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SUMMARY

Realistic models of earthquake sequences can be simulated by assuming faults governed by
rate-and-state friction embedded in an elastic medium. Exploring the possibility of using such
models for earthquake forecasting is challenging due to the difficulty of integrating Partial
Differential Equation (PDE) models with sparse, low-resolution observational data. This pa-
per presents a machine-learning-based reduced-order model (ROM) for earthquake sequences
that addresses this limitation. The proposed ROM captures the slow/fast chaotic dynamics of
earthquake sequences using a low-dimensional representation, enabling computational effi-
ciency and robustness to high-frequency noise in observational data. The ROM’s efficiency
facilitates effective data assimilation using the Ensemble Kalman Filter (EnKF), even with
low-resolution, noisy observations. Results demonstrate the ROM’s ability to replicate key
scaling properties of the sequence and to estimate the distributions of fault slip rate and state
variable, enabling predictions of large events in time and space with uncertainty quantification.
These findings underscore the ROM’s potential for forecasting and for addressing challenges

in inverse problems for nonlinear geophysical systems.
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Data Assimilation in ROM of Chaotic Earthquake Cycles 3
1 INTRODUCTION

It is well understood that earthquakes result from chaotic system dynamics, but their predictability
remains an open question (Main, 1996). Recent progress has been made in forecasting the spa-
tial and temporal variations of earthquake rates (Field et al., 2015; Dempsey & Suckale, 2017;
Kaveh et al., 2023) and in developing realistic models of earthquake sequences that simulate faults
obeying rate-and-state friction (RSF) laws embedded in an elastic half-space (Richards-Dinger &
Dieterich, 2012; Shaw et al., 2018). However, the possibility of forecasting individual events using
such physics-based models has not been widely explored. This is the question we investigate in
this study.

To forecast individual earthquakes, one would need models that are consistent with physical
laws and that can be tuned to match historical data within their uncertainties, enabling forecasts of
future events with quantified uncertainty. In principle, the frictional properties and state of a fault
could be inferred from geodetic and seismological observations, allowing earthquake sequence
models to be calibrated against real-world data (Barbot et al., 2012). However, inferring these
model parameters—including fault geometry, frictional heterogeneity, and tectonic loading—is an
extremely challenging inverse problem. As a first step, we assume that we have access to a physical
model capable of producing chaotic sequence of events. Under this assumption, we focus on the
more tractable problem of forecasting the next large event in the sequence. This requires a data
assimilation framework that incorporates noisy and sparse observations to update the model state
and produce probabilistic forecasts.

We begin by considering a system that generates ‘slow’ earthquakes, also known as slow slip
events (SSEs) (Rogers & Dragert, 2003). SSEs are episodic slip events that resemble regular earth-
quakes (Michel et al., 2019), but are slower and more frequent, resulting in chaotic but potentially
more predictable sequences (Gualandi et al., 2020). However, a major limitation of data such
as time series recorded at geodetic stations is that they do not provide direct information about
the stress distribution on the fault—arguably the most critical quantity for forecasting. Moreover,

these data are typically sparse and have a low signal-to-noise ratio, which poses a serious chal-
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4 Hojjat Kaveh, Jean Philippe Avouac, Andrew Stuart
lenge: model trajectories that fit the observations within uncertainty can still diverge quickly due
to the system’s sensitivity to initial conditions.

In our previous study (Kaveh et al., 2025), we showed that large events can be forecasted due
to the self-organization of the stress field resulting from prior ruptures. However, that study did
not address the data assimilation problem. This is particularly challenging because the models
are governed by high-dimensional, nonlinear PDEs (Rice, 1993; Lapusta et al., 2000), and the
available observations are sparse and noisy. For example, in slip inversions, we significantly lose
spatial resolution when estimating fault slip from surface displacements, making it difficult to
constrain the underlying stress distribution.

Here, we present a machine learning-based reduced-order model (ROM) of earthquake se-
quences designed to facilitate data assimilation. The ROM takes large-scale features as input and
remains robust to the loss of small-scale information, while reproducing both slow/ fast chaotic be-
havior. Unlike PDE models, which describe the evolution of full-field variables such as slip rate or
the state variable in rate-and-state friction, the ROM captures the dynamics of the earthquake cy-
cle using a low-dimensional vector representation. This dimensionality reduction enables efficient
data assimilation by simplifying the integration of observational data. Moreover, since the ROM
is machine-learned, it runs orders of magnitude faster than conventional PDE solvers, making it
especially suitable for inverse problems and data assimilation tasks.

Reduced-order modeling (ROM) techniques have gained significant attention in science and
engineering for their ability to efficiently approximate complex physical processes (Schneider
et al., 2021; Fukami & Taira, 2023; Mousavi & Eldredge, 2025). They have also been applied in
various geophysical contexts, such as modeling turbulent geophysical flows (San & Maulik, 2018)
and the thermal structure of subduction zones (Hobson & May, 2024). In seismology, ROMs have
been used for seismic waveform modeling (Hawkins et al., 2023; Nagata et al., 2023; Rekoske
etal., 2024). The use of ROMs thus appears well-suited to approximating physics-based models of
earthquake sequences and history-matching them to observations. However, there is no guarantee
that predictability can be achieved with such models. In this study, we explore this question.

Data assimilation techniques, particularly the Ensemble Kalman Filter (EnKF), have been ap-
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Data Assimilation in ROM of Chaotic Earthquake Cycles 5
plied to models of earthquake sequences in several previous studies. For example, Hirahara &
Nishikiori (2019) successfully used an EnKF approach to forecast SSEs on a fault governed by
rate-and-state friction (RSF) laws using surface observations and to estimate model parameters.
However, they adopted a simplified setup that produced purely periodic behavior. Similarly, Diab-
Montero et al. (2023) used a forward model with periodic behavior and a simplified observational
operator, both of which may not fully capture the complexities of real earthquake sequences. Build-
ing on these studies, our work considers a fault model that generates a complex, chaotic sequence
of events. The synthetic data includes a diverse range of events with varying magnitudes and loca-
tions along the fault, making both temporal and spatial forecasting a significantly more challenging
task.

In this paper, we develop a reduced-order model (ROM) of earthquake sequences and demon-
strate its utility for data assimilation and forecasting. In Section 2, we describe the governing
physical model and the procedure for constructing the ROM using Proper Orthogonal Decompo-
sition (POD), followed by a machine learning framework to approximate its dynamics. We also
present our data assimilation setup, including the formulation of the forward and observational
models and the implementation of the Ensemble Kalman Filter (EnKF). In Section 3, we evaluate
the ROM'’s ability to replicate the long-term statistical properties of the full model, demonstrate
the performance of the EnKF in recovering the system state from sparse, noisy observations, and
assess the accuracy of event forecasts in both time and space. Finally, in Section 4, we examine the
assumptions underlying the approach, explore the limits of predictability, and discuss challenges
in applying this framework to more realistic settings. The paper concludes in Section 5 with a

summary of key findings and directions for future research.

2 METHODS
2.1 Physical model

The resistance of faults to sliding is described by the laboratory-derived rate-and-state friction law,

which has been extensively applied to model earthquake sequences (Dieterich, 1979; Ruina, 1983;



104

105

106

107

108

109

110

11

12

113

114

115

116

17

118

119

120

121

122

123

124

125

126

6  Hojjat Kaveh, Jean Philippe Avouac, Andrew Stuart
Lapusta & Liu, 2009). The shear stress on the fault surface, 7, is:

v*0
dys

Tz&(f*—l—aln(%)—i-bln( )) (1)

where 7 : ' X RT — R is a function of location on the fault surface I, and time for all ¢ > 0.
The variables v : I' x Rt — Rt and 6 : I' x Rt — R* denote the slip rate and state variable,
respectively. The state variable 6 encapsulates the memory of contact on the fault (Dieterich, 1979;
Ruina, 1983). In this equation, & represents the effective normal stress, while f* is the friction co-
efficient at the reference slip rate v*. The parameters a, b, and d, are frictional properties, where d,
denotes the characteristic slip distance. We assume that f*, v*, d,5, and ¢ are spatially uniform and
temporally constant. However, the frictional parameters a and b are treated as piecewise constant
functions, @ : I' — R and b : [' — R, in this study. The sign of a — b determines the fault’s fric-
tional behavior. For a —b < 0, the fault is Velocity Weakening (VW), where an increase in slip rate
(V'), combined with slip exceeding d., reduces the fault strength, enabling earthquake nucleation
and rupture acceleration. Conversely, when a — b > 0, the fault exhibits Velocity Strengthening
(VS) behavior, meaning an increase in slip rate enhances the fault strength. Such regions inhibit
rupture nucleation and rupture propagation (Dieterich, 1979).

The shear stress rate on the fault is approximated by:
o = L(v —vp) — KO, (2)

where k = p1/2c, represents the radiation damping coefficient, p is the shear modulus, and ¢,
is the shear wave speed. The term «0;v accounts for energy radiated away as seismic waves,
which becomes significant only at high slip rates, and the operator L is a linear pseudo-differential
operator that captures elastostatic stress transfer due to slip (Rice, 1993).

By differentiating Eq 1 with respect to time and using Eq 2, we can eliminate 0;7 and find an
evolution law for slip rate v on the fault. To close the system, we also need an evolution law for the
state variable . Various formulations have been proposed for €’s evolution (Ruina, 1983; Rice &

Ruina, 1983). In this study, we adopt the aging law (Ruina, 1983), leading to the following closed
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dynamical system for slip rate on the fault v, and state variable 6:

o 1
o = [Ii+ %] [E(v — vpl) — b5(5 — diﬂ’ (z,t) € T' x (0,00), (3a)

vl
For a one-dimensional fault embedded in a two-dimensional medium, I' = [0, L]. For a two-

dimensional fault in a three-dimensional medium, I' = [0, L] x [0, D]. Due to the non-linearity,
the fault slip rate can vary by many orders of magnitude in a very short time, leading to a complex
multiscale behavior. As a result, even in the case of a simple planar fault with a single VW patch,
the dynamical system defined in Eq.3 can produce multiscale, periodic or chaotic slip events in
both time and space, depending on the model parameters and geometry (Barbot, 2019). In this
study, we focus on parameters that generate chaotic time series, as forecasting periodic slip events
has already been addressed in previous studies. The main part of our analysis is conducted using
a 2D fault embedded within a 3D medium, as illustrated in Fig. 1(a). The corresponding model
parameters, detailed in Table 1, produce a complex sequence of slow slip events that are spatially
and temporally irregular, with magnitudes ranging from 6.1 to 7.3 over 600 years of simulation,

excluding the initial 100 years (Fig. 1).

2.2 Proper Orthogonal Decomposition (POD)

Proper Orthogonal Decomposition (POD) is a linear model reduction technique used to extract
dominant patterns from complex datasets, providing an efficient representation of a system’s dy-
namics with reduced computational complexity. It has found wide application in various fields,
such as fluid dynamics and geophysical modeling (Taira et al., 2017; Rekoske et al., 2024), in-
cluding the modeling of fault slip (Kositsky & Avouac, 2010; Kaveh et al., 2025). In the context
of this study, POD is applied to data generated from Eq. 3. Given that the quantities of interest, v
and 6, vary over many orders of magnitude, it is numerically more appropriate to perform model
reduction on the logarithms of these variables, log,, v and log,, 6. At time t, let ¢(z,t) € R! rep-

resent either log,, v or log,,  at each grid point z € I', with [ being the number of grid points
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8  Hojjat Kaveh, Jean Philippe Avouac, Andrew Stuart
after discretization. In the POD framework, we aim to find an optimal set of basis functions ¢g to

represent ¢ in a space-time decomposition, as expressed by Taira et al. (2017):

q(z,t) = q(z) = > _a’(j,t)¢i(z), jEN 4)
J

where ¢(z) is the snapshot average of ¢, and (b?(z) captures the spatial dependence of the data.
Once these basis functions are determined, we can describe the time evolution of the system by
computing the temporal coefficients a?(j,t) for each mode at any time ¢. The superscript ¢ em-

phasizes that we must compute these basis functions separately for both log,, v and log;, 0.
When simulating Eq. 3, we typically have snapshots of the field ¢ (representing v and 6 on a
logarithmic scale) that are taken at nonuniform time intervals. This non-uniformity arises due to
the fast and slow dynamics inherent in the system. We assume we have r snapshots, where 7 is
sufficiently large, and each snapshot corresponds to a finite-dimensional data vector ¢(z,t;) € R’,
with [ being the number of spatial grid points. For all field snapshots, we first remove the snapshot
average, ¢(z), from each data vector to center the data. This results in defining a new vector,

w(z,t;)@, for each snapshot i:
w(z, 1) = q(z,t;) — qz) R, i=1,2,--- 7 (5)
We then construct a matrix W(@):
W@ — [w(q) (t) w'(ty) --- w(Q)(tT)] e R, (6)

The optimal basis functions for Eq. 4 correspond to the eigenvectors of the covariance matrix
WWT, ordered with respect to descending variance defined by the eigenvalue corresponding to
a given eigenvector. These eigenvectors and eigenvalues are obtained through the singular value

decomposition (SVD) of W (@):
w@ — (I)(Q)E(Q)\IJ(Q)T’ (7

where ®@ ¢ R and U@ € R™" are orthogonal matrices and (@ € R!*" is a rectangular

matrix with nonzero entries (a](-q)) only on its leading diagonal. The j** column of ®(%) represents
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()

. . .th . . . .
the eigenvector corresponding to the j** eigenvalue A", which is computed as:

1 2
)\(_‘1) — (Q) . 8
T -1 ®
The eigenvectors are orthogonal (gzﬁg,, ¢?> = 4,/;, where (-,-) denotes the inner product in R’,

and ¢;; is the Kronecker delta function. Given ¢(z, ), the temporal coefficients a?(j,¢) can be

computed using the orthogonality property of the basis functions gb? as follows:

a’(j,t) = (q(z,t) = q,5), j €N 9)

We retain the first n, eigenvectors, and approximate ¢(z,t) as:
Tiq
gz t) =g~ > al(j,1)d%(2). (10)
j=1

To determine n,, we choose it such that the ratio of the sum of the first n, eigenvalues to the sum

of all eigenvalues exceeds a predefined threshold. Specifically, we select n, such that:
2 A

l
2 =1

where 7 is the total number of snapshots. This ensures that the chosen modes capture at least 90%

> 0.9, 11

of the total variance in the data. The dimension n, should also be chosen to be low enough to
facilitate easy tuning of the machine learning model (described in the next section) while remain-
ing sufficiently rich to capture important physical phenomena such as scaling laws. For simplicity
of notation, we concatenate all the a?(j,t) coefficients (for 1 < j < n,) into a single vector
ai(t) € R™, defined as:

al(1,t)

9(2,t
al(t) = &(.’) . (12)

a?(ng, t)_

The introduced model reduction enables us to represent both log,, v and log;, f in low-dimensional

spaces, R" and R"™¢, respectively. Here, n, represents the number of components retained for the

slip rate v, and ny denotes the number of components retained for the state variable 6. We set
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n, = ng, and denote the total number of components as n = n, + ny. For convenience, we use
o and of to represent the temporal components of the logarithm of the slip rate and the logarithm
of the state variable, respectively. In the following section, we employ machine learning to derive
an evolution law for o’ and o, such that, starting from an initial condition, we can simulate a

sequence of events without directly solving Eq. 3.

2.3 Learning Slow/Fast Dynamics for Reduced-Order Models (ROM)

In reduced-order modeling using machine learning, we aim to identify an evolution law for o =

(e € R™, o’ € R™) € R", represented as:
a=gla), te(0,00), (13)

where n, and ny are the numbers of retained POD modes for v and 6, respectively, and g : R" —
R"™ with n = n, + ny. The dynamical system in Eq. 13 is obtained through machine learning and
can be integrated numerically at a much lower computational cost in comparison with integration
of the full PDE model (Eq. 3). Once the function g is learned, using an initial condition, one does
not need to use Eq. 3 to simulate the sequence of earthquakes.

However, learning the dynamics of Eq. 13 presents significant challenges due to the multiscale
(slow-fast) and chaotic nature of the underlying system. Typically, Eq. 3 is integrated using an
adaptive time-stepping scheme, where time steps vary from a few seconds to several hours. This
variability complicates the learning process for g, as its behavior reflects the system’s dynamics:
g outputs small values during slow dynamics and large values during fast dynamics. To overcome
these challenges, we propose a methodology tailored for learning chaotic slow-fast dynamical
systems. Our approach involves a transformation of the time variable to eliminate the slow/fast
behavior. Instead of using the physical time variable ¢, we introduce a transformed time variable
s, in which the system evolves uniformly:

do B dads

a T dsdt (14

While directly learning da/dt is challenging, we decompose this task into learning two separate



211

212

213

214

215

216

217

218

219

220

221

222

223

224

225

226

227

228

229

230

231

232

233

234

235

Data Assimilation in ROM of Chaotic Earthquake Cycles 11
functions: g; = da/ds and 1/g, = ds/dt. Using this decomposition, d«/dt can be reconstructed

as g1/ge- In a discrete-time formulation, approximating ¢ using forward finite differences yields:

iy B0 0050 ) _ ot A alt) 1
v At - Atz _\ 1 /' Atz
9 Y

(15)

Here, t; represents the i time step, obtained using an adaptive time-stepping scheme with At; as
the adaptive physical time step increment, which varies across different time scales. The dataset is
constructed from numerical solutions of the underlying PDE, producing snapshots of the field at
nonuniform time intervals. Projecting these snapshots onto the POD basis generates a nonuniform
time series for a(t;). Using the formulation in Eq. 15, we train separate neural networks to learn
g1 and go.

To improve the accuracy of the machine-learned model and help the neural network g, better
capture the function’s variability, we explicitly include log,, ||v(%;)||oo (logarithm of maximum slip
rate at ¢; ) as an additional input. Note that ||v(¢;) || can be directly approximated using «,(¢;). In
addition, we empirically observe that information only from «,, is enough to predict the time step.
As aresult, we exclude oy as input for go. This exclusion is advantageous because, as shown later
in the data assimilation problem, components of oy are estimated with lower accuracy compared
to . As a result, the neural networks are defined as g; : R” — R" and g, : R™*! s R*. For
more details on the structure of these neural networks, how we generate the training data, and how
we impose dissipative behavior of g, see Appendix A and B.

Due to the chaotic nature of the system, the machine-learned model (Eq. 13) cannot be used for
long-term trajectory prediction. This limitation arises from two factors: (1) projection of the initial
condition and state space onto the first few modes introduces errors, and (2) inaccuracies in the
machine-learned model are inevitable. These factors, combined with the chaotic dynamics, lead to
divergence between the long-term trajectories of the original system and the ROM. Nevertheless,
the machine-learned model captures the long-term statistical properties of the system, such as
scaling laws, with similar behavior to the original model. For short-term dynamics, the trajectories

of the ROM are designed to remain close to those of the original PDE, making the ROM suitable
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12 Hojjat Kaveh, Jean Philippe Avouac, Andrew Stuart

for sequential data assimilation problems. This is achieved by training the neural network with
a loss function that minimizes the mean squared error of one-step-ahead predictions. The low
dimensionality and computational efficiency of the machine-learned model, combined with its
ability to leverage large-scale patterns in data while remaining robust to small-scale smoothing,
make it particularly advantageous in data assimilation settings, especially when observations are
sparse and have lost fine-scale information. In the next section, we describe the data assimilation

framework and the forward and observational models used in this paper.

2.4 Data assimilation

Data assimilation is a mathematical framework to combine observational data with numerical
models to estimate the state of a dynamic system and improve predictions; typically, this is done
sequentially in time, as data is acquired and this is the version of data assimilation we deploy in
this paper. Our approach integrates the physics-based, machine-learned model as the backbone
of the forecast, distinguishing it from purely machine-learning methods that rely on minimal or
no physical principles. The data assimilation framework leverages this physics-based, machine-
learned model and incorporates observational data to correct predictions for unrepresented effects,
such as unforeseen transient phenomena, chaotic dynamics, and observation noise.

We assume that observations occur at uniform time intervals, denoted by At,,s. Our goal is to
estimate the state update (o) at the kth observation time increment using noisy slip rate obser-
vations on the fault, which are further corrupted by a low-pass filter. The low-pass filter mimics
the limited resolution provided by surface geodetic measurements. This estimated state is then uti-
lized to forecast large events effectively. For convenience, we use the subscript notation to indicate
the observation time increment, i.e., ay, = a(t = kAt,s). In general, o can represent boundary
conditions or uncertain model parameters, but throughout this paper, oy, € R" specifically denotes
the temporal POD coefficients of the reduced-order model (ROM) at t = kAt .

To provide a comprehensive understanding of the data assimilation framework, it is essential
first to define the forward model and the observation model used in our approach. The forward

model represents the physical processes governing the earthquake cycle in the reduced space,
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Data Assimilation in ROM of Chaotic Earthquake Cycles 13
while the observation model relates the states of the forward model to observable quantities. In
the following sections, we explain these models in detail before outlining the data assimilation

formulation.

2.4.1 Forward and Observation model

In data assimilation, the forward model represents the mathematical or physical system used to
predict the evolution of the system’s state, while the observation model relates the system’s state
to measurable quantities by simulating the process of obtaining observations. In Eq. 13, we de-
rived an ODE describing the evolution of o«. However, for the purpose of data assimilation, since
observations are available at discrete time intervals of At, it is sufficient to construct a solution
operator ¢ : R™ — R™. This operator takes the state o, (the value of v at t = kAt,,) as input,
solves Eq. 13, and outputs a4 1, the state at t = (k + 1)At,ps. We assume that the model contains
errors arising from various sources, including inaccuracies in the neural network (Eq. 13), trun-
cation of the POD modes (Eq. 10). In practice, inaccuracies in the physical model—for example,
inaccuracies in Eq. 3—when representing real data can be accounted for as part of the model noise.
Additionally, we assume the initial condition is randomly distributed according to a Gaussian dis-
tribution with mean zero and covariance matrix Cy. We obtain the following stochastic evolution

for the states o, :

A1 = ¢<Oék) + 51?7 k € Z+7 (163)

ap ~ N(0,Co), (16b)

where, £ = {& }ren is an i.i.d. sequence with & ~ AN(0,Z), where Z is empirically estimated
by comparing the solutions of Eq. 13 and Eq. 3 at discrete time steps At;s. We use Z* to denote
the set of non-negative integers, including zero. The covariance matrices from the SVD (Eq. 7),
specifically ¥V and X%, are used to define Cyy. Eq. 16a thus defines our forward model. Due to
model inaccuracies and the chaotic nature of the system, Eq. 16a loses information after a finite
simulation time. Even in the deterministic case where o is known exactly and &, = 0, predictive

accuracy deteriorates after a few iterations. This is due to the amplification of numerical errors by
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14 Hojjat Kaveh, Jean Philippe Avouac, Andrew Stuart
the system’s sensitivity to initial conditions—an intrinsic feature of chaotic dynamics—although
the long-term statistics remain stationary and informative of the original PDE (see section 2.3).
This loss of predictive relevance is governed by the maximum Lyapunov exponent of the system,
which measures the rate of divergence of nearby trajectories. These limitations can be mitigated
using data assimilation, particularly through the sequential updating of the system state estimates
as new observational data becomes available (Law et al., 2015; Sanz-Alonso & Stuart, 2015).

We now seek to formulate our observational operator that maps the state vector &« € R" to an
observable quantity y € RY. Since the state variable  and its POD coefficients are not directly
measurable, y consists only of information about the POD coefficients of the slip rate a”, so we

assume d = n,. We formulate the observation model as follows:

Yri1 = h(@pr1) + M1, k€L, (17)

where h : R™ — R™. The noise sequence 7 = {7 }ren is i.i.d., independent of o and &,
and satisfies 7, ~ AN(0,1I) for k € N, with II being a positive definite diagonal matrix. The
observation of the slip rate on the fault is primarily contaminated by a low-pass filter. This low-
pass filter eliminates high-frequency variations in the slip rate, resulting in a smoothed slip rate. We
incorporate the effects of the low-pass filter into the observational operator h, while other sources
of noise are represented by 7. The observation model 4 is defined by modeling the low-pass filter

using a Gaussian kernel applied to the slip rate measurements. The Gaussian kernel is given by:

2
G(z) ;exp( ﬁ), (18)

- 2 5 2
27To-kemel 2 Ukemel

where Oyemel 1 the standard deviation of the kernel, and z € I'. The low-pass filtered slip rate is

obtained using the following transformation:

Uy (2) = /ka+1(z') -G(z—2)d?, (19)

where v is the slip rate at the (k + 1)-th observation increment. The slip rate v;,; can be
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Data Assimilation in ROM of Chaotic Earthquake Cycles 15
expressed using the POD expansion as:

logg(vk+1) A logyo(v) + Z a’(j,t = (k + 1) Atops) 95 (20)

j=1
Finally, the filtered slip rate v} ,, is projected back onto the POD modes of the slip rate (¢%). The

j-th element of h(cyy1) € R™ is computed as:

hj(Oék*H) = <10g10 UI/<:+1 - 1_)7¢;')>7 J=1-,n,. (21)

The nonlinear observational operator defined by Eqgs. 18, 19, 20, and 21 converges to a linear
operator as oyeme; — 0. Previous studies, such as (Hirahara & Nishikiori, 2019), have examined
the linear case and did not consider the information loss due to the limited resolution of the slip
inversion. In the limiting linear case, the observation operator becomes a matrix that maps the
state space to the observation space, given by H = (15, 0n,] € R™" where I, is an n, X n,
identity matrix and 0,,, is an n, X ng zero matrix. We set the kernel width oyemer = 2 km in this
work, consistent with the smoothing scale applied during synthetic observation generation. In real-
world applications, the appropriate value of oy.e; depends on factors such as the spatial density
of surface observations, the level of regularization used in slip inversion, and the signal-to-noise
ratio in the data. In future work, oyeme; could be treated as a tunable parameter within the data
assimilation framework—either by augmenting the state vector or through hierarchical Bayesian
modeling. While we do not pursue this direction here, such approaches may lead to more adaptive

and realistic observation models.

2.4.2 Ensemble Kalman filter

In data assimilation, filtering consists of two main steps: the forecast step, where the system’s state
is predicted at the next observation time using the forward model, and the analysis step, where this
prediction is corrected using newly available observational data to refine the state estimate. Dur-
ing the forecast step, the state and its associated uncertainty are predicted based on the system
dynamics, resulting in the prior distribution, which represents the state estimate before incorporat-

ing new observations. The analysis step updates this prior distribution with new measurements to
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produce the posterior distribution, reflecting the refined state estimate that incorporates the latest
observation data.

Kalman-based filters attempt to optimally combine these steps at each time step to achieve the
best possible state estimation (Law et al., 2015). For a linear forward and observation model, the
Kalman filter provides an exact formulation of the posterior distribution of the system state; the
resulting model mean is also the minimum variance estimator of the state. For nonlinear dynam-
ical systems or observation models, the assumptions of linearity and Gaussianity are not appli-
cable, necessitating alternative approaches. The Ensemble Kalman Filter (EnKF) addresses these
challenges by approximating the nonlinear state evolution and observation functions. The EnKF
employs an ensemble of state vectors to represent the system’s distribution and approximates co-
variance updates using sample statistics derived from the ensemble, rather than computing them
exactly. In the forecast step, the ensemble members are propagated through the nonlinear model
to generate the forecast ensemble, denoted by the superscript f. In the analysis step, the ensemble
members are updated using observed data, with an approximation of the Kalman gain derived from
the ensemble covariance, resulting in the updated ensemble, denoted by the superscript a.

We begin the mathematical formulation of the Ensemble Kalman Filter (EnKF) with the fore-
cast step. In this step, each ensemble member ¢ is propagated forward in time using the forward
model, which updates the state based on the analysis values from the previous time step. This pro-
cess generates an approximate prior distribution for the state at the next time step. Mathematically,

this step is expressed as:

oy =v(ap) +&, i=1-m, (22)
where aiil represents the forecasted state of the i-th ensemble member at time increment & + 1,
aZ’i is the analysis state from the previous time step, &; ~ N(0,Z) are independent and identi-
cally distributed (i.i.d.) model errors associated with the i-th ensemble member, and m is the total

number of ensemble members.

Next, we move to the analysis step, which aims to refine the forecasted states by incorporating
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new observational data. This step updates each ensemble member to approximate the posterior

distribution. The update process is expressed as:

O‘Zil = O‘iil + Ky (y" — h<o‘£il))7

(23)

where O‘Zil is the updated analysis state, y* represents the noisy observed data, & is the obser-

vation model, K1 € R™ ™ is the Kalman gain matrix (to be discussed shortly). In summary, the

forecast step uses the analysis values from the previous time step to predict the next state, while

the analysis step refines these predictions using new observations, improving the state estimates.

To simplify notation, we omit the time subscript (k) from the variables in the rest of this section,

as the analysis step does not involve time evolution.

The Kalman gain K plays a crucial role in balancing the influence of new observations against

the forecasted state. It determines how much weight to assign to the measurements relative to the

predictions, based on the reliability of the observations. Before detailing

the computation of K

for both linear and nonlinear observation models, we introduce some notations. For a set of m

ensemble members (o € R™,i = 1,--- ,m), the forecast anomaly matrix A"/ € R"*™ is defined

as:

A/f:—|:O[f71—o_éf,af’2—@f"" ’Oé'ﬁm_o_[f

E (24)

where &/ = 1/m Y7 /. We also define the innovation anomaly matrix Y/ € R™*™ with its

it column:

i h fvi _7f_ i N
Y/f,'L: (Oé ) Y 77—'_77’ ,L':l,...’mj
m—1

where 5/ = 1/m Y 7" | h(a/*"), and 77 is the sample mean of ’(i = 1, - - -

1.1.d from observation noise.

(25)

,m) which are drawn

For when the observation model is linear, the Kalman gain (K € R™*"") is identical to its form

in the standard Kalman filter and is given by:

K=PH (HPTHT +11).

(26)
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The prior covariance matrix P/ represents the uncertainty in the forecasted state. When the model
f is nonlinear (as in our study), P/ is approximated by the sample prior covariance matrix, given
by P/ ~ ATAY . For cases where the observation model is nonlinear (which also applies to
our study), the tangent linear approximation of the observation operator is utilized (Le Provost &

Eldredge, 2021; Evensen, 1994):
H(a!" —af) ~ h(a) —a’. (27)
Then, the Kalman gain is calculated by:

K =AMyt yy T, (28)

3 RESULTS
3.1 Reduced-Order Model Components and Scaling Properties

In this section, we present the components of the Proper Orthogonal Decomposition (POD) and
the criteria for selecting the number of modes. We also evaluate the performance of the Reduced-
Order Model (ROM) by comparing its scaling properties to those of the original PDE. The snapshot
averages of the logarithm of the slip rate and state variable, denoted by ¢ and ¢, are shown in
Fig. 2(a, b). Fig. 2(c, e, g) display the first three eigenmodes for the slip rate, while Fig. 2(d, f,
h) show the first three eigenmodes for the state variable. As the number of modes increases, the
eigenmodes capture progressively finer spatial details.

This observation highlights the importance of model reduction: the first few modes capture the
dominant large-scale spatial features while filtering out high-frequency spatial variations. Since
observational data typically lack high-frequency resolution, truncating higher-order modes ensures
that the ROM remains compatible with realistic observational data while maintaining robustness
to inaccuracy in spatially high-frequency data.

Fig. 2(i) illustrates the variance associated with each eigenmode for both the slip rate and state
variable. Fig. 2(j) shows the cumulative ratio of the sum of the first ¢ eigenvalues to the total sum of
all eigenvalues, as defined in Eq. 11. We select 20 modes for both v and 6, as this number of modes

captures more than 90% of the total variance for each variable. As we will show here, this ROM
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Data Assimilation in ROM of Chaotic Earthquake Cycles 19
configuration effectively reproduces the scaling behavior observed in the original PDE, providing
a balance between accuracy and computational efficiency.

An event is defined based on the maximum slip rate on the fault, ||v||~., exceeding a specified
threshold vgesh- An event is considered to have started when ||v||oo > Ugresn and is considered to
have ended when ||v]|, falls below vyesh- Events that occur in spatially distinct regions are treated
as separate events, even if they overlap in time. Specifically, if two events are separated by more
than [y.sn along the strike direction, they are counted as distinct events. The seismic moment of

an event is defined as:

2 tend
M = = logy, <,u/ / v(z,t) dzdt’) — 6,
3 tstart o Aevent

where ¢, and t.,q are the start and end times of the event, determined using ||v||s and Ugyreshs
Aevent 18 the ruptured area of the event, defined as the region where the slip rate exceeds Vgyresh
between g, and tenq, and p is the shear modulus. If disjoint ruptures are separated by more than
linresn» they are treated as distinct events. For this study, we use Vgesh = 5 X 1078 and leqn, = 1 km.

Given the system’s chaotic behavior, even small inaccuracies in the ROM can result in signif-
icant deviations in the time series compared to the ground truth. However, it is important that the
ROM preserves the statistical features of the original system. The blue markers in Fig. 3 illustrate
the magnitude-frequency distribution, the moment-duration, and the moment-area scaling relation-
ships for events generated by the long-term evolution of Eq. 13. These are compared with events
obtained from simulations of the original PDE (Eq. 3). The ROM demonstrates a strong capability
to replicate the overall statistical properties and scaling behaviors, albeit with slight bias and con-
siderably more variance, when compared to the original PDE. These subtle differences highlight
the limitations of the ROM in fully capturing the underlying dynamics; the differences may be

attributed to the reduced dimensionality or approximations inherent in the ROM construction.

3.2 EnKF

In this subsection, we present the results of estimating the temporal components of the reduced

model using our data assimilation framework. This framework employs the ROM as the forward
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model (Eq. 16a) and assumes observational data are available at time intervals of At,, = 5 days.
The observation model is described by Eqs. 18-21, which apply a smoothing kernel and additive
noise to a true signal generated by the full PDE model (Eq. 3). The true observation data are
generated by simulating the original PDE (Eq. 3) from a random initial condition, discarding the
first few years of data to remove transient behavior. The dataset used for data assimilation is not
used in the training of the ROM. To generate the realistic synthetic data, the slip rate snapshots
from the PDE simulation are interpolated to produce measurements at increments of At days.
Additionally, a Gaussian low-pass filter (Eq. 19) with oyeme = 2km 1s applied to the interpolated
data to mimic the spatial blurring inherent in slip inversions.

For the observation noise, we assume a diagonal covariance, with each diagonal entry equal
to 5 x 10~* of the variance of the POD modes for the corresponding component. The model
error covariance matrix, =, is empirically estimated by comparing long-term simulations of the
full model with the ROM. The EnKF implementation employs 80 ensemble members, ensuring a
robust statistical representation of the model’s uncertainty. This ensemble size was chosen based
on empirical tests, which showed improved performance over smaller ensembles while remaining
computationally feasible. This configuration is used to assess the ROM’s ability to assimilate noisy,
spatially-smoothed slip rate data and refine its predictions accordingly.

Fig. 4 shows the time series of the temporal components of the POD in a ROM with n = 40.
The ensemble members’ slip rates closely track the true slip rate, exhibiting small uncertainties.
Despite challenges introduced by the low-pass filtering, the EnKF algorithm effectively recon-
structs the true slip rate (magenta) from the observation data (green). However, the accuracy for
components associated with the state variable 6 is significantly lower, with higher uncertainty. This
is an expected limitation, as the components of ¢ are not directly observed, constraining the filter’s
ability to estimate this variable accurately. Inaccuracies in estimating the leading components of
the state variable contribute to inaccuracies in event forecasts and uncertainty quantification, as we

will see in the next section.
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3.3 Event Prediction

The estimates of the coefficients o’ and a can be used to forecast future values of the slip rate
v and the state variable 6. Due to the inherent chaotic nature of the system, long-term predictions
diverge from the true trajectory. However, short-term predictions remain viable and meaningful
within specific horizons. For this study, we use the estimate of the states of the system fo =
0.1 year before the events and predict it up to Zyeq = 0.4 year.

In Fig. 5, we plot the maximum slip rate along the depth of the fault as a function of time
and along the strike distance. Each row in the figure corresponds to a distinct event, with the first
column plotting the true signal. Time is shifted in this figure to be zero when an event starts in the
true signal. At ?,..q before each big event (M > 6.9), we use the mean of the ensemble members
as the estimate of o and o values to reconstruct the initial conditions of the governing model
(Eq. 3). These reconstructed initial conditions serve as the initial conditions for forecasting the
system’s evolution. The second column shows the prediction derived from the estimated initial
condition using a model with n = 40.

Each ensemble member provides a Monte Carlo approximation of the evolving distribution of
the system states and can thus be used to quantify forecast uncertainty. The state estimate for each

ensemble member is expressed as:

a(z,1) = a(2) = Y a(5,)6%(2)

j=1
=Y A’ t)el(z)+ Y al(lD)gl(2), (29)
Jj=1 Jj=ng+1

where ¢ denotes either log,, v or log,, 6. For each ensemble member, we replace o%(j,t) for 1 <
J < n, with its corresponding estimate obtained from data assimilation. For the higher-frequency
modes (j > n, + 1), we sample a(j, ¢) from a normal distribution with zero mean and variance
defined in Eq. 8.

To evaluate uncertainty, each ensemble member’s estimate is computed using Eq. 29 at time
Lest> prior to the onset of the events. We then propagate the model forward up to Z,.q after the event

started. The spatial and temporal predictions associated with each ensemble member are shown
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in the third and fourth columns of Fig. 5 in blue. In the third column, the vertical axis represents
the distance along strike, while the horizontal axis shows ff‘;e‘i fOD v(x,y,t)dydt, where D is the
fault depth. The fourth column illustrates the temporal uncertainty in predicting events, with time
on the horizontal axis and ( fOD fOL v(z,y,t) dz dy) on the vertical axis.

We further quantify the performance of predictions in time and space using only the average
of the ensemble members, but for more events in the data set. We test our method on 10 simu-
lations, each starting from a random initial condition. After removing transient data from these
simulations, we perform data assimilation on 55 years of data. The total dataset contains 24 events
with magnitudes greater than 6.9. We use the average of the 80 ensemble members as the expected
value of «.. To evaluate the prediction performance in both time and space, we define four met-
rics. True Positive Ratio (TPR) and False Positive Ratio (FPR) quantify temporal prediction
accuracy, while True Positive Extent Ratio (TPER) and False Positive Extent Ratio (FPER)
measure spatial accuracy.

The TPR is defined as the ratio of correctly predicted events to the total number of events. We
estimate the system states at t.; = 0.1 years, a predefined time before an event occurs at feyent.
The system is then simulated up to (fevent — fest) + tpred> Where tyeq = 0.4 years. These values
of Zpreq and t.i were chosen to maximize TPR while keeping FPR as low as possible, balancing
prediction accuracy and reliability. In our dataset, 24 events exceed a magnitude of 6.9, and the
algorithm successfully predicts 18 of them, yielding a TPR of 0.75. To further assess the accuracy
of these predictions, we introduce the prediction lag, defined as the time difference between the
predicted start time of an event and its actual start time in the dataset. The histogram of prediction
lags, shown in Fig. 6(a), indicates that more than 75% of correctly predicted events have a time lag
between —0.1 and 0.1 years, demonstrating the model’s ability to forecast events with temporal
precision.

The FPR quantifies the probability of predicting an event within a time period that does not
contain any actual events. To compute the FPR in our simulation, we randomly sample N¥¥F
instances of t*, ensuring that no event occurs in the interval [t*,t* + t,.q] Within the dataset. We

then use the estimate of the system states at ¢*, simulate the model until £* + #,.q, and check
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whether an event is falsely predicted within [t*,¢* + f,req]. The FPR is then defined as the ratio of
the number of intervals in which at least one false event is predicted to the total number of sampled
instances N7 F%, Setting N*P% = 100, we obtain an FPR of 0.13.

We compare the performance of our temporal prediction with that of a homogeneous Poisson
process. The event rate A of the Poisson process is empirically estimated as the inverse of the
average interevent time over a long simulation. Based on approximately 2500 events, the average
interevent time is 3.5 years, yielding an estimated rate of A\ = 1/3.5 = 0.29 events per year. For
a Poisson process, the TPR corresponds to the probability of predicting at least one event in the

interval [fevent — test, tevent — test + fprea). This probability is given by:

PPoisson(k. Z 1|At — tpred) =1- PPOiSSOD(k — 0|At = tpred)u (30)

where PP (E|At = t,.q) denotes the probability of predicting exactly & events in the time
interval At = t,.q using a Poisson process with a rate of A = 0.29 events per year. By the

properties of a Poisson process, this probability is given by:

()\tpred ) kef)\tpred

PPoisson(k|At — tpred) = il (31)
Thus, the TPR of a Poisson process simplifies to:
TPRPoisson =1- eiAtpmd- (32)

Similarly, PPon(k > 1|At = ¢peq) can be used to compute the FPR. Since FPR is defined
as the probability of predicting an event within the interval [t*,¢* + ¢,..q] when no event actually

occurs in that period, it is also given by:

F P Rpoisson = 1 — e_Atpred~ (33)

For small values of ¢4, the Poisson process yields an FPR close to zero, which is desirable.
However, this comes at the cost of an extremely low TPR, meaning it rarely predicts events. Specif-

ically, for ¢,.q = 0.4 years and A = 0.29 events per year, the Poisson process achieves both a TPR
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and FPR of 0.11. While the FPR is slightly lower than in our simulations, the TPR is significantly
smaller, highlighting the improved predictive performance of our approach.

The dataset exhibits complexity not only in time but also in space, as rupture patterns do not
repeat periodically. Consequently, spatial prediction is also crucial. Here, we evaluate the spatial
prediction performance of events that have been correctly predicted in time, assuming that ruptures
fully extend through the depth of the fault. This assumption is valid given the elongated fault ge-
ometry and the tendency of ruptures to saturate the depth. Our focus is on prediction performance
along the strike direction of the fault. To quantify spatial accuracy, we define two key metrics: the
True Positive Extent Ratio (TPER) and the False Positive Extent Ratio (FPER).

The True Positive Extent Ratio (TPER) quantifies the proportion of the fault’s along-strike

extent that both ruptured in the true data and was correctly predicted to rupture. It is defined as

Length of correctly predicted rupture extent

TPER = P(Rupture in prediction | Rupture in true data) = Toneth of ¢ . ront
ength of true rupture exten

or equivalently:

TPER _ |Eoverlap|
IEtrue| ’

where Foyertap = Eirue M Eiprea 18 the extent of the fault that both ruptured in the true data and was
predicted to rupture, Ei. represents the extent of the fault that ruptured in the true data, and Fpeq
represents the extent of the fault predicted to rupture. Intuitively, the TPER quantifies the fraction
of the true rupture extent that is successfully captured by the prediction. A TPER of 1 indicates
perfect prediction, where all of the true ruptured area is inside the predicted rupture extent. Lower
values of TPER suggest that parts of the true rupture were missed in the prediction.

The False Positive Extent Ratio (FPER) evaluates the proportion of the predicted rupture

extent that does not correspond to a true rupture. It is defined as

FPER = P(Rupture in prediction | No rupture in true data) =

Length of falsely predicted rupture extent

or equivalently:

|Epred \ Etrue’
‘Efault \ Etrue’ ’

where \Epred \ Eie| is the extent of the fault predicted to rupture but not ruptured in the true

FPER =

Length of unruptured extent in true data ’
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data, and |FEpyy \ Fuue| represents the extent of the fault that did not rupture in the true data,
with Fg, denoting the total fault length. Intuitively, a lower FPER, ideally zero, indicates that
the prediction avoids predicting ruptures in regions where they do not occur. Higher FPER values
suggest overprediction and less reliable forecasts.

When TPER equals 1, the model successfully predicts 100% of the rupture extent, and when
FPER equals 0, the model perfectly avoids predicting ruptures in unruptured regions. Together,
these metrics provide a comprehensive evaluation of the spatial prediction performance, balanc-
ing the ability to capture true ruptures with minimizing false alarms. TPER focuses on sensitivity
to true events, while FPER emphasizes specificity in avoiding false positives. Using both met-
rics ensures a nuanced assessment of spatial forecast performance, capturing both accuracy and
reliability.

Figs. 6(b, ¢) illustrate the spatial performance of event predictions. Fig. 6(b) presents the his-
togram of TPER, showing that more than 77% of events have a TPER greater than 0.6. Fig. 6(c)
displays the histogram of FPER, indicating that over 66% of predicted events have an FPER less
than 0.2. These results demonstrate that the predictions are not only spatially accurate in capturing

true ruptures but also effective in minimizing false predictions.

4 DISCUSSION
4.1 Validity of Assumptions and Methodological Limitations

In this subsection, we examine the core assumptions underlying our framework and discuss their
implications, along with some methodological limitations that affect its broader applicability to
more realistic earthquake cycle problems. First, we employ a quasi-dynamic approximation for
stress transfer on the fault, which neglects wave-mediated effects. This assumption is reasonable
for our simulations, as they primarily focus on slow slip events where dynamic effects are minimal.
However, for faster processes, such as dynamic ruptures, this approximation may no longer be
valid, and a fully dynamic model would be necessary.

Additionally, we assume that the model described by Eq. 3 represents the “true” system. While

this assumption simplifies the analysis and provides a controlled framework for exploring es-
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timation methods, it introduces limitations when applied to real-world scenarios. The physical
processes governing the earthquake cycle are inherently complex and not fully captured by this
simplified model. Future research could investigate the robustness of our methods under model
misspecification or in the presence of additional physical processes, such as fluid migration or
inelastic deformation.

Another key assumption is that the model parameters, such as those describing rate-and-state
friction, are perfectly known. This is a significant simplification, as estimating these parameters
from observational data remains a major challenge, particularly for earthquakes. Earthquake data
is often sparse and noisy, unlike the comparatively richer datasets available for slow slip events.
This assumption limits the immediate applicability of our method to real-world problems. One
possible approach to address this limitation would be to integrate model parameters as inputs into
the neural network framework. This adjustment could allow the model to account for parameter
variations dynamically, albeit at a significant computational cost.

Extending our reduced-order modeling (ROM) framework to simulate fast earthquake ruptures
presents additional challenges beyond those encountered with SSEs. Earthquakes exhibit stronger
multiscale dynamics in both space and time, with rupture processes unfolding over seconds to
minutes. Capturing these dynamics in a machine-learned ROM requires substantially more train-
ing data. In our framework, the inputs to the machine learning algorithm are nonuniform-in-time
series of the temporal coefficients associated with the POD modes. For earthquakes, resolving
the rupture dynamics requires many more snapshots, due to the necessity of taking significantly
smaller time steps during fast events. This leads to a major increase in the size of the training set
required to faithfully learn the system’s evolution, posing some computational challenges.
Another challenge in extending this framework to fast earthquake simulations lies in the temporal
resolution of data assimilation. In the current approach, data assimilation is performed using a uni-
form time step of five days, which is appropriate for capturing the evolution of slow events. This
resolution allows for accurate tracking of SSE dynamics without excessive computational burden.
However, earthquake ruptures occur on much shorter timescales and require finer temporal reso-

lution to be accurately resolved and assimilated. Applying uniform fine time steps throughout the
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simulation would result in a substantial increase in computational cost. Furthermore, to efficiently
and accurately capture the rapid dynamics of earthquakes, implementing data assimilation with
adaptive time stepping may become necessary.

Moreover, while our ROM successfully reproduces key scaling relationships observed in the
full PDE simulations, this outcome emerges without explicitly constraining the machine learning
algorithm to preserve such statistical properties. Although we interpret the preservation of these
scaling behaviors as a strength of the model, it is important to note that the ROM was not engi-
neered to achieve this outcome. Matching the long-term statistical features of a high-dimensional
chaotic attractor remains a challenge in the machine learning and dynamical systems communi-
ties (Schneider et al., 2021; Li et al., 2022; Park et al., 2025). Thus, the success in reproducing
these statistics, while encouraging, may not generalize across systems or parameter regimes with-
out further theoretical understanding or architectural constraints. These considerations highlight
important limitations of the current method and underscore the need for further methodological

development before it can be applied to realistic earthquake problems.

4.2 Observability

In theory, it is not always necessary or even expected to recover the full state of a system, par-
ticularly for unobservable components. This relates to the concept of observability in dynamical
systems. A system is considered observable if the observed variables can be used to reconstruct
all the states of the system. For chaotic dynamical systems, this concept extends to chaos synchro-
nization, where synchronization occurs when partial observations of a chaotic system can be used
to recover the unobserved states. If this is possible, the system is said to be synchronizable (Pecora
& Carroll, 1990).

Our findings suggest that the original full-scale model, although chaotic, might be synchroniz-
able when only the slip rate (v) is observed. Specifically, if two simulators are governed by the
same equations and model parameters but have different initial values of the state variable (), the

second system can synchronize with the first by using the observed slip rate from the first sys-
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tem. Even starting from different initial conditions for 6, the state variable in both systems would
eventually synchronize over time.

This observation is physically reasonable because the state variable (6) acts as a memory of the
contact state in the system. When the slip rate is imposed, the state variable eventually converges
to the same value in both systems, as the system “forgets” its initial condition and adjusts to follow
the imposed slip rate.

This observation has important implications beyond the reduced-order modeling framework.
It suggests that observing only the slip rate may be sufficient to recover the state variable, from
which one can infer stress on the fault. This possibility, if confirmed more broadly, would have
significant practical implications for data assimilation and earthquake forecasting.

Several open questions naturally arise from this observation. For instance, how much his-
tory of slip rate data is required to recover the state variable accurately? In other words, what is
the synchronization time needed for the system to converge when only the slip rate is observed?
Understanding the required synchronization horizon is essential for designing data assimilation
systems that rely on partial observations. These questions motivate future work on observability

and chaos synchronization in complex fault models.

4.3 Prediction of Small Events

Real observational data typically undergoes smoothing, which suppresses high-frequency spatial
information. To emulate this characteristic, our synthetic observed slip rate is also smoothed, re-
sulting in similar limitations in spatial resolution. The reduced-order model (ROM) used in our
approach is constructed to capture the dominant large-scale structures represented by the lead-
ing POD modes. Moreover, while the slip rate coefficients «* (7, t) for higher modes can often be
recovered, the accuracy of the state variable coefficients a(i,t) generally degrades as the mode
number ¢ increases.

Because of these limitations, accurately representing and forecasting small events in the true
signal— for example, events with moment magnitude less than 6.9—becomes particularly chal-

lenging. Fig. 7 illustrates one such small event that the method fails to predict. While some degree
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of predictability exists for events below this threshold, this example highlights a specific failure to
capture the underlying small-scale processes. This limitation aligns with recent studies showing
that small earthquakes are inherently harder to forecast due to their sensitivity to fine-scale fault

properties (Venegas-Aravena & Zaccagnino, 2025).

4.4 Effect of Instability Ratio on Reducibility

The instability ratio, defined as the ratio of the fault size to the nucleation size, plays a critical role
in determining fault behavior. Although the relationship between the instability ratio and event
complexity is not strictly monotonic, higher instability ratios generally correlate with increased
rupture complexity. When the instability ratio is small and close to one, events are more likely to
exhibit lower maximum slip rates and primarily produce Slow Slip Events (SSEs)—a sequence of
slip events characterized by smaller maximum slip rates compared to earthquakes. Our simulations
with a 2D fault have thus operated within this regime. An important question that arises is how
representative the leading POD modes remain of the system’s overall behavior as the instability
ratio increases.

In this part, we answer this question in the context of a 1D fault that generates earthquakes.
To investigate, we systematically vary the nucleation size by modifying the characteristic slip
distance (d,s) and applying Singular Value Decomposition (SVD) to the resulting dataset. This
analysis enables us to investigate how the eigenvalues of the modes evolve in response to changes
in the instability ratio.

We model a finite 1D fault embedded in an elastic medium, using the same model as in Eq. 3,
while varying the characteristic slip distance (d,s) to modify the instability ratio. The fault geome-
try, incorporating heterogeneous material properties, is illustrated in Fig. 8. The physical parame-
ters for this case study are similar to those in (Thomas et al., 2014), with d,s varied to explore the
effects of differing instability ratios. A summary of the physical properties is provided in Table 2.
The coseismic slip above 5 (m) from the year 500 to 2000 for a simulation with d,; = 12 (mm) is
shown in Fig. 8.

For each d,4 value, we run the forward model and record the same number of snapshots (70000)
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of the slip rate and state variable. Singular Value Decomposition (SVD) is then applied to the snap-
shots of these fields. The components of POD are plotted in Fig. 9. Qualitatively, the eigenmodes
exhibit distinct patterns corresponding to different stages of the earthquake cycle. For example,
some modes capture ruptures localized within a single VW zone, while others represent ruptures
that penetrate the central VS zone and produce large slips in both VW zones. Interestingly, as the
mode number increases, the spatial frequency captured by the modes also increases. This trend
aligns with the observations in Fig. 2 (for simulation of SSEs), highlighting that POD consistently
identifies modes that first capture the dominant large-scale spatial structures before progressing to
finer details.

This result is significant because the observational data typically available for real faults have
limited spatial resolution and lack information about small-scale spatial processes. The robustness
of POD in prioritizing large-scale structures suggests that constructing a reduced-order model
(ROM) based on the projection of fields onto the POD modes is particularly advantageous. Such a
ROM takes input primarily from the large-scale structures, making it compatible with the coarse,
low-resolution data that are realistically accessible while still preserving the essential dynamics of
the system.

The variances of the eigenmodes for the slip rate (A\”) and the state variable (\?) are plotted in
Fig. 10(a, b), corresponding to different values of d,s (and thus, different instability ratios). The
instability ratio is found by L/h,,, where L is the length of the fault, and h,, = F@i% is the
nucleation size (Rubin & Ampuero, 2005). Here, 4 is the shear modulus () for antiplane shear
and 11/ (1 — v) for plane strain, where v is the Poisson ratio.

As the instability ratio increases, there is a slight increase in the eigenvalues of the higher
modes. However, this effect is relatively small and, to leading order, we do not see significant
changes in the eigenvalues with an increase in the nucleation size. This is more apparent in
Fig. 10(c, d). The bottom panels show the ratio of the cumulative variance of the first + modes
to the total variance across all modes. This ratio remains nearly identical for all instability ratios
studied here. These results demonstrate that, to first order, the leading eigenmodes retain their

relative statistical importance even as the instability ratio increases.
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Table 1. Parameters used in the model of Slow Slip Events (2D fault)

Category Property Value Units
drs 0.045 mm
ayvs 0.019 -

Frictional Properties bys 0.014 -
avw 0.004 -
bwv 0.014 -

o 10 MPa

Other Physical Properties  p 30 GPa
Cs 33 km/s
v 0.25 -

Loading Quantity Vol 40 mm/year
LVW 300 km

Geometric Quantities Dy 25 km
L 320 km
D 50 km

o

dip angle 17.5

5 CONCLUSION

This study presents a machine-learned reduced-order model (ROM) developed to simulate chaotic
multiscale sequences of slip events. By integrating Proper Orthogonal Decomposition (POD) with
machine learning, the ROM efficiently captures the dominant dynamics of the earthquake cy-
cle. The reduced dimensionality allows for significantly faster computations compared to full
partial differential equation (PDE) models, while preserving essential scaling laws and statis-
tical features. Our results demonstrate that the ROM replicates long-term statistical properties
of the sequence—such as magnitude-frequency, moment-duration and moment-area scaling rela-
tions—consistently with full-scale PDE simulations. The ROM emphasizes large-scale structures
in the slip rate and state variable fields, consistent with the coarse resolution of realistic observa-
tional datasets. This makes it particularly suitable for earthquake forecasting applications, where

small-scale features are typically unresolvable due to smoothing in inversion processes.
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Table 2. Parameters used in the model of earthquake (1D fault)

Category Property Value Units
drs 6,9,12,15 mm
by s -0.01 -

Frictional Properties byw 0.015 -
by s2 0.008 -

a 0.01 -
o 50 MPa

Other Physical Properties  p 30 GPa
Cs 33 km/s
v 0.25 -

Loading Quantity Vo 50 mm/year
LV S1 40 km

Geometric Quantities Lyw 72.5 km
LV S92 15 km

The study also highlights the successful integration of the Ensemble Kalman Filter (EnKF)
within the ROM framework to estimate the temporal components of POD from sparse and noisy
observational data. While some inaccuracy persists in the reconstruction of state variable compo-
nents, ensemble-averaged forecasts reliably predict the timing and location of large events.

Nevertheless, several limitations remain. The ROM is currently applied to synthetic slow slip
events (SSEs), and extending the method to simulate realistic fast earthquake ruptures presents
additional challenges. Earthquakes exhibit more pronounced multiscale behavior in both time and
space, with rapid rupture dynamics occurring over seconds to minutes. Capturing such fast dy-
namics may require modifications to the ROM architecture and data assimilation strategy. These
issues underscore the need for future development before the method can be applied to dynamic
earthquake modeling.

Furthermore, the quasi-dynamic approximation used in this study, while suitable for SSEs,
may not adequately represent the physics of rapid rupture, motivating a transition to fully dynamic

models. The assumption of perfectly known model parameters also simplifies the analysis but
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limits real-world applicability. Incorporating parameter estimation into the ROM—potentially by
extending the neural network to learn parameter dependencies—could improve realism, though
at a higher computational cost. Finally, the ROM’s focus on dominant modes limits its ability to
capture small-scale features.

In summary, this work introduces a robust and efficient framework for modeling multiscale
chaotic sequence of events, demonstrating the potential of combining physics-informed machine
learning with data assimilation for advancing earthquake forecasting. While the current implemen-
tation is validated in synthetic settings, its scalability, efficiency, and compatibility with realistic

observational data offer a promising pathway toward practical applications in seismology.
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Figure 1. Geometry of the fault and chaotic behavior of the dynamical model. (a) The geometry of the 2D
fault, with length L along the strike and D along the depth, showing the velocity-weakening (VW) patch
(dotted area) embedded within a velocity-strengthening (VS) region. The lengths of the VW patch along
the strike and depth are Lvyw and Dyw, respectively. Physical properties are uniform everywhere except for
the parameters a and b, which differ between the VW and VS regions (see Table 1). (b) Maximum slip rate

along the fault depth as a function of distance along the strike and time.
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Figure 2. Proper Orthogonal Decomposition (POD) analysis of the system’s fields (v and #) and mode
variance. (a-b) Snapshot averages of slip rate (¢g) and state variable (¢8). (c-h) The first three eigenmodes
of the slip rate and state variable. (i) Variance of each mode (¢) in the singular value decomposition. (j) Ratio

of the sum of the first 7 eigenvalues to the sum of all eigenvalues (defined in Eq. 11).
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Figure 3. Comparison of scaling properties between the Reduced-Order Model (ROM) and the original
PDE. The left panel shows the number of events exceeding a given magnitude as a function of magnitude.
The middle and right panels compare the moment—duration and moment—area scaling laws, respectively,

for the original PDE (black) and ROM with n = 40.
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Figure 5. Spatiotemporal evolution of events in true data and predictions for events with M > 6.9 with
uncertainty quantification. The first column (al—e1) shows the true maximum slip rate along depth, plotted
as a function of position along the strike and time. The second column (a2—e2) presents predictions obtained
0.1 years before an event starts, based on the estimated slip rate and state variable using the Ensemble
Kalman Filter with a ROM with n = 40. The time is shifted to zero at the moment when an event starts
in the true signal. The third column shows spatial prediction uncertainty by plotting the slip rate integrated
from —0.1 to 0.4 years over the fault depth for each ensemble member (in blue). The fourth column shows

temporal prediction uncertainty by plotting the slip rate integrated over both the depth and strike of the fault.
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APPENDIX A: DATA PREPARATION FOR TRAINING

Learning chaotic dynamical systems is inherently challenging and remains an active area of re-
search. Machine-learned chaotic systems inevitably diverge from the original system over time, as
small inaccuracies compound due to chaos. In our case, these challenges are heightened by learn-
ing the system in a reduced dimension, where simulations of Eqgs. 3 and 13, despite starting from
the same initial conditions, eventually diverge.

Despite this divergence, it is crucial to ensure that the machine-learned model accurately cap-
tures the system’s dynamics to preserve its long-term statistical properties. The objective is for the
reduced-order model (Eq. 13) to replicate the statistical behavior of the original full-scale system
(Eq. 3), even if the exact trajectories diverge during long-term simulations. However, since g is
tasked with learning a chaotic attractor that projects an infinite-dimensional system onto a finite-
dimensional space R™ "%, some degree of deviation is unavoidable. This deviation stems from the
inherent limitations of approximating an infinite-dimensional attractor with a lower-dimensional
representation.

Since our goal is to learn an attractor that does not maintain a one-to-one relation with the
original attractor, we enrich the dataset by including not only points on the chaotic attractor but
also points away from it. This ensures that the machine-learning model is exposed to the attractor
as well as transient states, improving its ability to generalize.

Here, we explain how the machine-learning model is exposed to data off the chaotic attractor.
Intuitively, we achieve this by starting with initial conditions that are statistically more spread
than the attractor and using their transient evolution. To approximate the projection of the chaotic

attractor onto the POD modes (A™"), we use the following formulation:

Ny ng
IOglo(AL) = (logyo v,log, 0) ~ <¢8 + Z‘ﬁ%? ¢g + Za§¢g) a” €R™,a’ €R™,
j=1 j=1

o’ ~ N(0,A),a’ ~ N(0,A%)
(A1)

where ¢Y and ¢} are the snapshot averages of the base-10 logarithm of the field, ¢* and ¢’ are
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the spatial components obtained using POD and shown in Fig. 2, and o’ and o are the temporal
components. A and A? are diagonal matrices derived from singular value decomposition, and
contain the variance of each component. Equation A.1 provides an approximation of the projection
of the attractor because it assumes a normal distribution for the temporal components.

To expose the ML model to points outside the attractor, we intentionally initialize the simulations
away from the attractor (Eq. A.1) to capture more transient dynamics. This approach ensures that
the machine-learned model is robust to inputs that do not lie on the attractor. The initial conditions

are sampled using the following equations:

a’ ~ N(0,4A"), (A.2a)

a? ~ N(0,4A%). (A.2b)

In other words, the initial conditions for all simulations are imposed to have a distribution that is
more spread than the attractor itself. This generates a dataset that includes points away from the
attractor and makes our machine-learned model robust to inputs that are not on the attractor. We
use 100 simulations based on the model described in Eq. 3, using the QDYN simulator Luo et al.
(2017), each simulated for 250 years.

These considerations are not sufficient for learning a chaotic attractor that can be simulated
for an arbitrarily long time. When evolving the ML model over an extended period, the trajectory
might reach regions where the ML model has not encountered any dataset. Since the ML model
has not seen such cases, the solution may diverge. This is a common challenge when learning
chaotic dynamical systems. To address this issue, we adopt one of the methods proposed in (Li
et al., 2023) for learning dissipative chaotic dynamical systems.

Li et al. (2023) proposed two methods for learning dissipative dynamical systems. In the first
method, they synthetically add dissipative data away from the chaotic attractor to ensure that the
dynamical system learned using machine learning remains dissipative everywhere, including re-
gions where the ML model has not seen any data. The second method ensures dissipativity by
setting a threshold for the norm of the system states. When the states exceed this threshold, the

ML algorithm is bypassed, and a simple linear dissipative system is used instead. In our approach,
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we have adopted the first method.
To generate the dissipative dataset, we first sample Ny;ssipation = 60000 points x € R™ ™ from a

normal distribution with mean r,,,;., and variance I:
T ~ N(Toutery I)

Next, we discard any = with a norm smaller than 7., removing approximately half of the sam-

pled points. The remaining points are evolved using a linear dissipative dynamic defined as:

i = log (M) x
Touter
Under this evolution, the points move closer to the center. For example, a point 2(0) with ||z(0)| =
Touter €VOLVeES t0 ||z(1)|| = rinner after one time step, with the norm of = decreasing over time. We
then scale x and their one-step evolution in time using the standard deviation derived from the
POD. The scaled data is included in the training set to enforce dissipation in regions away from
the chaotic attractor.

One should be careful with the values of 7,yzer, Tinner, and the number of dissipative data
points, Nyissipation- The values of 7,y and r;,,,,., are chosen such that the dissipative dataset does
not interfere with the attractor. Additionally, the number of dissipative data points, Ngissipation
is kept small compared to the total dataset size to maintain the focus on learning the chaotic
dynamics. In fact, it should be as small as possible to minimize the effect of these points on
the learning of the system dynamics. In our case, the number of additional synthetic data points
added to the dataset of PDE simulations constitutes only about 3% of the total dataset. The values
Touter = 20 and 7., = 19 are carefully adjusted to ensure that the dynamics in Eq. 13 do not

diverge and remain minimally affected by the inclusion of these data.

APPENDIX B: NEURAL NETWORK STRUCTURE

As described in section 2.3, we decompose the function g in Eq. 13, into two functions ¢; and gs.
This is because the & has a multiscale (slow/fast) behavior. In this section, we provide the structure
of the neural networks that are used in this paper to learn the functions g; and gs.

The machine learning models used in this study are fully connected feedforward neural networks,
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g1 : R" — R" and ¢, : R™ ™! — RT, parameterized by w; and w, respectively, which include the
weights and biases of the network. The networks consist of an input layer, four hidden layers, and
an output layer. The models are trained to minimize the Mean Squared Error (MSE) loss function
and are optimized using the Adam optimizer. The mathematical structure for g; and g» is described

as follows.

B1 Structure of ¢,

The input of the neural network ¢, is a vector & € R". In the first hidden layer, the input undergoes

a linear transformation followed by a nonlinear activation function:
hj = tanh(Wa + b)), W] e R¥™"  bj e R™

The superscript specifies the neural network. The second hidden layer applies another linear trans-

formation and activation function to the output of the first layer:
hl = tanh(Wih! +bl), W} e R bl c R
The third hidden layer maps its input to the same dimensionality as the previous layer:
h} = tanh(W3hy +b3), W3 € R b} e R,
The fourth hidden layer reduces the dimensionality of its input:
h) = tanh(W;h; + b)), W, € R b € R*.
Finally, the output layer applies a linear transformation to produce the output vector:
gi(a;w) = Wihy + b}, Wi € R™* bl cR™
The complete forward pass through the network can be expressed as:
g1(a;wy) = Wy - tanh(W} - tanh(Wjy - tanh(W, - tanh(W]a + by) + by) + b3) + by) + b;.

Here, w; = {W},bi, W), bl ... W} bl} represents the set of all trainable parameters of the

network g;.
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B2 Structure of g,

The neural network g, maps a vector (o, ||v]|s) € R™ ™! to a positive scalar output At € R,
The network is designed to learn the time step, with the output data preprocessed by taking the
base-10 logarithm of the time step to address the multi-scale nature of the problem. After training,
the network’s output is transformed back by applying the exponential function.

In the first hidden layer, the input undergoes a linear transformation followed by a nonlinear

activation function:
h{? = tanh(W* (a*, [[v]|o) + b)), WP € RZwx(nwtD) - ) ¢ g2,

The second hidden layer applies another linear transformation and activation function to the output

of the first layer:
h{? = tanh(WPhP + b)), W e Rinox2 - pP) e Rim,

Similarly, the third hidden layer maps its input to the same dimensionality as the previous layer:
h{” = tanh(W70$? + b)), Wi e Rfwxdne - plD) ¢ Ré,

The fourth hidden layer reduces the dimensionality of its input:
h{? = tanh(WPh{? + b)), WP e R2wxtne  pP) e R,

Finally, the output layer applies a linear transformation to produce the output vector:

log(g2(at, [[v]oei wa)) = Wi?h{ + b7, WP e RV, b € R.

The complete forward pass through the network can be expressed as:

10810(92(e, [[0]|oo; w2)) = WP tanh (W -tanh (W3 -tanh(Wy> -tanh (W) (a, |[v]] s ) +b) 4557 ) +bSY)

Here, wy = {Wl(z), b§2), WZ(Q), béQ), cee Wg,(z), béQ)} represents the set of all trainable parame-

ters of the network gs.
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