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ABSTRACT.

Subglacial topography is critically important for simulating ice-sheet evo-
lution and projecting sea-level contributions. However, the subglacial topog-
raphy of the Antarctic ice-sheet is sparsely measured. Obtaining a gridded
topography map used in ice-sheet simulations requires interpolating the mea-
surements or inverting topography from observations of ice velocity and sur-
face elevation. Traditional inverse methods based on the mass conservation law
usually produce a single topography that is overly smooth and does not capture
the non-uniqueness of the solutions to mass conservation. In this study, we
develop a new method that combines geostatistical simulations with Markov
chain Monte Carlo (MCMC) to stochastically generate different realizations
of subglacial topography for regions with high ice velocity. This method uses a
two-step approach that iteratively simulates large- and small-scale topography.
We test this method on Denman and Totten glaciers. The final topography en-
semble shows significant elevation differences from BedMachine and presents
large topographic uncertainty. This topography ensemble can be incorporated
into ensemble ice-sheet modeling, allowing for the propagation of topographic

uncertainty into the uncertainty in sea level projections.
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INTRODUCTION

Subglacial topography, the bed elevation beneath the ice, is a controlling factor in ice-sheet evolution. In
coastal regions, the advance and retreat of grounding lines are associated with the slope, curvature, and
elevation of the subglacial bed (Weertman, 1974; Schoof, 2007; Bradwell and others, 2019; Sergienko and
Wingham, 2022). Thus, when modeling ice-sheet evolution, different estimates of subglacial topography
can directly affect simulated ice-stream stability (Gasson and others, 2015; Wernecke and others, 2022;
Castleman and others, 2022). Subglacial topography is also a critical component in multiple englacial
and subglacial processes. For example, previous studies have demonstrated how subglacial topography
influences basal traction (Bingham and others, 2017; Kyrke-Smith and others, 2018; Hoffman and others,
2022), geothermal heat flow (Colgan and others, 2021; Shackleton and others, 2023), ice deformation
(Meyer and Creyts, 2017; Law and others, 2023; Liu and others, 2024), and subglacial hydrology (Siegert
and others, 2016; MacKie and others, 2021b), each of which significantly impacts ice-sheet evolution, and
hence the projected sea level rise contributions.

Despite its importance, Antarctic subglacial topography is only sparsely measured. Bed elevation
measurements are primarily provided by airborne ice-penetrating radar, which samples data along the
aircraft’s flight lines. Densely sampled coastal regions of Antarctica have flight lines separated by five to
twenty kilometers, and data gaps in inland Antarctica can easily exceed fifty kilometers (Frémand and
others, 2023; Matsuoka and others, 2025).

These sparse bed elevation measurements must be interpolated to produce a gridded subglacial topo-
graphic map for ice-sheet modeling applications (e.g. Herzfeld and others, 1993). However, interpolated
subglacial topography often violates physical constraints that are critical for ice-sheet models. Specifically,
the estimated subglacial topography and resulting ice thickness must conserve ice mass. Seroussi and oth-
ers (2011) showed that traditional interpolation methods, such as kriging, produce subglacial topography
that violates the mass conservation constraint when integrated with observed ice velocity. This violation
manifested as spurious, large-magnitude ice flux divergences, which can cause large and rapid changes in
ice thickness in the first few time steps when simulating the glacier evolution.

To find a physically realistic subglacial topography producing realistic ice flow behaviors, several meth-
ods have been proposed to invert subglacial topography using physical models or constraints. These

methods include numerically solving for subglacial topography from mass conservation (Morlighem and
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others, 2011; McNabb and others, 2012), simultaneously inverting for subglacial topography and basal
sliding parameters to reproduce observed ice velocity in ice flow models (e.g. Perego and others, 2014),
inverting for subglacial topography that reproduces the observed surface elevation with a known surface
climate forcing (van Pelt and others, 2013), and adopting machine learning approaches to find an optimal
subglacial topography that minimizes ice flux divergences (Teisberg and others, 2021). These methods re-
constructed subglacial topographies that show fewer physical artifacts when used with observed ice surface
elevation or ice velocity, which is valuable for initiating ice flow models. Specifically, the method proposed
in Morlighem and others (2011) has been used in BedMachine (Morlighem and others, 2017, 2020), a
widely-used subglacial topography dataset, to estimate subglacial topography in the fast-flowing regions of
the Antarctic and Greenland ice-sheets.

While the BedMachine estimate of subglacial topography in the fast-flowing region conserves ice mass,
this solution to mass conservation has several limitations. First, the topography is often unrealistically
smooth. Specifically, Morlighem and others (2011) used mass conservation to solve for an optimized
subglacial topography that minimizes the gradients of ice thickness. This topography is not required to
reproduce the topographic roughness in the bed elevation measurements (MacKie and others, 2021b) and is
usually much smoother than the observed topography (Hoffman and others, 2022). Second, the subglacial
topographic uncertainty is not robustly quantified and cannot be easily propagated into ice-sheet models.
The topographic uncertainty in Morlighem and others (2011) is presented as a maximum error bound,
which reflects how the errors in ice velocity, surface and basal mass balance, and surface elevation change
rate might affect the optimized solution. However, this approach fails to account for subglacial topography
solutions that do not minimize smoothness. In addition, the error bound does not represent each possible
subglacial topography, and thus cannot be directly used to propagate topographic uncertainty into ice-sheet
modeling results.

In contrast to deterministic interpolation approaches, geostatistical simulation methods can generate
multiple realizations of subglacial topography with realistic morphology. Geostatistical simulations are
methods that interpolate sparse measurements to produce a field of parameters (Deutsch and Journel,
1992; Goovaerts, 1997). Instead of creating a smooth topography interpolation that maximize accuracy,
like with kriging, geostatistical simulation prioritizes reproducing the spatial variability, or roughness, of
the topography (Goff and others, 2014; MacKie and others, 2020; Neven and others, 2021). In addition,

geostatistical simulation stochastically generates multiple equally probable realizations of the topography,
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which quantifies uncertainty arising from sparse measurements and allows propagting this uncertainty into
glacier models (e.g. Wernecke and others, 2022).

Subglacial topography generated by geostatistical simulation has supported scientific discoveries about
glacier systems. For example, Zuo and others (2020) and MacKie and others (2021a) used geostatistically
simulated topography to show that subglacial water routing paths are highly sensitive to topographic
uncertainty. In thermodynamic modeling of ice deformation, Law and others (2023) found that using
geostatistically simulated topography led to enhanced ice deformation and a variable-thickness temperate
ice layer at the base, which aligned more closely with borehole temperature observations. In contrast, the
model with the BedMachine topography produced reduced ice deformation and a thin basal temperate ice
layer.

Although traditional geostatistical simulation methods can preserve topographic roughness and quantify
uncertainty due to sparse measurements, they do not conserve mass and can consequently introduce physical
inconsistencies in ice flux. As a first step in addressing the issue, MacKie and others (2021b) employed a co-
simulation technique in which topography is geostatistically simulated to correlate with mass-conserving
topography from BedMachine (Morlighem and others, 2017). Although this approach visually aligned
topographic realizations more closely with mass conservation constraints, it did not guarantee that ice
mass is conserved, as the mass conservation equation is neither explicitly used nor proven to be satisfied
in the workflow.

To reconcile the needs of imposing the mass conservation constraint, preserving realistic roughness,
and estimating topographic uncertainty, we integrate geostatistical simulation with mass conservation
enforcement to generate subglacial topography realizations. This integration allows geophysical inversion
to recover topography that remains realistically rough. Geostatistical inversion has previously been applied
in other disciplines, such as petroleum exploration and groundwater hydrology. Geostatistical inversion
is typically implemented in a Markov chain Monte Carlo (MCMC) framework, where random subsets
of the parameter field are iteratively geostatistically perturbed until a geophysical forward model agrees
with observations (Fu and Gémez-Hernandez, 2008; Mariethoz and others, 2010; Nunes and others, 2012;
Shamsipour and others, 2010; Volkova and Merkulov, 2019; Reuschen and others, 2020). In this framework,
geostatistical realizations are repeatedly updated and tested against physical constraints, which produces
stochastic samples that preserve spatial structure while satisfying governing equations (e.g. Hansen and

others, 2012). Once convergence is achieved, additional samples are drawn to form an ensemble that
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quantifies uncertainty. This strategy is advantageous because it explores the parameter space without
requiring a closed-form solution to the inverse problem, making it well-suited for non-unique problems. In
this paper, we adopt a similar MCMC approach where subglacial topography is iteratively updated using
geostatistical methods, and the update is accepted or rejected based on mass conservation criteria.

In what follows, we first describe the study regions, observational data used, and the quality control
of bed elevation data. Next, in the Methods section, we outline the workflow, review the key theories,
and explore the implementation details. In the Results section, we quantitatively present the subglacial
topography realizations sampled by the geostatistical MCMC. Finally, in the Discussion section, we discuss

the implications of the results and future applications.

STUDY REGIONS AND DATA

Study Regions

We apply our method to the Denman Glacier and Totten Glacier regions where ice velocity exceeds 50

m a~'. Denman and Totten Glaciers are major outlet glaciers in East Antarctica with an annual ice
discharge of ~59.2 Gt and ~71.4 Gt from 2009 to 2017, respectively (Rignot and others, 2019). Denman
Glacier is thought to rest on a steep retrograde bed slope near its current grounding line, making it
vulnerable to rapid future retreat (Morlighem and others, 2020). Specifically, BedMachine estimates the
subglacial topography beneath Denman Glacier to be as deep as 3500 meters below sea level (Morlighem
and others, 2020). However, the shape and depth of the trough are not well-resolved in ice-penetrating
radar, where the radar measurements at the center of the trough do not capture clear return signals from
the bed (Liu and others, 2016; MacGregor and others, 2021). These potentially erroneous bed elevation
measurements of the trough present challenges for inverting for subglacial topography. The second study
region, Totten Glacier, is characterized by a large area of high-velocity ice and relatively smooth topography.
Widespread grounding line retreat has been observed over Totten Glacier (Aitken and others, 2016) with
large basal hydrology channels that could affect the glacier’s evolution (Dow and others, 2020; Pelle and

others, 2024). These two case studies represent subglacial environments with different characteristics,

providing diverse test cases for our method.
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Data Sources

The data used to reconstruct the subglacial topography are presented in Fig. 2 and Fig. 3. We use
MEaSUREs InSAR-Based Antarctica Ice Velocity Map version 2 (Rignot and others, 2017) for ice surface
velocity, which is available at 450 m resolution (Fig. 2b, Fig. 3b). We use ice surface elevation in
BedMachine v3 at 500 m resolution (Morlighem and others, 2020), which is inferred from the Reference
Elevation Model of Antarctica dataset (Howat and others, 2019) with firn-depth corrections (Fig. 2b,
Fig. 3b). To distinguish between surface topography and subglacial topography, we only refer to surface
topography as surface elevation in the following sections. We obtain the classification of regions (grounded
ice/floating ice/open ocean/ice-free) from BedMachine at 500 m resolution (Fig. 2c, Fig. 3c). We obtain
the surface elevation change rate by averaging the elevation change between May 2014 and May 2016 from
MEaSUREs ITS_LIVE Antarctic Grounded ice-sheet Elevation Change version 1 at 1.92 km resolution
(Nilsson and others, 2023) (Fig. 2d, Fig. 3d). We also obtain the surface mass balance by averaging
the surface mass balance between 2014 and 2016 estimated by Regional Atmospheric Climate MOdel
(RACMO2.3p2), which outputs at 27 km resolution (van Wessem and others, 2018) (Fig. 2e, Fig. 3e).
We fit all data listed above onto a regular grid with 1 km resolution, which is also the grid used for
simulating subglacial topography. We use nearest neighbor interpolation for classification of regions, and
linear interpolation for all other data.

We compile bed elevation measurements on a 1 km resolution regular grid in polar stereographic co-
ordinate using multiple datasets (Fig. 2a, Fig. 3a). In the grounded ice region, we use bed picks from
ice-penetrating radar data assembled in Bedmap2 (Fretwell and others, 2013) and Bedmap3 (Frémand and
others, 2023). Each grid cell in the grounded ice region is assigned the average bed elevation from the
available radar measurements within that cell. If no measurements are available, the cell remains empty.
In the following sections, the grid cells assigned with values are referred to as bed elevation measurements.
Several radar campaigns are used in the study region: the NASA Operation IceBridge campaign (MacGre-
gor and others, 2021), the ICECAP campaign (Young and others, 2011; Blankenship and others, 2017), the
ICECAP-EAGLE campaign (Young and others, 2016; Roberts and others, 2023), the ICECAP-OLDICE
campaign (Young and others, 2016), the Talos-Dome campaign in 2003 (Bianchi and others, 2003), and
the Stanford-Cambridge Radar Film Digitization Project (Schroeder and others, 2019).

For regions classified as ice-free ocean, floating ice, and ice-free land, we project the BedMachine v3

bed elevation (Morlighem and others, 2020) from its 500 m grid to our 1 km grid using linear interpola-
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Fig. 1. (a) Antarctic ice-sheet grounding lines (solid black lines) (Haran and others, 2018) and the zoom-in region
in East Antarctica shown in subplot b. (b) Ice surface velocity magnitude (Rignot and others, 2017) overlaid by
contour lines of the surface elevations (Howat and others, 2019) with ice shelf and open ocean region colored as light
and deep blue, respectively (Morlighem and others, 2020)

tion. Bedmap2 and Bedmap3 data are converted from EIGEN-GL04C geoid (Foerste and others, 2005) to
EIGEN-6C4 geoid (Foerste and others, 2014) used in BedMachine to ensure consistency between different

datasets.

Data Quality Control

We perform quality control on bed elevation data to identify and remove potentially erroneous measure-
ments. Bed elevation measurements could be affected by instrumental errors, radio-wave velocity errors,
bed-picking errors, GPS errors, and clutter (Lapazaran and others, 2016). Clutter occurs when radar
echoes are reflected from off-nadir topographic high points, which often happens on high-relief subglacial
topography such as deep troughs. Compared to other sources of positive or negative errors, radar clutter
can cause the returned bed elevation to have a large-magnitude positive bias (Lapazaran and others, 2016;
Scanlan and others, 2020).

Radar errors complicate bed mapping efforts. Often, the quality control of bed elevation data is
performed by visual inspection or by comparison with other data sources at a few cross-over locations (e.g.
Farinotti and others, 2014; Lippl and others, 2020), which lacks a quantitative assessment. In this paper,

we implement an MCMC quality control procedure. We first exclude bed elevation measurements that are
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Fig. 2. Processed datasets used for inverting for subglacial topography at Denman Glacier. The dashed gray
line delineates regions with ice surface velocity magnitude greater than 50 m/yr. The solid black line represents
grounding lines traced based on BedMachine region classification (Morlighem and others, 2020). Subplot a shows
gridded bed elevation measurements in Denman Glacier before the quality control step (Fretwell and others, 2013;
Frémand and others, 2023; Morlighem and others, 2020), where ice-free land, ice-shelf, and ice-free ocean regions
have BedMachine subglacial topography / bathymetry. Subplot b plots ice surface velocity magnitude (Rignot and
others, 2017) overlaid by the contour lines of the surface elevation (Morlighem and others, 2020; Howat and others,
2019); ¢ shows the classification of regions obtained from BedMachine (Morlighem and others, 2020); d shows surface
elevation change rate (Nilsson and others, 2023); e shows the interpolated surface mass balance overlaid by the
original surface mass balance estimations (van Wessem and others, 2018) marked in black-edge circles.
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Fig. 3. Processed dataset used for inverting subglacial topography of Totten Glacier, similar to Fig. 2. The
dashed gray line delineates regions with ice surface velocity magnitude greater than 50 m/yr. The solid black line
represents grounding lines traced based on BedMachine region classification (Morlighem and others, 2020). Subplot
a shows gridded bed elevation measurements before the quality control step (Fretwell and others, 2013; Frémand and
others, 2023; Morlighem and others, 2020), where ice-free land, ice-shelf, and ice-free ocean regions are colored by
BedMachine subglacial topography / bathymetry. Subplot b plots ice surface velocity magnitude (Rignot and others,
2017) overlaid by contour lines of the surface elevation (Howat and others, 2019); ¢ shows the classification of regions
obtained from BedMachine (Morlighem and others, 2020); d shows surface elevation change rate (Nilsson and others,
2023); e shows interpolated surface mass balance map overlaid by the original surface mass balance estimations (van
Wessem and others, 2018) marked in black-edge circles.
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greater than or equal to ice surface elevation. Then, we perform a Metropolis-Hasting MCMC analysis
(Metropolis and others, 1953; Hastings, 1970), which perturbs the subglacial topography using spatially-
correlated noise and accepts or rejects realizations based on penalties for ice flux divergences and misfits
from bed elevation measurements. This analysis provides subglacial topography realizations that reduce
spurious ice flux divergences while maintaining differences to bed elevation measurements comparable to
those in BedMachine, allowing us to identify and exclude measurements that cannot be reconciled with a
mass-conserving topography. To address the potential large-magnitude radar errors, potentially from radar
clutter and other erroneous measurements, we remove bed elevation measurements that are 1.5 standard
deviations shallower than the generated subglacial topography realizations. The full details of the data
quality control step are documented in the Supplementary Material Section 1, 2.

For the Denman region, we also remove 10 additional grid cells on a radar flight line near the narrowed
trunk of the glacier, where a subglacial trough likely exists and could potentially cause significant bed
elevation errors (Forte and others, 2019). For the Totten region, we remove additional bed elevation
measurements from one radar flight line, which have at least 1000 m cross-over absolute errors with data
from multiple other radar flight lines. These additional bed elevation measurements removed also are not
used in BedMachine topography (Morlighem and others, 2020).

In total, we removed 1.45% and 2.2% of bed elevation measurements in Denman’s and Totten’s regions
of high-velocity ice, respectively. For context, we compared the removed bed elevation measurements to
BedMachine (Morlighem and others, 2020) and BedMap gridded subglacial topography (Pritchard and
others, 2025). For Denman Glacier, the average absolute difference with BedMachine is 2356 m, while the
difference with Bedmap is 1829 m. For Totten Glacier, the same comparisons yield differences of 667 m

and 595 m, respectively.

METHODS

Overview

We present an MCMC approach to generating subglacial topography realizations in regions with high-
velocity ice, such that the realizations conserve ice mass, honor bed elevation measurements, and have
realistic roughness. The MCMC algorithm iteratively proposes new topography and evaluates the proposed
topography by mass conservation. We design two steps to generate topography realizations, where each

step constructs Markov chains with a distinct proposal method and creates topographic features of different
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spatial scales (Fig. 4). In the first step, we generate large-scale topographic features (lateral dimension >
10 km) that improve the consistency with mass conservation (Fig. 4a). We run Markov chains, which we
refer to as large-scale chains, that iteratively propose new topography by adding blocks of perturbations
to the previous topography. These large-scale chains generate subglacial topographies that preserve the
bed elevation measurements, but they do not guarantee realistic topographic roughness. In the second
step, we update topography sampled from large-scale chains to honor the spatial roughness of subglacial
topography (Fig. 4b). In this step, we run a second set of Markov chains, which we refer to as small-scale
chains, that propose new topography by replacing small-scale features (lateral dimension < 10 km). These
new features are generated by Sequential Gaussian Simulation, a geostatistical interpolation method that
honors the spatial roughness of the simulated topography. The final topography ensemble consists of the
topography produced in each small-scale chain, which capture diverse topographic features with realistic
roughness while maintaining low mass conservation misfits.

In the following subsections, we first summarize key concepts in geostatistics, mass conservation, and
MCMC to discuss how they are adapted for simulating subglacial topography. Then we describe the
implementation details of the large-scale chain and small-scale chains. At the end, we outline how these

chains are combined to generate the topography ensemble.

Geostatistics: the bed elevation constraint

Observations of subglacial topography provide direct elevation constraints and information on spatial cor-
relation of topographic features. The latter is visually expressed as the topography’s roughness and can
be quantified by semi-variogram statistics (e.g. MacKie and others, 2021b). The semi-variogram, often
referred to simply as the variogram, summarizes the spatial statistics observed in the sparse bed elevation
measurements. It describes the two-point correlation structure by relating the lag distance (separation

distance) between two elevation measurements to their value differences (Zimmermann and others, 2008):

1 N(h)

v(h) =

In Equation 1, h is the lag distance. T'(z;) is the bed elevation at the location x;. z; + h represent
locations that are h away from ;. N(h) is the num.ber of data pairs separated by distance h. Intuitively,
when two grid cells on the topography map are farther away (a larger h), their elevations are less correlated

(a larger y(h)) until they are far enough apart that the correlation vanishes (y(h) reaches a plateau),
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Fig. 4. A simplified schematic diagram for using the large-scale and small-scale chains to generate subglacial
topographies. We present subglacial topographies as 1D lines for simplification. Subplot a represents the large-scale
chains, where new subglacial topography (blue lines) are proposed by adding random perturbations (gray line in
step 3). Subplot b represent the small-scale chains, where the small-scale features in the topography are replaced by
simulations generated by SGS (orange lines).
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leading to a typical variogram shape where v(h) increases with h until reaching a plateau. The empirical
variogram calculated from sparse measurements can be fitted into a variogram model, defined by the
variogram model type (Gaussian, Spherical, Exponential, or Matern). The variogram model is described
by the range (maximum 7(h)), sill (h at which «(h) reaches maximum), and nugget (y(0)) parameters. A
smaller range or a larger sill could indicate large variability of subglacial topography over a short spatial
distance, and vice versa. The variogram model can be used for comparing the spatial roughness of different
subglacial topographies and for generating topography with realistic roughness (MacKie and others, 2021b).
In this paper, we use functions in SciKit-Gstats Python package with the Cressie estimator to compute
experimental variograms and fit variogram models (Malicke, 2022).

While kriging interpolation uses the variogram to provide a single deterministic estimate of the bed,
Sequential Gaussian Simulation (SGS) generates multiple realizations of subglacial topography that honor
sparse bed elevation measurements while reproducing the variogram statistics (MacKie and others, 2021b).
SGS is a geostatistical conditional simulation method that stochastically interpolates sparse measurements
to produce equally probable realizations of a random field. SGS is a ‘conditional’ simulation method because
the generated realizations exactly match available measurements. SGS has been shown to be effective in
stochastically generating subglacial topography in regions with slow ice flow (e.g. MacKie and others, 2020;
Law and others, 2023); but when it is used for regions with fast ice flow, the simulated subglacial topography
is often incompatible with mass conservation. Additionally, in some regions with high-relief topographic
features, incomplete radar sampling may limit the range of bed elevations represented in SGS realizations.
For example, in the Denman region, BedMachine (Morlighem and others, 2020) and Bedmap3 (Pritchard
and others, 2025) resolve a deep subglacial trough reaching elevations of -3700 m and -2800 m respectively,
whereas the bed elevation measurements within 50 km of the trough only reach -2200 m. In cases where
the true bed elevation in large data gaps differs greatly from the surrounding topography, the Gaussian
nature of SGS makes its realizations unlikely to reproduce prominent features with elevations that extend
beyond the range of measurements (Fig. S4). This limitation means that SGS alone is insufficient for
sampling subglacial topography in regions with extreme relief.

To address this limitation, we adapt geostatistical simulation for mass-conserving topographies by
dividing the process into two stages: (1) generating the large topographic features in the large-scale chains,
and (2) re-simulating finer features constrained by the variogram statistics in the small-scale chains. We

use SGS implemented in MacKie and others (2023) to generate topography in regions with low-velocity ice,
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to initiate the large-scale chains, and to simulate realistically rough topographies in the small-scale chains.

Mass conservation: the physical constraint

Mass conservation provides valuable information to ensure the compatibility of simulated topographies
with other ice surface observations, such as ice surface velocity, surface mass balance, and surface elevation
change rate (Seroussi and others, 2011). The mass conservation equation (2) is derived by depth-integrating
the ice continuity equation under the assumption of incompressible ice. The equation relates the sparsely
measured subglacial topography with high-resolution ice velocity.

oH . .

Here, %I is the rate of change of ice thickness; V - (uH) is the depth-integrated ice flux divergence,
which calculates the volume of ice entering and leaving an ice column of thickness, H, with depth-averaged
velocity, u. Surface processes, such as surface accumulation (positive) and surface ablation (negative),
are represented by the surface mass balance, M s; Whereas the basal mass balance, Mb, includes basal
accumulation (positive) and basal ablation (negative).

We make further adjustments to adapt this universal equation to the available data in the study region.
The ice thickness is expressed as the difference between ice surface elevation (S) and bed elevation (7"). The
annual change in bed elevation is usually orders of magnitude smaller than the change in surface elevation;

therefore, we assume %—i] = a(Sa;T) R %—f. As annual basal mass balance is estimated to be in centimeter-

scale or smaller in the grounded ice region (e.g., Seroussi and others, 2019; McArthur and others, 2023),
we approximate M, as 0. Additionally, the depth-averaged velocity, u, is approximated by surface velocity,
ugs, which is a reasonable assumption in the high-velocity regions where basal sliding dominates (Seroussi
and others, 2011; Rignot and others, 2011).

Since mass conservation is most effective in high-velocity regions, we first define an inversion domain
where our method can be applied. Assuming us ~ u, we identify grounded ice regions with surface velocities
greater than or equal to 50 m a~'. We compute a mask of the region, smooth its boundary using a 15-cell
mode filter, and then expand the mask outward by 3 km. Grid cells classified as open ocean, floating ice,
and ice-free land are excluded from the region. This region (shown in Fig. 2 and Fig. 3), referred to
hereafter as the high-velocity region, defines the domain where we apply the MCMC algorithm. Outside

the high-velocity region, topography realizations are generated directly using SGS (e.g. MacKie and others,
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2023).
After the adjustments, the mass flux residuals, which represent the ice flux divergence unresolved in

the mass conservation equation, are defined as:

oS

r:V-(uS(S—T))—l—E—MS. (3)

The mass flux residuals are calculated for each grid cell in the high-velocity region. Spatial derivatives,
such as V, are computed using second-order central differences. For simplicity, the spatial discretization

notation to represent r at each grid cell (4, j) (e.g. ri;) is omitted in this and following equations, similarly

for S, T, %—f, and Mj.

Bayes’ theorem and MCMC: combining bed elevation measurements and mass

conservation

Mass conservation provides a powerful physical constraint on subglacial topography, but by itself it cannot
uniquely resolve the topography. To overcome this limitation, we combine mass conservation with bed
elevation measurements in a Bayesian framework. Bayes’ theorem offers a convenient framework to inte-
grate these complementary sources of information into a posterior distribution of subglacial topography.
Bed elevation measurements, such as the measured values and topographic roughness, define the prior
distribution, p(7T"). The spurious ice fluxes due to violations of mass conservation describe the likelihood
function of the subglacial topography, p(d|T), where d contains [S, us, %, M,]. Combining the prior and

likelihood yields the posterior distribution of subglacial topography according to Bayes’ theorem:

p(d|T)p(T)
p(d)

Because the posterior distribution defined by Bayes’ theorem cannot be obtained analytically, we use

p(Tld) = (4)

Markov chain Monte Carlo (MCMC) to approximate it. MCMC is a well-established sampling method
that generating a sequence of samples (a Markov chain) from complex distributions (Gallagher and others,
2009; Geyer, 2011). At each iteration, MCMC proposes a perturbation to the current realization of the
parameter field, creating a new candidate. This new candidate is then evaluated against the prior and the
physical constraint using the likelihood function. This evaluation determines whether the new candidate is

accepted or rejected. Typically, the chain run for many iterations until convergence, after which subsequent
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realizations are used to approximate the posterior. In our application, the Markov chain is composed of a
sequence of subglacial topography realizations T; with ¢ € 0,1, 2, 3....

There are many different MCMC sampling algorithms. We use the widely used Metropolis-Hastings
(MH) approach (Metropolis and others, 1953; Hastings, 1970), which efficiently balances optimization
with exploration of the parameter space and is known for its simple and flexible implementation. In this
framework, candidate topographies with lower misfit (i.e., lower mass flux residuals) are usually accepted,
while those with higher misfit can still be accepted with some probability. This strategy prevents the chain
from becoming trapped in local solutions, enabling the exploration of plausible subglacial topographies.
Starting from an initial guess of subglacial topography Ty, each 7T; is iteratively generated ¢ as described

below.

1. propose a new realization 7" by updating T;

denote the probability of obtaining 7" from T; as q(1"|T;)

_ p(dT)p(T")
p(d)

compute posterior distribution of T;: p(T;|d) = %

2. compute posterior distribution of 7": p(T”|d)

p(d|T)p(T)q(T;|T") 1]
p(d|T;)p(T3)q(T"T3)

3. compute acceptance probability «(T”,T;) = min [
4. with probability «(T",T;), accept T" and let T;1 be T’

with probability 1 — a(T”,T;), let Tj+1 be T;

The proposal step in the MCMC algorithm searches through the space of possible subglacial topogra-
phies, while the acceptance probability o governs which candidate topography samples are retained.

In our method, we adopt a special case of the Metropolis-Hasting algorithm, called Extended Metropolis
algorithm (Mosegaard and Tarantola, 1995). The key difference is that, rather than explicitly evaluating
the prior p(T'), Extended Metropolis directly generates proposed topography from the prior distribution.
In other words, the proposal distribution equilibrates to the prior distribution such that

o(Ti|T") _ p(T3)

(T~ p(T) )

and the acceptance probability is simplified to a comparison of likelihoods:

: [ p(d[T")
a(T,Ti)zmln[p(dwi),l]. (6)
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The Extended Metropolis algorithm is particularly well-suited to our problem because the prior dis-
tribution of subglacial topography can be efficiently represented by geostatistical simulations. In this
framework, candidate realizations are drawn directly from the geostatistical prior, which ensures that the
proposals already satisfy the geostatistical properties of the bed while the acceptance step enforces con-
sistency with mass conservation. A similar approach was applied in Hansen and others (2012), where
geostatistical priors were used to generate proposals directly from simulation. We utilize different proposal
methods in the large-scale chain and the small-scale chain to update the topography, and we explain their
associated priors in the later sections. The likelihood function is represented by p(d|T'), where d contains
S, us, %, M,. We define p(d|T) in terms of the spurious mass flux residuals r for a given topography 7.

Ideally, the mass flux residuals r should be zero upon convergence, but in practice, uncertainties in ice
velocity, surface mass balance, and surface elevation change rate introduce nonzero values of r. To account
for these potential uncertainties, we define r at every grid cell to be an independent Gaussian distribution

with standard deviation, o,, as shown below.

2<r2>> |

plal) = exp (-2,

(7)

We use BedMachine as a baseline mass-conserving topography to calibrate o, and test our method’s
ability to reduce mass flux residuals. Specifically, we approximate the distribution of r by fitting a Gaussian
distribution to the mass flux residuals from the BedMachine topography in the high-velocity region, yielding
or ~ 3.5 m a~! at Denman Glacier and o, ~ 4.5 m a~' at Totten Glacier. While this calibration is not fully
independent—since BedMachine is also used as a benchmark—we note that o, functions primarily as a scaling
parameter in the likelihood. Its role is to control how strongly mass flux residuals are penalized, rather
than to bias inference towards BedMachine, and our results are not sensitive to modest changes in its value.
In Supplementary Material Section 3, we further evaluate r in regions with dense subglacial measurements
to confirm that the Gaussian distribution estimated from BedMachine falls within the plausible range of
residual values. Ideally, o, would be derived from uncertainties in ice velocity, surface mass balance, and
surface elevation change rate, but in practice this would be difficult to implement consistently. Other
possible approaches for defining the distribution of mass flux residuals based on data uncertainties are

discussed in the Discussion section.
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Large-scale chain: reconstruct large geometries

As discussed in the Geostatistics section, the Gaussian nature of SGS means that SGS may overlook large
features such as deep troughs. As such, we use a two-step MCMC geostatistical inversion procedure that
resolves both the large- and small-scale features (Fig. 4). In the first step, we construct Markov chains to
resolve large-scale subglacial topographic features (lateral dimensions > 10 km) that reduce the mass flux
residuals.

The large-scale chains search for topographies that satisfy both mass conservation and direct bed
elevation measurements, without imposing restrictions on topographic roughness. We start each large-
scale chain with an initial guess of the subglacial topography individually generated by SGS (Fig. 4a,
step 1). Then we iteratively perturb the topography (Fig. 4a, step 3) by adding blocks of Weighted
Random Fields (WRF). WRFs are spatially correlated random fields set to zero at the locations of bed
elevation measurements, which ensures that observations are preserved while allowing smooth perturbations
elsewhere. Because roughness is not enforced, this prior is relatively uninformative, which enables MCMC
to capture high-relief features such as troughs when required to conserve mass. We improve convergence by
perturbing only one block of topography per iteration (e.g. Roberts and Sahu, 2002). Updating the entire
domain often results in favorable changes in one region being canceled by unfavorable changes in others,
which lowers acceptance rates. In contrast, block-based updates effectively increases acceptance rates and
accelerates convergence. The blocks selected throughout the MCMC algorithm could repeat and overlap,
and the subglacial topography at each grid cell is perturbed more than once.

The block perturbation process is illustrated in Figure 5. At each iteration, a random block is chosen
within the high-velocity region (Fig. 5, step 3.1), with lateral dimensions drawn from a uniform distribution
between 20 and 100 km for Denman Glacier and between 50 and 200 km for Totten Glacier. These block
sizes ensure the acceptance rates to remain between 0.1 and 0.4, which usually indicates an efficient MCMC
algorithm (Geyer, 2011; Gelman and others, 1997). Second, a random field with the same size as the block
is generated (Fig. 5, step 3.2). The random field is sampled from a multivariate Gaussian distribution
with zero mean and an exponential, isotropic covariance model, which allows us to efficiently generate the
field using Fourier Transforms implemented in the Python package GSTools (Miiller and others, 2022).
This covariance model can be represented by a variogram with zero nugget and a range sampled uniformly
between 10 and 45 km for the study of Denman Glacier. The maximum range (45 km) represents the

variogram range calculated from bed elevation measurements inside the high-velocity region of Denman
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step 3.1: randomly choose the step 3.2: calculate Weighted Random Field step 3.3: add the WRF block
block's size and location (WRF) by multiplying a random field with data to the topography
weight and block weight
before perturbation after perturbation

Weighted
Random Field Random Field Data Weight Block Weight

r X X

—400

Y [km]

—410

A
-420 V4
s f ——
2390 2400 2410 2420 do not perturb bed 00 O 400 0.0 05 1.0
X [km] elevation measurements

perturbation (m) weight —-1000 0 1000

and merge with outside
bed elevation (m)

= radar flightline

Fig. 5. The figure expands on the step 3 in Fig. 4a to illustrates the proposal method used in the large-scale chain.
The red rectangle in step 3.1 and step 3.3 represent the selected random block.

Glacier, and the minimum range helps to create perturbations that resemble relatively smaller topographic
features. With a similar process, the covariance model is chosen to be between 10 and 80 km for Totten
Glacier. The amplitude of the random field is sampled from a uniform distribution between 50 and 200 m for
Denman and between 100 and 300 m for Totten, which we tuned to keep acceptance rates between 0.1 and
0.4. We then multiply the random field with the weight matrices to force values to taper smoothly to zero
at locations with bed elevation measurements and blocks edges (Fig. 5, step 3.2; also see Supplementary
Material Section 4). Finally, we add the WRF to the topography inside the block (Fig. 5, step 3.3).
Outside the high-velocity region, the topography is masked out and remains unchanged.

Like other MCMC applications, our method requires an initialization period, or burn-in, during which
the chain iteratively updates the initial guess before reaching a stationary distribution (i.e., iterations after
which the topography realizations are mass conserving). Thus, we discard the early iterations where the
large-scale features have not yet converged to a stationary distribution. We use a trace plot (Fig. S3) to
determine how many iterations to discard (Supplementary Material Section 5).

The subglacial topography samples generated in the large-scale chain after burn-in are used to find
the topographic trend and serve as initial guesses for the small-scale chains. After the burn-in phase,
We first calculate the topographic trend, Ti.enqg, by taking a topography sample from each large-scale
chain and applying a Gaussian smoothing filter with a standard deviation of 5 km. Then we sample 10
topography realizations from each of the 4 large-scale chains to initialize the small-scale chains. Because
consecutive iterations in a Markov chain are correlated, we only sample at every k-th iteration to ensure

approximate independency between sampled subglacial topographies. This method, called thinning in
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MCMC literature, is often used to reduce autocorrelation between samples (Jones and Qin, 2022). The
value of k is determined by calculating the autocorrelation of topography across iterations (Fig. S4),
which is 4000 iterations for Denman Glacier and 30000 iterations for Totten Glacier (e.g. Mosegaard and
Tarantola, 1995). Together, each large-scale chain provides a Tipenq and 10 realizations, Tsgmpies, Which

are used to initialize 10 small-scale chains.

Small-scale chain: simulate finer features

Following the large-scale chain, the small-scale chain uses SGS to re-simulate small-scale features (lateral
dimension < 10 km) that are not captured by the large-scale trend. Similar to Hansen and others (2012),
each proposal consists of simulating a sub-region of the topography with SGS (Fig. 4b; Fig. 6). In this
way, small-scale features in the initial topography is iteratively replaced with SGS-generated realizations,
which preserves realistic roughness. The SGS proposes updates that are constrained by both bed elevation
measurements and topographic roughness, enforcing a geostatistical prior on the subglacial topography.
Because these updates are still subjected to the MCMC acceptance criterion, the simulated features remain
constrained by the likelihood from mass conservation, as in the large-scale chains.

We initialize the small-scale chains with the topographic trend obtained from the large-scale chain. We
first remove large topographic features by subtracting Tireng from Tygmpre (a.k.a. de-trending). Then, we
use a normal score transformation (Chiles and Delfiner, 2012) to normalize the de-trended topography.
Finally, we also de-trend and normalize the bed elevation measurements and calculate the variogram
to represent topographic roughness. The topographic trend Tj.cpnq is stored and will be added back to
simulated de-trended subglacial topography later in the MCMC algorithm.

Equipped with the variogram, the SGS-simulated topographies can reproduce the realistic topographic
roughness observed in the bed elevation measurements. In each iteration of the small-scale chain, the
re-simulation with SGS is restricted to a random rectangular block (e.g. Fu and Gémez-Herndndez, 2008;
Hansen and others, 2012; Laloy and others, 2016) to facilitate the convergence and to satisfy the inter-
dependency requirement of MCMC. In each MCMC iteration, we select the block’s center at a random
location within the high-velocity region and sample the block’s lateral dimensions from a uniform distri-
bution between 2 km and 8 km (Fig. 6, step 3.1), which we tuned to achieve acceptance rates between 0.1
and 0.4. Inside the block, we re-simulate grid cells that are not bed elevation measurements (Fig. 6, step

3.2, 3.3). The simulation is conditioned to bed elevation measurements inside the block and neighboring
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step 3.1: randonly choose the step 3.2: remove grid cells inside step3.3: re-simulate removed grid
block's size and location the block that are not bed cells using Sequential Gaussian
elevation measurements Simulation

—-400

Y [km]

—410

—420

2390 2400 2410 2420 A >
X [km] - radar flightline —1000 0 1000
bed elevation (m)

Fig. 6. The figure expands on the step 3 in Fig. 4b. An illustration of the update method used in the small-scale
chain. The red rectangle represents the selected random block.

subglacial topography outside the block. The topography is then back-transformed and added back to the
trend so the mass flux residuals and acceptance probability can be calculated.

The subglacial topography outside the high-velocity region is not masked out in the block-based SGS
simulations. Because of the block’s small size and its central location within the high-velocity region, it
only changes grid cells within approximately 4-5 km of the high-velocity region. This design effectively
created a ’'buffer’ zone such that the mass flux residuals are efficiently minimized at the margin of the
high-velocity region and the topography merges smoothly with the low-velocity region. The calculation of

mass flux residuals, however, is still restricted to be within the high-velocity region.

Generate the topography ensemble

While the two-phase perturbation strategy deviates from traditional MCMC implementations, the algo-
rithm retains the fundamental structure of a Bayesian inversion. The geostatistical prior defines plausible
spatial correlations, and the physical model acts as a constraint via the likelihood. We explore the posterior
through repeated perturbation and acceptance/rejection steps based on the mass flux residuals.

We designed a combination of large-scale and small-scale chains to generate the final ensemble of to-
pography realizations. First, for Denman Glacier, we initiate 4 large-scale chains with different initial
topographies, which are simulated using SGS conditioned on the quality-controlled bed elevation measure-
ments (Fig. 4a, step 1). For Totten Glacier, we initialize 2 large-scale chains with the same process. After
the large-scale topographic features stabilize, we smooth the mean topography of the large-scale chain to

obtain the topographic trend. We also sample 10 subglacial topography realizations from each large-scale
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chain to be used as the initial topography to start the small-scale chains. Next, we run 10 small-scale
chains with detrended, normalized subglacial topography. Each small-scale chain runs until ~ 80% of the
grid cells inside the high-velocity region have been updated at least once. One topography realization is
sampled at the end of each small-scale chain. In total, Denman Glacier has 4 large-scale chains that diverge
into 40 small-scale chains, which provide an ensemble of 40 topography realizations. Totten Glacier has 2

large-scale chains and 20 following small-scale chains, providing an ensemble of 20 topography realizations.

RESULTS

We compare the subglacial topographies generated by BedMachine, SGS, and our mass-conserving MCMC
approach, with their respective mass flux residuals at each grid cell (Fig. 7, Fig. 8). For Denman Glacier,
both BedMachine and MCMC construct a trough deeper than -3500 m beneath the main trunk of Denman
Glacier (Fig. Ta,c). In contrast, SGS simulates bed elevations between -1000 to 0 m at the same location due
to the lack of bed elevation measurements in the deep trough (Fig. 7b). Similarly, for the Totten Glacier,
the large-scale structures in the MCMC-generated topographies more closely resemble BedMachine than
the SGS-generated topography. (Fig. 8). Besides the overall similarity, we also observe different large-
scale features in BedMachine and the MCMC-sampled topography. For instance, BedMachine shows a 2
km-deep, 30 km-long depression upstream of Denman Glacier (northing -340 km and easting 2350 km),
which does not exist in the MCMC-sampled topography.

Fig. 9 shows the sum of squares of mass flux residuals in the 4 large-scale chains and the following 40
small-scale chains used for simulating Denman Glacier subglacial topography. Similarly, Fig. 10 shows the
reduction of mass flux residuals in 2 large-scale chains and 20 small-scale chains for Totten Glacier. The
bold lines in these two figures highlight a large-scale chain and a following small-scale chain for Denman
and Totten Glacier, respectively. The large-scale chains are initiated by the topography in Fig. 7b or Fig.
8c and with large mass flux residuals. After iterative perturbations and simulations, the end topographies
in the small-scale chain (Fig. 7c, Fig. 8c) reduced the residuals by one order of magnitude. The realizations
assembled in the final ensemble, presented as orange dots in Fig. 9 and Fig. 10, have sums of squares of
mass flux residuals slightly lower than the one calculated for BedMachine.

We quantify and compare the topographic roughness by presenting the empirical variograms for the
topographies, where smaller semi-variances at the same lag distances indicate a smoother topography (Fig.

11). The bed elevation measurements, SGS-generated topography, and members in the MCMC-generated
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Fig. 7. Subplots a, b, ¢ show Denman subglacial topographies generated by different methods, where subplots d,
e, f present the associated mass flux residuals. The dashed gray line and the solid black lines represent high-velocity
region and grounding line of Denman Glacier, respectively. The mean of the absolute mass flux residuals inside the
high-velocity regions for d, e, f is respectively 5.86, 14.48, and 5.78. The SGS-generated subglacial topography at
subplot b is used to initialize one of the large-scale chains for Denman Glacier.
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Fig. 8. This figure shows the same data as Figure 7 but for the Totten Glacier. Subplots a, b, ¢ show topographies
generated by different methods, and subplots d, e, f show the associated mass flux residuals. The dashed gray line
and the solid black lines represent high-velocity region and grounding line for Totten Glacier, respectively. The mean
of the absolute mass flux residuals inside the high-velocity regions for d, e, f is respectively 5.27, 9.26, and 4.66. The
SGS-generated subglacial topography in subplot b is used to initiate one of the large-scale chains for Totten Glacier.
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Fig. 9. The sum of squares of mass flux residuals in the 4 large-scale chains and the corresponding 40 small-scale
chains used for simulating Denman subglacial topography. The bold lines show an example of large-scale chains
and an example of small-scale chains. The orange dots denote the end sum of squared residuals of each topography
realizations in the ensemble. The transition between large-scale chains and small-scale chains is enlarged in the inset
figure.
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Fig. 10. The sum of squares of mass flux residuals in the 2 large-scale chains and the corresponding 20 small-scale
chains used in Totten case study. The bold lines show an example of large-scale chains and an example of small-
scale chains. The orange dots at the end of the lines denote the end sum of squared residuals of each topography
realizations in the ensemble.
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Fig. 11. Comparison of variograms calculated from detrended, normalized BedMachine, one SGS-generated sub-
glacial topography, and MCMC-generated topographies in the high-velocity region and detrended, normalized bed
elevation measurements in the entire study region. The trend used for de-trending is calculated by interpolating bed
elevation measurements through a radial basis function interpolator with a thin-plate-spline kernel. Subplot a shows
variograms calculated in Denman Glacier, whereas subplot b shows variograms in Totten Glacier.

ensemble have a similar topographic roughness, whereas BedMachine has a smoother topography. All
MCMC-generated ensemble members also have similar roughness that is close to the roughness in bed
elevation measurements. For Totten Glacier, the MCMC-generated topographies have slightly less variance
compared to bed elevation measurements.

We present the mean and the two standard deviations of the topography ensemble. In the ensemble
mean (Fig. 12a, Fig. 13a), we observe some consistent topographic features across different chains. The
spatially-averaged standard deviation of the ensemble is ~ 45 m inside the high-velocity region of Denman
Glacier (Fig. 12b) and ~ 41 m inside the high-velocity region of Totten Glacier (Fig. 13b). The standard
deviation tends to be larger in areas with fewer radar flight lines. Outside the high-velocity region, the
subglacial topography is not perturbed by MCMC, thus only represents ensemble statistics from the 4 SGS-
generated topographies used to initialize large-scale chains for Denman Glacier and the 2 SGS-generated
topographies for Totten Glacier. Fig. 12c¢ shows the differences between the ensemble mean topography
and the BedMachine topography in Denman, which is less than 500 m across most areas but reaches 2000
m at some locations, such as at northing 340 km and easting 2350 km. For Totten, the differences between
ensemble mean and the BedMachine reaches nearly 1000 m (Fig. 13). BedMachine provides the maximum
error of bed elevation (Fig. 12d, Fig. 13d), which represents how the assumed maximum errors in the ice

velocity, surface mass balance, and surface elevation change rate could cause variations in the BedMachine
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topography solution. Comparing the ensemble standard deviation (Fig. 12c¢, Fig. 13c) and the maximum
bed topography error provided by BedMachine (Fig. 12d, Fig. 13d), we observe that the difference between
the ensemble mean and BedMachine exceeds the BedMachine error bound, especially in the vicinity of the
Denman trough.

To reveal the details of various topography realizations in the ensemble, we present several cross-sections
in the high-velocity region (Fig. 14, Fig. 15). Fig. 14 shows the different geometry of the Denman trough
reconstructed by MCMC and BedMachine, where the maximum difference exceeds 1 km (e.g., Fig. 14a,
b). Among cross-sections in Fig. 14, the spread of the bed elevation distribution changes across the region
(Fig. 14c, d, e). The topography ensemble has a smaller elevation range (~ 200 m) within the trough (Fig.
14a) and upstream of the trough (Fig. 14b, between 40 and 100 km along-profile distance). In comparison,
we find topographic uncertainty to be more than 500 m near the grounding line (Fig. 14c between 17 and
24 km along-profile distance) and in the inland basin (Fig. 14d). For cross-sections of the high-velocity
region of Totten Glacier, the elevation spread of MCMC-generated subglacial topographies in data-rich
regions (e.g. Fig. 15 a, ¢) is drastically different from locations with less bed elevation measurements (e.g.
Fig. 15b, d). In particular, Fig. 15d shows a region where the elevation differences between the ensemble

members exceed 3000 m.

DISCUSSION

In this paper, we present a new geostatistical inversion method, which was used to sample the distribution
of subglacial topography at Denman Glacier and Totten Glacier. The final topography ensemble validates
the existence of different subglacial topography realizations that are mass-conserving, realistically rough,
and constrained by bed elevation measurements.

The ensemble statistics and the cross-sections (Fig. 12, 13, 14, 15) illustrate the potential of stochastic
methods in quantifying the topographic uncertainty in high-velocity regions. The sampled topography
realizations have similar sums of squared mass flux residuals (Fig. 9, Fig. 10) while presenting distinct
topographic features. The elevation differences between realizations are substantial and spatially varying,
ranging from 102 to 10® meters in different locations (Fig. 14, Fig. 15). The complex distribution of bed
elevation, simulated by the MCMC algorithm, shows diverse variable topographic features and contrasts
with the random topographic perturbations typically used to test the sensitivity of ice-sheet models to

subglacial topography (e.g. Sun and others, 2014; Castleman and others, 2022; Bulthuis and Larour, 2022;
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Fig. 12. This figure presents MCMC-generated ensemble for Denman Glacier and the comparison to BedMachine.
Subplot a shows ensemble mean bed elevation (m); b shows the ensemble standard deviation multiplied by two (m);
¢ shows the elevation difference (ensemble mean minus BedMachine; m); d shows the error bound of the BedMachine
topography. In a, b, and c, the dashed gray outlines denote the high-velocity region. In d, the dark blue outlines
denote regions where BedMachine use mass conservation approach to invert for subglacial topography.
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Fig. 14. The left column shows subglacial topography cross-sections of Denman Glacier. The semi-transparent
green envelope indicates BedMachine error bounds, and the upper limit of the brown region marks the mean of
the MCMC-generated topographies. Axes use different scales, so cross-subplot comparisons require caution. The
right column shows transect locations and the mean of the MCMC-generated topographies of Denman Glacier. Bed
elevations are projected onto transects by linear interpolation, while bed elevation measurements are projected using
nearest-neighbor interpolation.
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Fig. 15. This figure shows cross-sections of subglacial topographies generated for Totten Glacier, similar to Fig.
14. The left column shows subglacial topography cross-sections. The semi-transparent green envelope indicates
BedMachine error bounds, and the upper limit of the brown region marks the mean of the MCMC-generated to-
pographies. Axes use different scales, so cross-subplot comparisons require caution. The right column shows transect
locations and the mean of the MCMC-generated topographies. Bed elevations are projected onto transects by linear
interpolation, while bed elevation measurements are projected using nearest-neighbor interpolation.
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Wernecke and others, 2022).

The diverse small-scale topographic features generated in the MCMC could impact modeling of ice
dynamics. Subglacial topography is a critical component in many glacial processes, affecting ice deformation
patterns (Meyer and Creyts, 2017; Law and others, 2023; Liu and others, 2024), subglacial water routing
(Zuo and others, 2020; MacKie and others, 2021b), and stability of the glaciers (Gasson and others, 2015;
Wernecke and others, 2022). The complex interactions between topographic uncertainty and ice stream
dynamics is often studied via ensemble modeling (e.g. Robel and others, 2019; Aschwanden and others,
2019; Albrecht and others, 2020; Bulthuis and others, 2019). Our method generates topography realizations
that can be easily incorporated into an ensemble of models, thus enabling the propagation of topographic
uncertainties. As subglacial topography is found to be one of the most influential factors in the prediction
of ice-sheet contribution to sea level (Castleman and others, 2022), sea level uncertainty cannot be robustly
quantified without the propagation of topographic uncertainty.

On the other hand, inversions of englacial and subglacial geophysical parameters, such as ice viscosity
or sliding coefficient, often require a known subglacial topography. Most conventional inversions treat
subglacial topography as a single deterministic map (Morlighem and others, 2010; Pollard and DeConto,
2012), which would cause the inversions to compensate for errors in subglacial topography (Kyrke-Smith
and others, 2018; Hoffman and others, 2022; Rathmann and Lilien, 2022; Berends and others, 2023). An
ensemble of topography realizations can be used in an ensemble of inversions to explore how the inverted
parameters compensate for topographic uncertainty.

Previous researches have found that both topographic roughness (Law and others, 2023; Liu and others,
2024) and topographic uncertainties (Wernecke and others, 2022) directly affect ice dynamics and ice-sheet
evolutions. Our methods provide a mean to simulate uncertain small-scale topographic features while
controlling the topographic roughness. The resulting subglacial topography ensemble can be used to study
and compare the effects of topographic roughness and topographic features’ variability in ice sheet models.

Additionally, by quantifying uncertainties in mass-conserving topography, we can identify areas within
high-velocity regions where bed elevations remain poorly constrained and contribute disproportionately to
ice-sheet model uncertainty, which would help guide future radar campaigns.

Subglacial topographies reconstructed by different methods show different large-scale features. While
SGS reconstructs realistically-rough subglacial topographies based on the bed elevation measurements, SGS

samples insufficiently when the true bed elevation values in the data gap differ greatly from the surround-
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ing topography (Fig. 7b, Fig. S4). The MCMC method first finds large-scale topographic trends that are
necessary for mass conservation, and then re-simulates small-scale topographic variations. This is shown
in Fig. 7 where the high-relief Denman trough is reconstructed by both MCMC and BedMachine, and the
SGS-generated topographies consistently reconstruct a shallow trough based on neighboring bed elevation
measurements. On the other hand, the difference between MCMC-sampled topographies and BedMachine
topography often exceeds the topographic error bound in BedMachine and the two standard deviation
in the MCMC-ensemble (Fig. 14a, b, ¢, Fig.13b, d). Several factors could contribute to this difference.
First, the MCMC method does not restrict the topography’s gradients when generating the large-scale
trends, whereas BedMachine solves for smooth topographic features (Morlighem and others, 2020). This
additional smoothness requirement in BedMachine could change the solution to mass conservation. Sec-
ond, the MCMC-sampled topographies strictly retain bed elevation measurements, whereas BedMachine
allows deviations from the measurements. The bed elevation measurements could constrain neighboring
topography when combined with mass conservation. We suggest that future research could investigate how
deviating from bed elevation measurements affects topography solutions, potentially through geostatistical
simulation methods that incorporate uncertainties in data (e.g., Hansen and others, 2018).

We demonstrated the application of the MCMC method to generate subglacial topography of the
high-velocity regions of Denman and Totten Glacier. The two regions represent different subglacial to-
pography regimes, where Denman Glacier is featured by high-relief subglacial trough, and Totten Glacier
is characterized by gradual elevation change. Overall, the two-step approach provides a flexible work-
flow to accommodate both large-scale and small-scale topographic features and could easily be applied to
other glaciers. Because this mass conservation approach assumes ice velocity is dominated by sliding, our
method is only suitable for high-velocity regions. For low-velocity regions, geostatistical simulation remains
a better alternative (e.g. MacKie and others, 2023). Future studies where the depth-averaged velocity is
modeled as a fraction of surface velocities could potentially help to extend the application region of our
mass conservation method (e.g. Brinkerhoff and others, 2016; Teisberg and others, 2021).

In addition, our methods can be used for simulation subglacial topography with a resolution higher than
1 km. But increasing topographic resolution inevitably increases the number of grid cells to updates for,
which may require more MCMC iterations. The development of efficient geostatistics inversion algorithm
with possibility of parallel computing is discussed in the last paragraph of the Discussion section.

When applying this method to a large region, it is important to consider the spatial heterogeneity
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of topographic roughness. Topographic roughness and anisotropy of topographic features naturally vary
based on the substrate’s lithology and weathering process. In the current test, we used one variogram to
characterize the topographic spatial structure across each study area. In future studies, sub-regions with
different topographic roughness and anisotropic angles could be partitioned, where different variograms
could be used to simulate topography realizations with spatially varying roughness (e.g. MacKie and
others, 2023). The flexibility of MCMC allows the multi-variograms approach to be easily incorporated
into the current implementation of the method.

In the current method, the distributions of mass flux residuals are approximated using mass flux
residuals calculated from BedMachine topography. Since the mass flux residuals distribution is determined
by uncertainties in ice velocity, surface mass balance, and surface elevation (Supplementary Material Section
3), reduced data uncertainty could allow a closer approximation to 7 = 0. On the other hand, we also
suggest several approaches that can be used to accurately represent the distribution of mass flux residuals.
Brinkerhoff and others (2016) adopt an MCMC method that infers ice velocity from the topography in
each iteration and compares the inferred velocity with the observed velocity. This approach allows the
incorporation of velocity uncertainty into the inversion of subglacial topography. However, this method
was only demonstrated on a 2D flow line (Brinkerhoff and others, 2016), where velocity can be easily
calculated from topography using mass conservation. Another approach is to jointly simulate observational
data and subglacial topography. For example, we could invert for pairs of depth-averaged velocity and
subglacial topography such that they produce ice flux divergences that are within the uncertainties in
surface mass balance and surface elevation change rate. However, this approach could significantly increase
the computational cost and would delay the Markov chain’s convergence. We suggest that with a better
understanding of uncertainties in the observed data and advanced MCMC techniques designed for sampling
high-dimensional parameters (e.g. Laloy and others, 2016; Reuschen and others, 2021), these possible
solutions can be studied further.

The high computational cost of generating topography ensembles can be reduced with parallel comput-
ing, machine learning, and improved MCMC design. In our current approach, 40 realizations of Denman
Glacier subglacial topography are obtained by running 4 large-scale and 40 small-scale chains sequentially,
requiring nearly two weeks of runtime on a Mac Studio with Apple M1 Ultra chip and 128 GB memory.
A reduction of runtime could be achieved through parallelization of independent Markov chains (Gelman

and Rubin, 1992). In addition, machine learning methods could be employed as time-efficient surrogates



635

636

637

638

639

640

641

642

643

644

645

646

647

648

649

650

651

652

653

654

655

656

657

Shao and others: mass-conserving topographic uncertainty quantification 35

to generate geostatistical simulations (Laloy and others, 2018; Bai and Tahmasebi, 2022), which is the
most time-consuming component in the current workflow. Finally, advanced MCMC techniques designed
for sampling high-dimensional parameters (e.g. Laloy and others, 2016; Reuschen and others, 2021) could
facilitate the Markov chain’s convergence and reduce the number of iterations required, which is especially

valuable when inverting for large regions of high-resolution subglacial topography.

CONCLUSION

Reconstructing subglacial topography from sparse bed elevation measurements presents difficulties in pre-
serving realistic topographic roughness and ensuring physical consistency with surface observations. In
this study, we develop a novel geostatistical MCMC method for stochastically simulating subglacial topog-
raphy and test the method on Denman Glacier and Totten Glacier. We successfully simulate an ensemble
of mass-conserving, realistically rough, and radar-constrained topography realizations. The simulated to-
pographies show large differences to the numerically solved topography in BedMachine. The topography
ensemble also presents spatially varying topographic uncertainty and distinct large-scale and small-scale
topographic features across realizations. We demonstrated the application of geostatistical MCMC in the
inversion of subglacial topography. Furthermore, the topography ensemble generated provides an opportu-

nity to quantify the impact of topographic uncertainty on ice-sheet modeling and sea-level-rise projections.
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1 Quality control of bed elevation measurements via MCMC

We perform quality control on bed elevation measurements to exclude potentially erroneous data
from been later used in the large-scale and small-scale chains. The quality control process is concep-
tually similar to large-scale chains (see the main manuscript). However, instead of strictly require
preservation of bed elevation measurements, we penalize for height differences between MCMC-
sampled subglacial topography and bed elevation measurements in the quality control step. Assum-
ing independent Gaussian distribution of bed elevation error, we calculate the prior probability as
below.

Z(lz)) . (1)

p(T) = exp (— 207

[ is the difference between the subglacial topography T and bed elevation measurements inside
the high-velocity region. We only calculate [ at the grid cells where bed elevation measurements are
available. The standard deviation of the Gaussian distribution, oy, is calibrated by fitting a Gaussian
distribution to the differences between BedMachine topography and bed elevation measurements.
While the approximation of o; is not fully independent, it provides a control over the strength of
bed elevation constraints, which especially useful for situations where the bed elevation measurement
errors vary between different regions. We estimated the o; to be 100 m for Denman Glacier and 60
m for Totten Glacier. With a better quantified uncertainties in bed elevation measurements, the o;
can possibly be determined from radar source in the future.

We use an MCMC algorithm to find bed elevation measurements that are highly incompatible
with mass-conserving topographies. The MCMC iteratively proposes perturbation to the subglacial
topography, searching the solution space to find topographic realizations that have small mass flux
residuals while penalizing for the discrepancies with bed elevation measurements.



We start the MCMC with an initial guess of subglacial topography that has a SGS-generated
topography in the slow-moving, grounded ice region, and BedMachine topography in regions classi-
fied as floating ice, open ocean, or ice-free land. The high-velocity region of the initial topography
has a constant value, which is the mean of bed elevation measurements inside the high-velocity
region. We iteratively update the topography inside the high-velocity region by creating blocks
of spatially-correlated perturbations using random fields that are not conditioned to bed elevation
measurements. These fields are sampled from zero-mean multivariate Gaussian distributions with
an isotropic Gaussian covariance, which can be represented by a variogram with a zero nugget and
a range sampled from a uniform distribution from 10 km to 45 km for Denman Glacier and from 10
km to 80 km for Totten Glacier. The maximum range equals the variogram range of the bed eleva-
tion measurements, and the minimum range helps to generate topographic features with relatively
shorter wavelength, which we kept to be larger than 10 km. The amplitude of the generated field is
drawn uniformly between 50 to 200 m for Denman and between 50 to 150 m for Totten, which we
tuned for an acceptance rate between 0.1 and 0.4. In addition, we utilize the block-update similar
to large-scale chain for increasing the acceptance rate and facilitate chain convergence. The lateral
dimensions of the block are drawn from a uniform distribution from 50 km to 200 km to ensure an
acceptance rate between 0.1 and 0.4. Outside the high-velocity region, the perturbations are masked
out, and the topography remain to be the SGS-generated initial topography.

The nature of the random field perturbation indicates that the proposal distribution is sym-
metric (¢(T"|T) = q(T|T")). The random fields used for perturbing topography are sampled from
a multivariate Gaussian distribution with zero mean. The random field used to obtain 7" from T
is exactly the random field used to obtain T from T’ with an opposite sign, which has the same
probability of being generated. With the definition of p(7T") and the symmetric proposal distribu-
tion, the acceptance rate in the step 3 of MCMC algorithm (Method - Bayes’ Theorem and MCMC
subsection) for the data quality control step is calculated as.
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p(Ti—1)p(d|T; 1)’
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a(z,y) = min [

(s2)

The iterative random field perturbation does not constrain the roughness of the subglacial to-
pography, which leads to the possibility of overfitting the topography to mass flux residuals. We
stopped the MCMC at the iteration when (1) the differences between the MCMC-sampled subglacial
topography and bed elevation measurements stabilize and (2) 85% of the bed elevation measurements
that will be excluded (which are higher than MCMC-sampled topography by more than 1.5 standard
deviations of 1) does not change across more than a hundred thousands iterations. We stopped the
MCMC at 500,000th iteration for Denman Glacier and at 800,000th iterations for Totten Glacier.
The last 5000 subglacial topographies sampled by the chains are provided to quality control the bed
elevation measurements. We remove bed elevation measurements that are 1.5 standard deviations

shallower than the mean topography of the last 5000 iterations.



2 Data Quality Control Results

Fig. S1 presents results of the quality control step for Denman Glacier. In Fig. Sla, most of
discrepancy to bed elevation measurements occurred inside the Denman trough. While the simulated
subglacial topography is shallower than bed elevation measurements at locations upstream and
downstream of the trough, this topography is deeper than the measurements at middle segment
of the trough. The overall result reconstruct a trough shallower than the trough reconstructed in
BedMachine (Morlighem and others, 2020). The results shows a high inconsistency among bed
elevation measurements in the trough.

Fig. S2 presents the result of quality control step for Totten Glacier. The quality control process
clearly captured a radar segment (enclosed by a blue circle) near easting ~ 2250km and northing
~ —1000km, where the simulated subglacial topography is much lower than the bed elevation mea-
surements. This radar segment also has high cross-sectional errors with surrounding bed elevation
measurements, which further suggests existing data errors. At other locations, the difference be-
tween simulated subglacial topography and the bed elevation measurements are generally small,
which only cause several sporadic bed elevation measurements to be excluded from the dataset.

We calculate the standard deviation of the elevation differences between the subglacial topogra-
phy sampled from the MCMC in the quality control step and the bed elevation measurements. We
identify locations where bed elevation measurements is at least 1.5 standard deviation shallower than
the generated topography. For Denman region, we additionally select 10 grid cells in the vicinity
of the Denman trough, which could potentially be corrupted by clutter. In total, 59 grid cells —
highlighted in red in Fig. S1(b) — are excluded from the bed elevation measurements in Denman.
For Totten region, we observe that bed elevation measurements from one radar flight line have large
cross-section errors with other bed elevation measurements. We exclude additional 169 grid cells of
bed elevation measurements on this flight line. In total, 680 grid cells are excluded from the bed
elevation measurements in Totten (Fig. S1(d)).

3 Distribution of mass flux residuals

Mass flux residuals represent the spurious ice flux that arises when combining observed velocity with
interpolated subglacial topography. In the context of known subglacial topography, the mass flux
residuals are caused by uncertainties in ice velocities, surface mass balance, and surface elevation
change. These data uncertainties could rises from the observational error, the coarse spatial reso-
lution, and the asynchronous data collection time. However, because the topography is not known,
we approximate the distribution of mass flux residuals using BedMachine.

BedMachine estimate mass-conserving topography by finding a ice velocity v,, v, within a bound
around ice surface velocity vsg, Vsy (Vo = 01Vsp + 2,1 € [0.95,1], @ € [—50,50], and similar for
vy), such that the subglacial topography solution has minimized discrepancy with bed elevation
measurements and minimized gradients (Morlighem and others, 2011). Mass flux residuals of Bed-
Machine topography then arise from the incompatibility between observed surface velocity vsz, vgy
and topography estimated from optimized velocity v,,vy.

To confirm the validity of mass flux residuals estimated from BedMachine, we calculate mass



flux residuals on densely-measured subglacial topographies under Pine Island Glacier (Bingham and
others, 2017) (Fig. S3). The mass flux residual distributions defined for Denman and Totten are
shown to be within the plausible range of distribution.

4 Weighted Random Field Calculations

In the large-sale chains, blocks of weighted random fields iteratively update the topography while
preserving bed elevation measurements and avoiding sharp changes in subglacial topography. We
generate the weighted random fields by multiplying a random field with the data weight matrix and
the edge weight matrix.

The data weights matrix W(d, d;naz) helps to avoid perturbations at grid cells with bed eleva-
tion measurements. W(d, dp,q,) has the size of the random field. d denotes the distance between
a grid cell and its closest bed elevation measurements. d,,q, denotes the maximum correlation
length, which is set to the range of the empirical variogram of the bed elevation measurements. For
Denman, d,q, = 45km, and for Totten, d,q. = 80km. We denote every entry in W(d, dyaz) as
w; ;(d; j, dmaz), Where d; ; represent d at the (4, ) grid cell. We use a logistic function (Equation
s3) to calculate w; ; such that W(d, dyq5) has 0 at locations of bed elevation measurements and
gradually change to 1 at location at least d,,q, away from any bed elevation measurements.

17 if di,j > dmaa:
dn(di,j>dmam) = di .
=, otherwise (s3)
2

w; j(dij, dmaz) = ( )—1

1 + exp(f6dn (di,ja dmax))

In addition, the edge weights matrix K(s,d;q.) prevents sudden change at the edge of the
random field block when adding the block to topography. K(s,dq.) is calculated using the same
logistic function but with d replaced by s (Equation s4), which is the distances of a grid cell to the
closest edge of the update block. The weight gradually changes from 0 at the edges to 1 at locations
that are at least di,q, away from the edges. In the following equation, s; ; represents s at (4, j) grid
cell, and k; ; represent entries of K.

17 if Si,j > dmaw
dn(si,jydmaz) = Si 7

=, otherwise (s4)
2
)—1

1+ eXp(—Gdn(Si,ja dmaz))

ki (S5, dmaz) = (

Multiplying the data weight matrix and the edge weight matrix with the random field ensures
that the resulting weighted random field changes smoothly from 0 at bed elevation measurements
locations and blocks edges to the random field’s values elsewhere.



5 Large-scale chains burn-in period and sampling rate

We use trace plot to determine when to start sampling subglacial topographies from the large-scale
chains. MCMC method often requires a period of initialization (a.k.a. burn-in) when subglacial
topography is iteratively updated from the initial guess to a different configuration that produces
low mass flux residuals. Without this burn-in period, subglacial topography samples generated
by MCMC might still be under the influence of the initial guess. We use trace plot to determine
the burn-in period. We apply a Gaussian smooth filter with a kernel size of 5 km to the subglacial
topography at each iteration to obtain large-scale topographic features. We then record bed elevation
of the smoothed subglacial topography at grid cells marked on Fig. S5a. These 200 grid cells are
randomly selected from all grid cells in the high-velocity region. We observe that the values of
the smoothed topographies stabilize before the 200,000 iterations for Denman Glacier and 600,000
iterations for Totten Glacier. We discard all topography samples generated before 200,000 iterations
for Denman Glacier and 600,000 iterations for Totten Glacier.

We use autocorrelation to determine the number of iterations between each topography samples
obtained from the large-scale chain. The subglacial topographies generated by MCMC are correlated
among neighboring iterations. Only when two topographies are separated by enough iterations, they
can be considered as pseudo-independent samples. Auto-correlation plots have often been used to
determine this separating interval (Jones and Qin, 2022). Fig. S6 showcases the autocorrelations of
individual grid cells in a large-sale chain for Denman Glacier, whereas Fig. S7 plots autocorrelations
for Totten Glacier. We choose the separating interval by the distance where the autocorrelations
dropped below ~ 0.25, which is 4,000 iterations for Denman Glacier and 30,000 iterations for Totten
Glacier.

6 Subglacial topography profile across Denman Trough

We plot additional cross sections across the Denman trough to show the differences between SGS-
generated subglacial topographies (S8a) and MCMC-generated subglaical topographies (S8b).
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Figure S1: This figure shows the result of quality control step for Denman Glacier. Left subplot shows
the differences between topography generated from the MCMC algorithm in the quality control step
and the bed elevation measurements, which is overlaid upon the subglacial topography generated
in MCMC after burn-in period. Right subplot shows the bed elevation measurements, where the
locations of excluded bed elevation measurements are highlighted in red
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Figure S2: This figure shows data similar to Fig. S1 but for Totten Glacier. The left subplot shows
the differences between topography generated from the MCMC algorithm in the quality control step
and the bed elevation measurements, which is overlaid upon the subglacial topography generated
in MCMC after burn-in period. The right subplot shows the bed elevation measurements, where
the locations of excluded bed elevation measurements are highlighted in red. The blue circle is a
reference to a radar segment that have large errors.
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Figure S3: The figure shows histograms of mass flux residuals calculated from regions of densely-
measured subglacial topography (Bingham and others, 2017). The datasets used for calculating
mass flux residuals are described in the Study Region & Data section of the manuscript. The mass
flux residual histograms are overlapped with the mass flux residual distributions approximated from
BedMachine (Morlighem and others, 2020) for Denman and Totten Glaciers.
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Figure S4: This figures shows bed elevation values at randomly chosen grid cells of Denman Glacier
in a large-scale chain. Subplot a shows the location of the randomly chosen grid cells, with orange
marks indicating locations used to generate b, purple marks for c, and green marks for d. Subplots
b, ¢, and d show the trace plots of bed elevation from iteration 0 to 400,000 at their respective grid
cells for the large-scale chain.
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Figure S5: This figures shows similar data as Fig. 4 but for Totten Glacier. Subplot a shows the
location of the randomly chosen grid cells, with orange marks indicating locations used to generate
b, purple marks for c, and green marks for d. Subplots b, ¢, and d show the trace plots of bed
elevation from iteration 0 to 800,000 at their respective grid cells for the large-scale chain.
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Figure S6: This figure shows autocorrelation of individual grid cells during a large-scale chain for
Denman Glacier. Subplot a presents the high velocity region (light gray, enclosed by dashed gray
lines), the location of bed elevation measurements (semi-transparent white), the grounding line
(black lines), and the locations where we calculate autocorrelations (blue dots). Subplot b plots the
autocorrelations of 200 grid cells in a large-scale chains from iteration 200,000 to iteration 210,000.
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Figure S7: This figure shows autocorrelation of individual grid cells during a large-scale chain for
Totten Glacier. Subplot a presents the high velocity region (light gray, enclosed by dashed gray
lines), the location of bed elevation measurements (semi-transparent white), the grounding line
(black lines), and the locations where we calculate autocorrelations (blue dots). Subplot b plots the
autocorrelations of 200 grid cells in a large-scale chains from iteration 600,000 to iteration 700,000.
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Figure S8: The cross section of subglacial topographies generated by the mass-conserving MCMC
approach and by SGS. The left column shows cross sections of 40 subglacial topographies generated
by the geostatistical MCMC (a) and SGS (b). The right column shows location of the cross sections,
where the base map is mean of the subglacial topography ensemble generated by geostatistical
MCMC (a) or SGS (b), and the white lines denote location of the cross section.
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