCMC. For example, in the field of subsurface hydrology, geostatistical simulations are incorporated in
the update step of MCMC. These geostatistical MCMC algorithms can invert for aquifer parameters while
maintaining the parameter’s spatial structure (Fu and Goémez-Herndndez, 2008; Mariethoz and others,
2010; Reuschen and others, 2020). For instance, the MCMC algorithm developed by Hansen and others
(2012) iteratively selects a random subset of parameters and re-generates them using geostatistics. This

algorithm can stochastically generate parameter samples constrained by physics-based likelihoods and
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adhere to spatial covariance constraints. These experiments of integrating geostatistics and geophysical
inversions inspire us to design an MCMC method for simulating subglacial topographies that are mass-
conserving and have a realistic roughness.

In this study, we develop a novel MCMC method to produce an ensemble of subglacial topography
realizations that conserve ice mass and preserve radar-measured topographic roughness. We apply our
method to Denman Glacier, which is a major outlet glacier in the East Antarctic Ice Sheet with an
annual ice discharge of ~59.2 Gt from 2009 to 2017 (Rignot and others, 2019). BedMachine estimates the
subglacial topography underneath Denman Glacier to be as deep as 3500 meters below sea level (Morlighem
and others, 2020), where the location near the current grounding line exhibits a steep retrograde slope
(Brancato and others, 2020). However, the shape and depth of the trough are not well-resolved in ice-
penetrating radar, where the radar measurements at the center of the trough do not capture clear return
signals from the bed (Liu and others, 2016; MacGregor and others, 2021). We choose this study area to test
our method’s ability to reconstruct mass-conserving topographic features with sparse radar measurements.
In addition, the results could help future studies refine the uncertainty in Denman Glacier’s projected
evolution with a robust quantification of topographic uncertainty. To begin, we discuss the observational
data used in the Data section. Next, in the Method section, we outline the workflow, review the key
theories, and explore the implementation details. In the Results section, we quantitatively present the
subglacial topography realizations sampled by the geostatistical MCMC. Finally, in the Discussion section,

we describe the implications of the results and future applications.

DATA

The data used to reconstruct the subglacial topographies are presented in Fig. 1. We use MEaSURESs
InSAR-Based Antarctica Ice Velocity Map version 2 (Rignot and others, 2017) for ice surface velocity,
which is available at 450 m resolution. We obtain the surface mass balance by averaging the surface mass
balance between 2014 and 2016 estimated by Regional Atmospheric Climate MOdel (RACMO2.3p2), which
outputs at 27 km resolution (van Wessem and others, 2018). We obtain the surface elevation change rate
by averaging the elevation change between May 2014 and May 2016 from MEaSUREs ITS LIVE Antarctic
Grounded Ice Sheet Elevation Change version 1 at 1.920 km resolution (Nilsson and others, 2023). We
use ice surface elevation in BedMachine v3 at 500 m resolution (Morlighem and others, 2020), which is

inferred from the Reference Elevation Model of Antarctica dataset (Howat and others, 2019). We also



143

144

145

146

147

148

149

150

151

152

153

154

155

156

157

158

159

160

161

162

163

164

165

166

167

168

169

170

171

Shao and others: mass-conserving topographic uncertainty quantification 6

obtain the classification of regions (grounded ice/floating ice/open ocean/ice-free) from BedMachine at
500 m resolution. We project all data listed above onto a regular grid with 1 km resolution to match the
topography resolution, for which we use spline interpolation for surface mass balance, nearest neighbor
interpolation for region classification, and linear interpolation for other data. We compile bed elevation
measurements from multiple datasets based on region classifications. In the grounded ice region, we use
bed picks from ice-penetrating radar data assembled in Bedmap2 (Fretwell and others, 2013) and Bedmap3
(Frémand and others, 2023). Each cell in the grounded ice region is assigned the average bed elevation from
the available radar measurements within that cell. If no measurements are available, the cell remains empty.
In the following sections, the grid cells assigned with values are referred to as bed elevation measurements.
Four different radar campaigns are used in the study region: the NASA Operation IceBridge campaign
(MacGregor and others, 2021), the ICECAP campaign (Young and others, 2011; Blankenship and others,
2017), the ICECAP-EAGLE campaign (Young and others, 2016; Roberts and others, 2023), and the Talos-
Dome campaign in 2003 (Bianchi and others, 2003). For regions classified as ice-free ocean, floating ice,
and ice-free land, we project the BedMachine v3 bed elevation (Morlighem and others, 2020) from its 500

m grid to our 1 km grid using linear interpolation.

METHOD

Overview

We design three different MCMC chains to generate the ensemble of subglacial topography realizations
(Fig. 2). We first run a preprocessing chain, which perturbs the initial topography by blocks of uncondi-
tional, spatially correlated random fields. The preprocessing chain allows perturbed topographies to have
small-magnitude deviations from bed elevation measurements while constraining the magnitude of mass
conservation residuals, which are the unresolved ice flux in the mass conservation equation. We use the re-
sults of the preprocessing chain to remove bed elevation measurements that could potentially be corrupted
by radar clutter or erroneous bed picks. Then, we run 4 meso-scale chains that add blocks of perturbations
to the topography while preserving the conditioning bed elevations. These perturbations enable changes in
meso-scale (~10 km to ~80 km) topographic features to reduce mass conservation residuals, but they do
not guarantee that a realistic topographic roughness is preserved. Following each meso-scale chain, we run
10 fine-scale chains that use geostatistical simulation to reproduce fine-scale topographic features with a

realistic roughness while constraining the magnitude of mass conservation residuals. The final topography
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(a) Gridded radar-measured bed elevations in Denman Glacier (Fretwell and others, 2013; Frémand and

others, 2023; Morlighem and others, 2020), (b) Antarctic Ice Sheet grounding lines (Haran and others, 2018) and the
study region, (c) ice surface speed (Rignot and others, 2017) overlaid by contour lines of the surface elevations (Howat
and others, 2019), (d) spline-interpolated surface mass balance map overlaid by the original surface mass balance
estimations (van Wessem and others, 2018) marked in black-edge circles, (e) linear-interpolated surface elevation
change (Nilsson and others, 2023).
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Fig. 2. Schematic overview of the workflow of the three MCMC chains.

ensemble consists of the topography realization at the end iteration of each fine-scale chain. In total, we
run 4 meso-scale chains and 40 fine-scale chains, which generate an ensemble of 40 topography realizations.

In the following subsections, we first summarize key concepts in mass conservation, MCMC, and geo-
statistics and discuss how they are adapted for simulating subglacial topography. Then we describe the
implementation details of the preprocess, meso-scale, and fine-scale chains. At the end, we outline how

these chains are combined together to generate the topography ensemble.
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Mass conservation: the physical constraint

Mass conservation can constrain the distribution of subglacial topography (e.g., Brinkerhoff and others,
2016) and ensure the compatibility of simulated topographies with other ice surface observations (Seroussi
and others, 2011). The mass conservation equation (1) is derived by depth-integrating the ice continuity
equation under the assumption of incompressible ice. The equation can relate high-resolution ice velocity
to sparsely measured bed topography.

H . .
aatz—v-(uH)JrMerMb. (1)

Here, %I is the rate of ice thickness change; V - (uH) is the depth-integrated ice flux divergence, which

calculates the volume of ice entering and leaving an ice column from ice thickness, H, and depth-averaged
velocity, w. Surface processes, such as surface accumulation (positive) and surface ablation (negative),
are represented by the surface mass balance, MS; whereas the basal mass balance, Mb, includes basal
accumulation (positive) and basal ablation (negative).

Further adjustments are made to tune this universal equation to the study region. The ice thickness is
expressed as the difference between ice surface elevation and bed elevation. Since we consider the rate of ice

thickness change in the unit of meters per year, we assume the annual change in bed elevation is negligible

(cLH (S-T)
ot = &t

~ %) As annual basal mass balance is estimated to be in centimeter-scale or smaller in

the grounded ice region (e.g., Seroussi and others, 2019; McArthur and others, 2023), we approximate M,
as 0 following Seroussi and others (2011). Additionally, the depth-averaged velocity, u, is approximated
by surface velocity, us, which is a reasonable assumption in the high-velocity regions where basal sliding
dominates. With the assumptions on u and Mp, we restrict the application of the method in fast-flowing,
grounded ice regions. We compute a mask encompassing regions where the ice velocity is greater than
or equal to 50 m a~!. We smooth the edge of the mask by a mode filter of size 10 and then expand the
mask outward for 5 km. Grid cells classified as open ocean, floating ice, and ice-free land are excluded
from this region mask. This region (shown in Fig. 1(c)) is referred to as the high-velocity region and is
where we apply the MCMC algorithm. We admit that the approximations made in the mass conservation
equation could affect the final topography ensemble generated, and we further discuss the potential impact
and future improvements in the discussion section.

After the adjustments, the mass conservation residual in the study region, which represents the ice flux
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divergence unresolved in the mass conservation equation, is defined as:

0S

r=V-(uS(S—T))+E—MS. (2)

MCMC and Bayes’ theorem: topographic uncertainty quantification

MCMC is a well-established method for generating samples from a distribution that cannot be solved
analytically (Gallagher and others, 2009). Often, Bayes’ theorem provides a convenient framework to
construct the probability density function of the distribution sampled by MCMC. To sample the distribution
of subglacial topography, we denote topography as model parameters 6§ and denote ice surface velocity,
surface mass balance, and rate of surface elevation change as data d. Bayes’ theorem states that the

distribution of model parameters conditioned on data is:

p(dlO)p(6)

p(0ld) = o)

(3)

The posterior distribution p(f|d) is inferred from a prior distribution p(f), which is the probability
of 6 based on previous knowledge about subglacial bed elevations, and a likelihood p(d|f), which is the
probability of obtaining the observed data given a topography realization (Geyer, 2011). The prior distri-
bution can be inferred from the differences [ between the generated topography map and the bed elevation

measurements. The likelihood is defined based on mass conservation residuals 7.

2(1%) | "

2012

p(0) = exp <—

Z(T2)> ‘ 5)

plale) = exp (-2

Without a robust estimation of magnitude and spatial correlation of uncertainties in the observed data,
the distributions of r and [ are difficult to quantify analytically. In this study, we use BedMachine as a
baseline of mass-conserving topography from which we define the target distribution. We approximate the
distribution of r by fitting a Gaussian distribution on the mass conservation residuals from the BedMachine
topography in the study region, for which we find the standard deviation ¢, to be 3 m a~!. Similarly, the

standard deviation of [, o, is approximated by fitting a Gaussian distribution to the differences between

the radar-measured bed elevations and the BedMachine topography in the study region, which is estimated
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Iteration i:
from 6;.;

8 |-+ | 6| too | & [ 6,

1. update 6;, to get &' 4. sample u from
with probability q(8', 8;) uniform distribution [0,1)

ifu<a, let 6 be 6
9' else, let 6; be 6,
\L 3. comparing 6' and 6, by

. calculating acceptrance
2. calculate posterior

5 probability o
p(elld) = p(d|9')p(9') o p(6']d)q(6',6i-1) 1
P(Bi1ld) = p(d]8.1)p(8.,) @ = min( e ey )

Fig. 3. A schematic diagram describing steps in one MCMC iteration. The topography 6’ is (1) updated from 6;_;
and then (2,3) compared with ;_; based on their posteriors. Then (4) the MCMC probabilistically decides whether
to keep 0 or keep 0;_1 as 0;.

to be 80 meters.

The objective of MCMC is to approximate the posterior distribution by iteratively creating samples
from the distribution in the form of a Markov chain. The chain is composed of a sequence of topography
0; with i € 0,1, 2,3.... Starting from the initial topography 6y, each 6; is generated at iteration ¢ from 6;_;
with steps described in Fig. 3. The general equation for calculating acceptance probability « in Fig. 3 step
3 can be further simplified. The distribution ¢(x,y) denotes the probability of obtaining z when updating
y. In all three update methods, we can easily prove that ¢(¢’,6;—1) = ¢q(0;—1,6’) for any ¢’ and any 6;_;

(see supplementary material section 1). Thus, a(#’,6;_1) = min [p?éf_/ﬁ)d) , 1]

By iteratively updating topography with the probability associated with the posterior distribution
(Metropolis and others, 1953), MCMC effectively generates an ensemble of topography as samples from
the posterior distribution. This ensemble of topography estimates bed elevation uncertainty constrained
by both prior and likelihood, which are respectively informed by bed elevation measurements and mass

conservation.

Geostatistics: realistic topographic roughness

Ice-penetrating radar measurements provide critical information about the spatial correlation of topo-
graphic features. This spatial correlation is visually presented as the roughness of the bed and can be
quantified by a semi-variogram (i.e. variogram) (e.g. MacKie and others, 2021b), which is calculated by re-
lating the distance between two elevation measurements to their value difference using equation (6) (Chiles

and Delfiner, 2012):
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v(h) = N, Y (Z(w) = Z(uy)*. (6)

lui—uj|~h

In equation (6), h is the separation distance; Np, is the number of data pairs separated by distance h;
Z(u) is the data value at the location u; and Z|ui—uj|~h means summation for every pair of data points
that are separated by h distance. When visualizing a variogram, «(h) usually increases with h until y(h)
reaches a plateau. Intuitively, when two grid cells on the topography map are farther away (a larger h),
their elevations are less correlated (a larger (h)) until they are far enough apart that the correlation
vanishes (y(h) reaches a plateau). For a given h, a rougher subglacial topography will have larger bed
elevation variations and thus a larger v(h). We utilize variograms to quantify and compare topographic
roughness in generated topography realizations and radar measurements. All variograms are calculated
using the SciKit-Gstats Python package with the Matheron estimator (Malicke, 2022).

Sequential Gaussian Simulation (SGS) is a geostatistical simulation method that generates equally
probable realizations of a random field while hard-conditioning the field to the conditioning data and
reproducing the variogram statistics (Deutsch and Journel, 1997). When SGS is used for simulating sub-
glacial topography, it reconstructs topographic realizations conditioned to the sparse radar measurements
and reproduces the variogram of radar data (e.g. MacKie and others, 2021b). We take advantage of SGS
to simulate realistically rough topographies in the fine-scale chains and to generate the initial topographies
in the preprocessing chain and the meso-scale chains. We use the implementation of SGS in the GStatSim
Python package (MacKie and others, 2023) and set the maximum number of nearest neighbors to 48 and

the searching radius to 50 km.

Preprocessing chain: filter radar measurements

Ice-penetrating radar provides invaluable observations of the elevations of the subglacial bed. However,
radar echoes near steep troughs are often incorrectly returned from off-nadir topographic high points, which
leads to much shallower bed elevation measurements compared to the actual topography (Lapazaran and
others, 2016; MacKie and others, 2021a). These misleading signals, known as clutter, can cause significant
positive bias in the bed return signal recorded in the radargrams. In particular, the steep canyon at the
Denman Glacier, which is estimated to be ~3.5 km below sea level in the BedMachine dataset (Morlighem
and others, 2020), creates a scenario where radargrams may easily be corrupted by clutter. If some

radar-measured bed elevations in the study region are affected by clutter, they can restrict the simulated
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topography to a much shallower range of elevation, hindering the reduction of mass conservation residuals.
While instrumental errors and error in estimated radio-wave velocity could also cause negative bias in the
recorded bed elevations, these errors are usually in smaller magnitudes compared to clutters (Lapazaran
and others, 2016). Thus, the preprocessing chain mainly considers the significant positive biases frequently
arising from clutters.

To find and exclude potentially erroneous radar data, we run the preprocessing chain, which is an
MCMC chain that allows generated topography to deviate from radar-measured bed elevations. We start
this preprocessing chain with a topography that has a constant bed elevation value in the high-velocity
region, SGS-generated topography in the rest of the grounded ice region, and topography from BedMachine
in regions classified as floating ice, open ocean, or ice-free land.

In the preprocessing chain, we update the topography with blocks of spatially correlated perturbations,
that is, blocks of unconditional random fields. These fields are sampled from zero-mean multivariate
Gaussian distributions with an isotropic Gaussian covariance, which can be represented by a variogram
with a zero nugget and a range sampled from a uniform distribution of [6 km, 60 km). The variogram
range of the random fields determine the wavelength of topographic features produced, influencing the
chain’s convergence efficiency. However, it does not necessarily control the topographic roughness, as
combining multiple random fields could produce perturbations in shorter or longer wavelengths. Thus,
we provide a wide range of variogram range for the updates to randomly select from. To control the
magnitudes of the perturbations, we multiply the random fields with a scaling factor, which is sampled
from a uniform distribution of [50, 200). In addition, we restrict the updates by perturbing a rectangular
block of topography at a time. Block-based update methods are often used to improve MCMC convergence
when sampling high-dimensional distribution (Roberts and Sahu, 2002). Considering a large study area,
perturbing all bed elevations at once will likely compensate favorable updates in one region with adverse
updates in other regions, which leads to a low possibility for the update to be accepted. In contrast,
perturbing bed elevations inside a randomly selected region improves acceptance rate. In each iteration,
we randomly select a grid cell in the high-velocity region as the center of the block. The lateral dimensions
of the block are randomly drawn from a uniform distribution of [50 km, 200 km). The topography outside
of the high-velocity region is masked out and is not changed in every iteration.

At each iteration, the updated topography 6’ is obtained by adding a block of random field to the

topography from the last iteration 6;_1. Then, these two topographies are evaluated by their probability
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densities in the posterior distribution. In this preprocessing chain, both deviations from the bed elevation
measurements [ and the mass conservation residuals r are used to calculate the posterior distribution. The

acceptance probability is calculated as:

i) |
p(0i—1)p(d|0i—1)’

r2) — r2 2y _ 2
i o (- OBl X)) ]

a(z,y) = min { .

202 207

After the chain converges, we calculate the mean topography of the last 4000 iterations, 6,, and the
mean standard deviation of [, ;. To exclude data potentially corrupted by radar clutter, we remove radar
measurements inside the high-velocity region that are at least 1.5, shallower than ¢,. An extra 10 grid
cells of radar data near the deepest location of the Denman trough are also manually selected and discarded
to avoid potential errors. In total, we remove 138 grid cells, consisting of ~1.87% of the gridded radar
measurements in the study area and ~3.3% of the gridded radar measurements in the high-velocity region
(Fig. S1). The remaining radar measurements are then assembled to be the conditioning data used in the

next two MCMC chains.

Meso-scale chain: reconstruct large geometries

Large-scale bed geometries, including deep troughs, highlands, and mountain ranges, control the flow
of ice and affect the distribution of mass conservation residuals. However, limited radar coverage may
systematically fail to capture topographic features spanning tens or more kilometers. Furthermore, the
sparse measurements might not sufficiently resolve the histogram of bed elevations. Therefore, before
simulating fine-scale topographic features, it is necessary to first reconstruct the large-scale and meso-scale
mass-conserving topographic features and find an approximation to the actual elevation distribution.

The meso-scale chain reduces the mass conservation residuals and preserves the conditioning bed eleva-
tions, and it does not require the simulated topography to match the observed elevation distribution. We
initiate the meso-scale chain with an SGS-generated subglacial topography. Then, we update the initial
topography by blocks of Weighted Random Fields (WRF), which are spatially correlated random pertur-
bations with zero values at conditioning data locations. These WRF blocks are generated in three steps

(Fig. 4). First, a block of topography is determined. The center of the block is randomly selected inside
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step 1: randomly choose the step 2: calculate Weighted Random Field step 3: add the WRF block to
block's size and location (WRF) by multiplying a random field with the topography
before perturbation data weight and block weight after perturbation
Weighted

Random Field Random Field Data Weight Block Weight

_|
[
VAl -
dar fliahtli the field now has | — olo:o—o
= radar flightline 2 _ . T
vaIueOatlcondltlonmg 400 0. 400 . —:D—looo T 000
data location and the perturbation (m) weight

block's edges bed elevation (m)

Fig. 4. An illustration of the update method used in the meso-scale chain. The red rectangle in step 1 and step 3
represent the selected random block.

the high-velocity region, and the block’s lateral dimensions are sampled from a uniform distribution of [30
km, 70 km). Then, a random field with the same dimensions is generated. The random field is sampled
from a multivariate Gaussian distribution with zero mean and an exponential, isotropic covariance model,
which allows us to efficiently generate the field by Fourier Transform with the Python package GSTools
(Miiller and others, 2022). The covariance model can be represented by a variogram with zero nugget
and a range randomly sampled from a uniform distribution of [18 km, 88 km) to encompass a wide range
of perturbation length scales. We multiply the generated random field with a magnitude scaling factor
sampled from a uniform distribution of [50, 200) to control the magnitude of the update and the accep-
tance rate. Then, we also multiply the field with the data weight matrix and the block weight matrix
(see supplementary material section 2). The two weight matrices produce a WRF changing smoothly from
value 0 at conditioning data locations and block’s edges to the random field’s values elsewhere. Finally,
we add the WRF to the topography inside the block. The design of the WRF updates ensures that the
updated topography does not change conditioning bed elevations and does not have abrupt jumps at the
block’s edges.

After updating the subglacial topography from the previous iteration #;_1 to the new topography @',
we evaluate these two topographies by their probability densities in the posterior distribution. Since the
conditioning bed elevations are not perturbed by WRF updates, we assume the prior distribution is equal

(p(#") = p(h;—1)). The simplified acceptance probability in the meso-scale chain is:
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a(z,y) = min []7](2(%;0/)1)’ 1]
— min [eXp (_zw) Q—U%Zw_l))’l} | (8)

where 7’ is the mass conservation residuals of topography ¢’ and r;_; is the residuals of 6;_1.

Fine-scale chain: simulate topographies with realistic roughness

Following the meso-scale chain, the fine-scale chain employs SGS to reconstruct realistically rough topogra-
phies while constraining the distribution of mass conservation residuals. To initialize the fine-scale chains,
we first de-trend and normalize the topographies such that they resemble random fields with multivariate
Gaussian distribution (Nowak and Verly, 2005; MacKie and others, 2023). We compute the topographic
trend, O4.0nq, by averaging topography realizations produced in the final segment of the meso-scale chain
and smoothing the averaged map by a Gaussian filter kernel with a standard deviation of 5 km. We then
sample a topography 67 from the end of the meso-scale chain. We de-trend the topography by subtract-
ing O4reng from O¢. The de-trended 6y is then normal-score transformed using a Quantile Transformer Q).
Finally, this de-trended, normalized 6 is used to initiate one fine-scale chain.

In the next step, we calculate the variogram to represent the topographic roughness. We first subtract
the conditioning bed elevations with 6;..,q. Next, we normalize detrended conditioning data by the Quantile
Transfer @) calculated from 6y. The variogram of the normalized, de-trended conditioning data is then
computed to represent the realistic topographic roughness.

Equipped with the variogram, the SGS-simulated topographies can reproduce the realistic topographic
roughness observed in the conditioning data. However, while SGS simulates independent realizations,
MCMC requires topography in iteration ¢ to be derived from topography in iteration ¢ — 1. To satisfy the
dependency requirement, each SGS simulation is restricted to a random rectangular block (Fig. 5) (e.g. Fu
and Gémez-Hernandez, 2008; Hansen and others, 2012; Laloy and others, 2016). In each MCMC iteration,
we select the block’s center at a random location in the high-velocity region and sample the block’s lateral
dimensions from a uniform distribution of [2 km, 8 km). Inside the block, we delete grid cells that are not
conditioning data and then simulate the deleted grid cells using SGS. The simulation is conditioned on

conditioning data inside the block and neighboring bed elevations outside of the block, which are generated
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stepl: randonly choose the block's step2: delete grid cells inside the  step3: re-simulate deleted grid
size and location block that are not conditioning data cells by Sequential Gaussian
Simulation

1

= radar flightline —~1000 0 1000

bed elevation (m)

Fig. 5. An illustration of the update method used in the fine-scale chain. The red rectangle represents the selected
random block.

in previous iterations. With the block update, the dependency requirement of MCMC is satisfied, and the
SGS simulation ensures that the re-simulated topography inside the block is realistically rough.

To summarize, each iteration in the fine-scale chain consists of randomly selecting a block, simulating
the normalized, de-trended topography inside the block by SGS, back-transforming the topography to
the unit of meters, and then evaluating the updated topography through its probability density in the
posterior distribution. By updating the topography with blocks of SGS in a Markov chain, the spatial
covariance in subglacial topography is constrained and mass conservation is ensured. Because fine-scale
chains generate updates that are conditioned to the conditioning bed elevations, the prior terms are equal

(p(0") = p(0;—1) = 1). The acceptance probability is calculated as in equation (9).

a(z,y) = min [ pl()c(z(ﬁe'f /)1) 1]

— in [eXp (_Z(T’z) - Z(T?1)>,1] .

Generate the topography ensemble

Both the meso-scale chains and fine-scale chains have unique advantages in simulating the subglacial
topography realizations. Meso-scale chains reconstruct topographic features that are not captured in
conditioning bed elevations but are critical for mass conservation. On the other hand, meso-scale chains are
not required to reproduce the topographic roughness, implying that topographic features with unrealistic

steep gradients could possibly be constructed for mass conservation. On the contrary, fine-scale chains
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simulate topography realizations with realistic roughness, but they perform better with a known bed
elevation distribution and a known topography trend.

We designed a combination of meso-scale and fine-scale chains to generate an ensemble of topography
realizations that are mass-conserving and realistically rough. First, we initiate 4 meso-scale chains with
independent topographies simulated by SGS. Because the meso-scale chains do not perturb topography in
the low-velocity region, initiating each chain with a different topography helps to account for topographic
uncertainty in the low-velocity region. Each meso-scale chain first runs for 200,000 iterations, after which
the large-scale topography is stable and the reduction in mass conservation residuals slows down. At the
end of the 200,000th iteration, we visualize the autocorrelation of bed elevations and observe that the
auto-correlations converge near zero before a lag of 4000 iterations (Fig. S2). The topographies generated
between the 200,000th and 204,000th iterations are averaged and then smoothed by a Gaussian smoothing
filter to find the topographic trend used in the fine-scale chain. After calculating the trend, each of the
meso-scale chains continues for another 40,000 iterations to sample 10 topography realizations with a
sampling interval of 4000 iterations.

Next, we initiate 10 fine-scale chains with each sampled topography realization. Each fine-cale chain
runs for 200,000 iterations, after which ~ 80% of the grid cells have been updated at least once. One
topography realization is sampled at the end of each fine-scale chain. In total, 4 meso-scale chains diverge

into 40 fine-scale chains, which provide an ensemble of 40 topography realizations.

RESULTS

We compare topographies described in BedMachine, produced by SGS, and generated by the geostatistical
MCMC, with their respective mass conservation residuals at each grid cell in Fig. 6. Both MCMC and
BedMachine construct a trough deeper than -3500 m beneath the main trunk of Denman Glacier, whereas
SGS simulates bed elevations between -1000 to 0 m in the same location. Besides the overall similarity,
we also observe different large-scale features in BedMachine and the MCMC-sampled topography. For
instance, BedMachine shows a 2 km-deep, 30 km-long depression upstream of Denman Glacier, which does
not exist in the MCMC-sampled topography.

Fig. 7 shows the sum of squares of mass conservation residuals in the 4 meso-scale chains and the
corresponding 40 fine-scale chains. The bold lines highlight one meso-scale chain and one following fine-

scale chain as examples. This meso-scale chain is initiated by the topography in Fig. 6(b) with large
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Fig. 6. (a,b,c) Topographies generated by different methods and (d,e,f) the associated mass conservation residuals.

mass conservation residuals concentrated in the Denman trough. After iterations of perturbation and
simulations, the end topography in the fine-scale chain (Fig. 6(c)) reduced the residuals by one order of
magnitude. The realizations assembled in the final ensemble, presented as orange dots in Fig. 7, have sums
of squares of mass conservation residuals slightly lower than the one calculated for BedMachine.

We quantify and compare the topographic roughness by presenting the empirical variograms for the
topographies in Fig. 8, where a higher semi-variance at the same lag distance indicates a rougher topog-
raphy. The variogram of BedMachine topography has lower semi-variances compared to the variograms of
radar-measured bed elevations, SGS-generated topography realizations, and members in the topography
ensemble, whereas the latter three share similar semi-variances. The variograms from the 40 ensemble
members have a small spread near the radar variogram with a slight bias toward higher semi-variance.

We present the mean and two standard deviations of the topography ensemble in Fig. 9(a) and Fig.
9(b). The ensemble mean shows the large-scale trend and some meso-scale topographic features that are
consistent across different chains. The standard deviation has a mean of 45 meters and tends to be larger in
areas with slower ice velocity, fewer radar flight lines, or near the boundary of the high-velocity region. Fig.
9(c) shows the differences between the ensemble mean topography and the BedMachine topography, which

is less than 500 m across most areas but reaches 2000 m upstream of Denman Glacier. BedMachine provides
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Fig. 7. The sum of squares of mass conservation residuals in the 4 meso-scale chains and the corresponding 40
fine-scale chains. The bold lines show an example of meso-scale chains and an example of fine-scale chains. The
orange dots at the end of the lines denote the end sum of squared residuals of each topography realizations in the
ensemble. The transition between meso-scale chains and fine-scale chains is enlarged in the inset figure.
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Fig. 8. Comparison of variograms calculated from de-trended, normalized BedMachine, SGS-generated, and
MCMC-generated topographies in the high-velocity region and de-trended, normalized radar measurements in the
entire study region. The trend used for de-trending is calculated by interpolating conditioning bed elevations through
a radial basis function interpolator with a thin-plate-spline kernel. In the variogram calculation, we do not include
the bed elevations in the narrow, deep Denman trough to avoid the artificial roughness added by bed elevations
outside of the distribution of conditioning bed elevations.
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the maximum error of bed elevation (Fig. 9(d)), which represents how the estimated maximum error in the
ice velocity, surface mass balance, and surface elevation change could cause variations in the BedMachine
topography solution. Comparing Fig. 9(c) and Fig. 9(d), we observe that the difference between the
ensemble mean and BedMachine exceeds the BedMachine error bound, especially in the vicinity of the
Denman trough.

To reveal the details of various topography realizations in the ensemble, we present several cross sections
in the high-velocity region (Fig. 10 and Fig. 11). Fig. 10 shows the different geometry of the Denman
trough reconstructed by MCMC and BedMachine, where the maximum difference exceeds 1 km. Among
cross sections in Fig. 10, we observe that the spread of the bed elevation distribution changes across the
region. The topography ensemble has a smaller spread within the trough (Fig. 10(c)) and upstream of
the trough (Fig. 10(d)). In comparison, we find topographic uncertainty near the grounding line to be in
several hundreds of meters (Fig. 10(e)). Fig. 11 provides cross sections over regions with relatively higher
standard deviations. In the inland basin (Fig. 11(h)), the topography realizations diverge into two modes,
where they share a similar large-scale geometry but differ by ~500 m in elevation. On the other hand,
at the cliff near the Denman trough (Fig. 11(i)), topography realizations resemble random perturbations

added to the ensemble mean.

DISCUSSION

In this paper, we present a new geostatistical Markov chain Monte Carlo method and demonstrate its
efficacy in sampling the subglacial bed elevation distribution of Denman Glacier. We show that the ran-
dom perturbations in the meso-scale chains can reconstruct large topographic trends that minimize mass
conservation residuals. We also show that blocks of geostatistical updates in the fine-scale chains can
reproduce observed roughness in the simulated topographies. The end topography ensemble we generated
validates the existence of a range of possible topographies that are mass-conserving, realistically rough,
and constrained by radar-measured bed elevations.

The ensemble statistics and the cross sections (Fig. 9, Fig. 10, and Fig. 11) illustrate the potential
of stochastic methods in sampling an ensemble of topographies and thus quantifying the topographic
uncertainty. The sampled topography realizations have similar sums of squared mass conservation residuals
(Fig. 7) while presenting distinct topographic features. The estimated topographic uncertainty is both

substantial and spatially varying, with elevation differences ranging from 10% to 10 meters in different
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Fig. 9. (a) the ensemble mean bed elevation (m); (b) the ensemble standard deviation multiplied by two (m); (c)
the elevation difference (ensemble mean - BedMachine; m); (d) the error bound of the BedMachine topography. The
black outlines in (b) and (c) denote the high-velocity region, where the MCMC algorithm is applied
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Fig. 10. Cross sections of the topography ensemble along Denman trough. The location of the transect lines,
shown in blue lines, are plotted in the context of (a) ensemble standard deviation and (b) the difference between
ensemble mean and BedMachine. The left column in (c), (d), and (e) show cross sections, and the right column show
the location of transect lines. We use linear interpolation to project bed elevations from the gridded maps to the
cross-sectional lines for better visualization. We use nearest neighbors interpolation to plot radar measurements on

the cross sections.
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Fig. 11. Cross sections of the topography ensemble, where the transect lines go through two locations with high
standard deviations. The layout and notations are similar to Fig. 10.
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locations. The standard deviation of the topography ensemble across the Denman Glacier is shown in Fig.
9(b), and it tends to be larger in regions with lower ice velocity and sparser elevation measurements. We
also observed that bed elevations in some regions exhibit unique distribution patterns, such as bi-modal
distribution of bed elevation (Fig. 11(h)). This complex distribution, simulated by the MCMC algorithm,
contrasts with the random topographic perturbations typically used to test the sensitivity of ice sheet
models to bed topography (e.g. Sun and others, 2014; Castleman and others, 2022; Bulthuis and Larour,
2022; Wernecke and others, 2022). The diverse fine-scale topographic features generated in the MCMC,
which can vary in elevation by up to 1200 m, could impact modeling of ice dynamics and highlight regions
that should be prioritized for further data collections.

Subglacial topography is a critical component in many glacial processes, affecting ice deformation
patterns (Meyer and Creyts, 2017; Law and others, 2023), subglacial water routing (Zuo and others, 2020;
MacKie and others, 2021b), and stability of the glaciers (Gasson and others, 2015; Wernecke and others,
2022). The complex interactions between topographic uncertainty and ice stream dynamics can be studied
via ensemble modeling, which is a well-established method for uncertainty propagation (e.g. Robel and
others, 2019; Aschwanden and others, 2019; Albrecht and others, 2020; Bulthuis and others, 2019). The
stochastic method we developed generates topography realizations that can be easily incorporated into an
ensemble of models. The ability to propagate these significant topographic uncertainties to modeling results
is critical for robustly quantifying sea level rise uncertainty, as found in a recent study on Thwaites Glacier
(Castleman and others, 2022). Similarly, inversions of englacial and subglacial geophysical parameters,
such as ice viscosity or sliding coefficient, often require a known bed topography. Most conventional
inversions treat subglacial topography as a single deterministic map (Morlighem and others, 2010; Pollard
and DeConto, 2012), which would cause the inversions to compensate errors in subglacial topography with
values of inverted parameters (Kyrke-Smith and others, 2018; Hoffman and others, 2022; Rathmann and
Lilien, 2022). An ensemble of topography realizations, such as the one simulated for Denman Glacier, can
be used in an ensemble of inversions to explore how the inverted parameters compensate for topographic
uncertainty. Additionally, the estimated bed elevation distribution is constrained by both mass conservation
and the available radar measurements in the high-velocity region. The spatial distribution of the uncertainty
could inform locations that need bed elevation measurements the most, thus possibly assisting the planning
of future radar campaigns in ice-stream regions.

In Fig. 6, we observe the difference in topographies reconstructed by different methods. SGS recon-
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structs topography realizations based on the distribution of measured bed elevations; however, the sparsity
of the flight lines may cause incomplete sampling of the distribution. On the other hand, both BedMachine
and MCMC infer topography outside of the sampled elevation distribution to conserve ice mass, which
leads the resulting topographies to have significantly different topographic trends compared to the SGS-
generated realization. When comparing the large-scale bed geometry in the MCMC-generated ensemble
and BedMachine, we find similarities in most regions but substantial differences along the Denman trough.
These elevation differences could easily exceed the BedMachine-estimated error bound of bed elevation
(Morlighem and others, 2020) (Fig. 9(c), 9(d)). Likewise, in some regions, the topography ensemble has
a narrow spread that makes the BedMachine topography unlikely. This seemingly surprising observation
can result from multiple factors. First, the MCMC method utilizes both a large-scale trend and fine-scale
details to fit for mass conservation, whereas BedMachine solves for large-scale, smooth topographic features
(Morlighem and others, 2020). The smoothness restriction could push the topography to a different solution
space of mass conservation. Second, the MCMC-sampled topographies are hard conditioned on prepro-
cessed radar data, whereas BedMachine allows deviations from radar data. Radar measurements not only
restrict the local bed elevation but also could affect neighboring topography when combined with the mass
conservation constraint. We suggest that future research could investigate the effect of soft-conditioning
on radar data based on its uncertainty, potentially through approaches similar to the preprocessing chain
or by geostatistical simulations with soft conditioning (e.g., Hansen and others, 2018).

The uncertainties and errors in observational data can affect the evaluations of mass conservation. Due
to the limited spatial and temporal resolutions of observational data, we interpolate data from various
resolutions onto the same grids and use ice velocity assembled across different times, whereas the mass
conservation equation assumes synchronous data. Data uncertainties rising from the observational errors,
the interpolations, and the differences in data collection time could change mass conservation residuals.
Although we allow the mass conservation residuals to vary within a normal distribution approximated from
the BedMachine topography, the variations in the residuals are not attributed to sources of uncertainties
in each type of observational data. While improvements in data acquisition and processing could mitigate
this problem, we suggest that several approaches might be able to directly incorporate data uncertainties
in the MCMC method. Brinkerhoff and others (2016) adopt a MCMC method that infers ice velocity
from the topography in each iteration and compares the inferred velocity with the observed velocity. This

approach allows incorporating velocity uncertainty in the inversion of subglacial topography. However, the
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method was only demonstrated on a 2D flow line (Brinkerhoff and others, 2016) where velocity can be
easily calculated from topography using mass conservation. Another approach is to treat observed data
as random variables and perturb them in each MCMC iteration. In this way, the observational data and
subglacial topography are jointly simulated and inverted, which significantly increases the computational
cost and delays the Markov chain’s convergence. We suggest that with a fast surrogate of ice stream models
for calculating ice surface velocity (e.g. Jouvet and others, 2022) and advanced MCMC techniques designed
for sampling high-dimensional parameters (e.g. Laloy and others, 2016; Reuschen and others, 2021), these
possible solutions can be studied further. In addition, uncertainties caused by interpolation, such as the one
experienced by surface mass balance, can be modeled through geostatistical approaches similar to MacKie
and others (2021b) and Goovaerts (2001), which require comparatively less computational cost.

Our study also faces limitations similar to those in other studies that reconstruct topography based on
mass conservation (e.g. Morlighem and others, 2011). Approximating basal mass balance as zero ignores its
centimeter-scale variability, which could potentially affect the distribution of mass conservation residuals.
Approximating the depth-averaged velocity from surface velocity - usually a reasonable assumption in fast
flowing regions - ignores the changes in ice velocity with depth (McCormack and others, 2022). Future
studies incorporating basal mass balance uncertainties could adopt similar approaches to those discussed in
the previous paragraph. The depth-averaged velocity also can be modeled using a prior distribution based
on a relationship between surface velocities and depth-averaged velocities. Then MCMC may iteratively
sample the velocity’s distribution to account for its uncertainty.

The variogram of bed elevations measured by radar provides a valuable constraint on the spatial co-
variance structure of simulated topography. On the other hand, topographic roughness and anisotropy of
topographic features naturally vary based on the substrate’s lithology and weathering process. In future
studies, sub-regions with different topographic roughness and anisotropic angles can be partitioned, where
different variograms could be used to simulate topography realizations with spatially varying roughness
(e.g. MacKie and others, 2023). The flexibility of MCMC allows the multi-variogram approach to be easily
incorporated into the current implementation of the method.

The computational expense of generating the topography ensemble can be alleviated using parallel
computing and machine learning. In the current method, 40 topography realizations are obtained by
running 4 meso-scale chains and 40 fine-scale chains in sequential order, which requires nearly two weeks of

runtime. Because of the independence of these Markov chains, the runtime can be easily improved through
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parallelization of the chains. The number of topographies sampled in this parallel scheme theoretically
could be independent of the nearly constant runtime and scale quasi-linearly with available computing
resources. In addition, machine learning methods could be employed as time-efficient surrogates to generate
geostatistical simulations (Laloy and others, 2018; Bai and Tahmasebi, 2022). Considering that SGS is the
most time-consuming component in the current method, adopting machine learning to approximate the

geostatistical simulations could further shorten the runtime.

CONCLUSION

Reconstructing subglacial topography from sparse radar measurements faces difficulties in preserving real-
istic topographic roughness and ensuring physical consistency with surface observations. In this study, we
develop a novel geostatistical MCMC method for stochastically simulating subglacial topography and test
the method on Denman Glacier. We successfully simulate an ensemble of mass-conserving, realistically
rough, and radar-constrained topography realizations. The simulated topographies show large differences
to the numerically solved topography in BedMachine. The topography ensemble also presents spatially
varying topographic uncertainty and distinct meso-scale and fine-scale topographic features across realiza-
tions. We demonstrated the application of geostatistical MCMC in the inversion of subglacial topography.
Furthermore, the topography ensemble generated provides an opportunity to quantify the impact of topo-

graphic uncertainty on ice sheet modeling and sea-level-rise projections.
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1 Equality of Proposal Distribution

The update methods used in the MCMC algorithm satisfy the equation ¢(z,y) = ¢(y,x) for any =
and any y, where g(x,y) denotes the probability of obtaining = by updating y once. In this section,
we provide further explanation for how the equation is satisfied in the three different MCMC chains.
In the preprocessing chain’s update method, the random fields used for perturbing topography are
sampled from a multivariate Gaussian distribution with zero mean. The random field used to obtain
y from x is exactly the random field used to obtain x from y with an opposite sign, which has
the same probability of being generated. Similarly, Weighted Random Fields (WRFs) used in the
meso-scale chains are generated by multiplying weight matrices with random fields. The WRF used
to obtain y from x has the same probability of being generated as the WRF used to obtain z from y.
Thus, ¢(z,y) = q(y, z) for any = and any y in both preprocessing and meso-scale chains. Fine-scale
chains utilize blocks of SGS to update the topography. y is generated from x by selecting a block,
deleting grid cells inside the block that are not radar-measured bed elevations, and re-simulating
deleted grid cells. To generate x from y, the same block needs to be selected. Knowing that SGS
generates independent topography realizations that are equiprobable, the probability of generating
y is the same as the probability of generating x. Thus, ¢(x,y) = q(y,z) for any  and y in the
fine-scale chains. The only exception to this equation happens when transiting between meso-scale
and fine-scale chains. Because the topographies sampled at the end of the meso-scale chains may
not satisfy SGS properties, the assumption of equiprobable realizations within the update block is
not satisfied. Since this transition only happens once for every grid cell, the effect is estimated to
be not significant.



2 Weighted Random Field Calculations

In the meso-scale chains, weighted random fields iteratively update the topography while preserving
the conditioning bed elevations. We generate the weighted random fields by multiplying a random
field with the data weight matrix and the edge weight matrix. The data weights matrix w(d., demaz)
helps to avoid perturbations at grid cells with conditioning data. w(de,demaz) is calculated from
the distance of every grid cell to their closest conditioning data d. with a logistic function (equation
s1), such that the weights are 0 at locations of conditioning data and gradually change to 1 at
location at least depq: away from any conditioning data. denq. represents the separation distance
between two grid cells at which the correlation of their bed elevations vanishes. d¢p,qz 1S set to the
range of the spherical variogram fitted to the conditioning bed elevation data, which is 46 km in
the studying region. In addition, the edge weights matrix w(de, demas) assists in avoiding sudden
change at the edge of the random field block when adding the block to topography. w(de, demaz) is
calculated using the same logistic function (equation s1) but calculated for the distances to edges of
the update block, d.. The weight gradually changes from 0 at the edges to 1 at locations that are
at least demae, away from the edges. Similarly, deyq. is determined from the range of the spherical
variogram (46 km) in the studying area. Multiplying the data weight matrix and the edge weight
matrix with the random field ensures that the resulting weighted random field changes smoothly
from 0 at conditioning data locations and blocks edges to the random field’s values elsewhere.

1, if d > dipas
dn (d7 dmax) = d

T otherwise (1)
2

o o) = (T o6,

)—1

3 Preprocessing Chain Results

Fig. S1 includes additional details about the results of the preprocessing chain. In Fig. Sl(a),
we find that the end topography of the preprocessing chain reconstructs a shallower trench while
deviating from some grid cells containing radar-measured bed elevations. This could be caused by a
mismatch between the Gaussian distribution used to model the bed elevation errors and the presence
of certain conditioning grid cells with large errors, possibly caused by radar clutters.

We calculate the standard deviation of the difference between the topography sampled from the
preprocessing chain and the radar-measured bed elevations. Grid cells with elevation measurements
exceeding the generated topography by more than 1.5 standard deviations are identified. Addition-
ally, we manually select 10 grid cells in the vicinity of the Denman trough, which could potentially
be corrupted by clutter. In total, 138 grid cells — highlighted in red in Fig. S1(b) — are excluded
from the conditioning data used in the meso-scale and fine-scale chains.



4 Autocorrelation

Fig. S2(b) showcases the autocorrelation of individual grid cells in one of the meso-scale chain from
iteration 200,000 to iteration 210,000. Fig. S2(a) plots the location of grid cells randomly chosen to
generate Fig. S2(b). We observe that the autocorrelation converge to 0 before the 4000 iterations
lag with a slight tendency toward negative autocorrelation values.
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Figure S1: Subplot (a) shows the elevation differences between topography from the preprocess-
ing chain and the radar-measured topography, which is overlaid upon the end topography sample
generated in the preprocessing chain. Subplot (b) shows the radar-measured topography and the
excluded bed elevation measurements highlighted in red
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Figure S2: Subplot (a) shows the high velocity region (light grey), the location of conditioning bed
measurements (semi-transparent white), and the grid cells used to generate subplot (b). Subplot
(b) plots the autocorrelation of 200 grid cells in one of the meso-scale chains from iteration 200,000
to iteration 210,000.



