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SUMMARY5

6

Realistic models of earthquake sequences can be simulated by assuming faults governed by7

rate-and-state friction embedded in an elastic medium. Exploring the possibility of using such8

models for earthquake forecasting is challenging due to the difficulty of integrating Partial9

Differential Equation (PDE) models with sparse, low-resolution observational data. This pa-10

per presents a machine-learning-based reduced-order model (ROM) for earthquake sequences11

that addresses this limitation. The proposed ROM captures the slow/fast chaotic dynamics of12

earthquake sequences using a low-dimensional representation, enabling computational effi-13

ciency and robustness to high-frequency noise in observational data. The ROM’s efficiency14

facilitates effective data assimilation using the Ensemble Kalman Filter (EnKF), even with15

low-resolution, noisy observations. Results demonstrate the ROM’s ability to replicate key16

scaling properties of the sequence —namely the magnitude–frequency, moment–duration, and17

moment–area relationships— and to estimate the distributions of fault slip rate and state vari-18

able, enabling predictions of large events in time and space with uncertainty quantification.19

These findings underscore the ROM’s potential for forecasting and for addressing challenges20

in inverse problems for nonlinear geophysical systems.21

Key words: seismic cycle, forecasting, and prediction, numerical modeling, machine learning,22

inverse theory.23
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1 INTRODUCTION24

Earthquake occurrence arises from complex, nonlinear fault system dynamics, and their pre-25

dictability remains an open question (Main, 1996). Recent progress has been made in forecasting26

the spatial and temporal variations of earthquake rates (Field et al., 2015; Dempsey & Suckale,27

2017; Kaveh et al., 2023) and in developing realistic models of earthquake sequences that simu-28

late faults obeying rate-and-state friction (RSF) laws embedded in an elastic half-space (Richards-29

Dinger & Dieterich, 2012; Shaw et al., 2018). However, the possibility of forecasting individual30

events using such physics-based models has not been widely explored. This is the question we31

investigate in this study.32

To forecast individual earthquakes, one would need models that are consistent with physical33

laws and that can be tuned to match historical data within their uncertainties, enabling forecasts of34

future events with quantified uncertainty. In principle, the frictional properties and state of a fault35

could be inferred from geodetic and seismological observations, allowing earthquake sequence36

models to be calibrated against real-world data (Barbot et al., 2012). However, inferring these37

model parameters—including fault geometry, frictional heterogeneity, and tectonic loading—is an38

extremely challenging inverse problem. As a first step, we assume that we have access to a physical39

model capable of producing chaotic sequence of events. Under this assumption, we focus on the40

more tractable problem of forecasting the next large event in the sequence. This requires a data41

assimilation framework that incorporates noisy and sparse observations to update the model state42

and produce probabilistic forecasts.43

We begin by considering a system that generates ‘slow’ earthquakes, also known as slow slip44

events (SSEs) (Rogers & Dragert, 2003). SSEs are episodic slip events that resemble regular earth-45

quakes (Michel et al., 2019), but are slower and more frequent, resulting in chaotic but potentially46

more predictable sequences (Gualandi et al., 2020). However, a major limitation of data such47

as time series recorded at geodetic stations is that they do not provide direct information about48

the stress distribution on the fault—arguably the most critical quantity for forecasting. Moreover,49

these data are typically sparse and have a low signal-to-noise ratio, which poses a serious chal-50
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lenge: model trajectories that fit the observations within uncertainty can still diverge quickly due51

to the system’s sensitivity to initial conditions.52

In our previous study (Kaveh et al., 2025), we showed that large events can be forecasted due53

to the self-organization of the stress field resulting from prior ruptures. However, that study did not54

address the data assimilation problem. This is particularly challenging because the models are gov-55

erned by high-dimensional, nonlinear Partial Differential Equations (PDEs) (Rice, 1993; Lapusta56

et al., 2000), and the available observations are sparse and noisy. For example, in slip inversions,57

we significantly lose spatial resolution when estimating fault slip from surface displacements,58

making it difficult to constrain the underlying stress distribution.59

Here, we present a machine learning-based reduced-order model (ROM) of earthquake se-60

quences designed to facilitate data assimilation. The ROM takes large-scale features as input and61

remains robust to the loss of small-scale information, while reproducing both slow/ fast chaotic62

behavior. Unlike PDE models, which describe the evolution of full-field variables such as slip63

rate or the state variable in rate-and-state friction, the ROM captures the dynamics of the earth-64

quake cycle using a low-dimensional vector representation. This dimensionality reduction enables65

efficient data assimilation by simplifying the integration of observational data. Moreover, since66

the ROM is machine-learned, it runs orders of magnitude faster than conventional PDE solvers,67

making it especially suitable for inverse problems and data assimilation tasks (Liu et al., 2022)68

(Maulik et al., 2022; Mousavi et al., 2025) .69

Recent studies have applied physics-informed neural networks (PINNs) to fault slip monitor-70

ing and parameter estimation. For instance, Fukushima et al. (2023) introduced a PINN framework71

to simulate slow-slip events in a spring–slider system, simultaneously estimating rate-and-state72

friction parameters from synthetic observations and predicting future slip evolution. Their study73

demonstrated that PINNs can accurately reproduce the temporal dynamics of slow slip and recover74

frictional properties directly from data while incorporating the governing physical laws. Rucker &75

Erickson (2024) developed a multi-network PINN framework that models elastodynamic fault slip76

governed by rate-and-state friction, enabling simultaneous solution of forward and inverse prob-77

lems and inference of depth-dependent friction parameters. The machine-learned ROM developed78
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here is trained on data generated from the full physical model rather than constrained by it. The79

ROM learns the effective low-dimensional dynamics in a reduced basis, making it well suited for80

capturing the statistical behavior of chaotic systems where direct enforcement of the governing81

equations is often intractable. While PINNs effectively leverage physical constraints to improve82

data efficiency and generalization, their training can be challenging because of ill-conditioned loss83

landscapes, a difficulty that is further pronounced in systems exhibiting chaotic dynamics (Steger84

et al., 2022; Rathore et al., 2024; Wang et al., 2020; Krishnapriyan et al., 2021). The data-driven85

machine-learned ROM therefore provides a complementary framework for modeling complex,86

multiscale, and chaotic fault slip behavior while remaining computationally efficient and robust87

over extended timescales.88

Reduced-order modeling techniques have gained significant attention in science and engineer-89

ing for their ability to efficiently approximate complex physical processes (Schneider et al., 2021;90

Fukami & Taira, 2023; Mousavi & Eldredge, 2025). They have also been applied in various geo-91

physical contexts, such as modeling turbulent geophysical flows (San & Maulik, 2018) and the92

thermal structure of subduction zones (Hobson & May, 2024). In seismology, ROMs have been93

used for seismic waveform modeling (Hawkins et al., 2023; Nagata et al., 2023; Rekoske et al.,94

2024). The use of ROMs thus appears well-suited to approximating physics-based models of earth-95

quake sequences and history-matching them to observations. However, there is no guarantee that96

predictability can be achieved with such models. In this study, we explore this question.97

Data assimilation techniques, particularly the Ensemble Kalman Filter (EnKF), have been ap-98

plied to models of earthquake sequences in several previous studies. For example, Hirahara &99

Nishikiori (2019) successfully used an EnKF approach to forecast SSEs on a fault governed by100

RSF laws using surface observations and to estimate model parameters. However, they adopted101

a simplified setup that produced purely periodic behavior. Similarly, Diab-Montero et al. (2023)102

used a forward model with periodic behavior and a simplified observational operator, both of103

which may not fully capture the complexities of real earthquake sequences. Building on these104

studies, our work considers a fault model that generates a complex, chaotic sequence of events.105
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The synthetic data includes a diverse range of events with varying magnitudes and locations along106

the fault, making both temporal and spatial forecasting a significantly more challenging task.107

In this paper, we develop a ROM of earthquake sequences and demonstrate its utility for data108

assimilation and forecasting. In Section 2, we describe the governing physical model and the pro-109

cedure for constructing the ROM using Proper Orthogonal Decomposition (POD), followed by a110

machine learning framework to approximate its dynamics. We also present our data assimilation111

setup, including the formulation of the forward and observational models and the implementa-112

tion of the EnKF. In Section 3, we evaluate the ROM’s ability to reproduce the long-term sta-113

tistical properties of the full model—including the magnitude–frequency, moment–duration, and114

moment–area relationships—demonstrate the performance of the EnKF in recovering the system115

state from sparse and noisy observations, and assess the accuracy of event forecasts in both time116

and space. Finally, in Section 4, we examine the assumptions underlying the approach, explore the117

limits of predictability, and discuss challenges in applying this framework to more realistic set-118

tings. The paper concludes in Section 5 with a summary of key findings and directions for future119

research.120

2 METHODS121

2.1 Physical model122

The resistance of faults to sliding is described by the laboratory-derived rate-and-state friction law,123

which has been extensively applied to model earthquake sequences (Dieterich, 1979; Ruina, 1983;124

Lapusta & Liu, 2009). The shear stress on the fault surface, τ , is:125

τ = σ̄
(
f ∗ + a ln(

v

v∗
) + b ln(

v∗θ

drs
)
)

(1)

where τ : Γ × R+ 7→ R is a function of location on the fault surface Γ, and time for all t > 0.126

The variables v : Γ × R+ 7→ R+ and θ : Γ × R+ 7→ R+ denote the slip rate and state variable,127

respectively. The state variable θ encapsulates the memory of contact on the fault (Dieterich, 1979;128

Ruina, 1983). In this equation, σ̄ represents the effective normal stress, while f ∗ is the friction129

coefficient at the reference slip rate v∗. The parameters a, b, and drs are frictional properties, where130
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drs denotes the characteristic slip distance. We assume that f ∗, v∗, drs, and σ̄ are spatially uniform131

and temporally constant. However, the frictional parameters a and b are modeled as piecewise132

constant functions that vary spatially along the fault but remain constant in time, with a : Γ 7→ R133

and b : Γ 7→ R. The sign of a − b determines the fault’s frictional behavior. For a − b < 0,134

the fault is Velocity Weakening (VW), where an increase in slip rate (v), combined with slip135

exceeding drs, reduces the fault strength, enabling earthquake nucleation and rupture acceleration.136

Conversely, when a − b > 0, the fault exhibits Velocity Strengthening (VS) behavior, meaning137

an increase in slip rate enhances the fault strength. Such regions inhibit rupture nucleation and138

rupture propagation (Dieterich, 1979).139

The shear stress rate on the fault is approximated by:140

∂tτ = L(v − vpl)− κ∂tv, (2)

where κ = µ/2cs represents the radiation damping coefficient, µ is the shear modulus, and cs141

is the shear wave speed. The term κ∂tv accounts for energy radiated away as seismic waves,142

which becomes significant only at high slip rates, and the operator L is a linear pseudo-differential143

operator that captures elastostatic stress transfer due to slip (Rice, 1993).144

By differentiating Eq. (1) with respect to time and using Eq. (2), we can eliminate ∂tτ and find145

an evolution law for slip rate (v) on the fault. To close the system, we also need an evolution law146

for the state variable θ. Various formulations have been proposed for θ’s evolution (Ruina, 1983;147

Rice & Ruina, 1983). In this study, we adopt the aging law (Ruina, 1983), leading to the following148

closed dynamical system for slip rate on the fault v, and state variable θ:149

∂tv =
[
κ+

aσ̄

v

]−1[
L
(
v − vpl

)
− bσ̄

(1
θ
− v

drs

)]
, (z, t) ∈ Γ× (0,∞), (3a)

∂tθ = 1− vθ

drs
, (z, t) ∈ Γ× (0,∞). (3b)

where z denotes the spatial coordinate(s) along the fault surface. For a one-dimensional fault em-150

bedded in a two-dimensional medium, Γ = [0, L], where L is the length of the fault along strike.151

For a two-dimensional fault in a three-dimensional medium, Γ = [0, L]× [0, D], where L and D152

denote the fault length along strike and downdip width, respectively. In general, the fault surface153

Γ can be any one- or two-dimensional manifold embedded in the surrounding medium. For sim-154
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plicity of the forward model, we focus on planar faults in this study. This simplification does not155

affect the reduced-order modeling or data assimilation framework, which are general and appli-156

cable to arbitrary fault geometries. Due to the non-linearity, the fault slip rate can vary by many157

orders of magnitude in a very short time, leading to a complex multiscale behavior. As a result,158

even in the case of a simple planar fault with a single VW patch, the dynamical system defined in159

Eq. (3) can produce multiscale, periodic or chaotic slip events in both time and space, depending160

on the model parameters and geometry (Barbot, 2019). In this study, we focus on parameters that161

generate chaotic time series, as forecasting periodic slip events has already been addressed in162

previous studies. The main part of our analysis is conducted using a 2D fault embedded within a163

3D medium, as illustrated in Fig. 1(a). The corresponding model parameters, detailed in Table. 1,164

produce a complex sequence of slow slip events that are spatially and temporally irregular, with165

magnitudes ranging from 6.1 to 7.3 over 500 years of simulation, after a 100-year spin-up period166

used to remove the influence of the initial condition (Fig. 1).167

2.2 Proper Orthogonal Decomposition (POD)168

POD is a linear model reduction technique used to extract dominant patterns from complex datasets,169

providing an efficient representation of a system’s dynamics with reduced computational com-170

plexity. It has found wide application in various fields, such as fluid dynamics and geophysical171

modeling (Taira et al., 2017; Rekoske et al., 2024), including the modeling of fault slip (Kositsky172

& Avouac, 2010; Kaveh et al., 2025). In the context of this study, POD is applied to data generated173

from Eq. (3). Given that the quantities of interest, v and θ, vary over many orders of magnitude, it174

is numerically more appropriate to perform model reduction on the logarithms of these variables,175

log10 v and log10 θ. At time t and spatial location z ∈ Γ, let q(z, t) denote either log10 v(z, t) or176

log10 θ(z, t). After spatial discretization, the field values at l grid points form the vector q(t) ∈ Rl.177

In the POD framework, we aim to find an optimal set of basis functions ϕq
j to represent q in a178

space-time decomposition, as expressed by Taira et al. (2017):179
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q(z, t)− q̄(z) =
∑

j

αq(j, t)ϕq
j(z), j ∈ N (4)

where q̄(z) is the snapshot average taken at nonuniform time intervals of q, and ϕq
j(z) captures180

the spatial dependence of the data. Once these basis functions are determined, we can describe the181

time evolution of the system by computing the temporal coefficients αq(j, t) for each mode at any182

time t. The superscript q emphasizes that we must compute these basis functions separately for183

both log10 v and log10 θ.184

When simulating Eq. (3), we typically have snapshots of the field q (representing v and θ on185

a logarithmic scale) that are taken at nonuniform time intervals. This non-uniformity arises due186

to the fast and slow dynamics inherent in the system. We assume we have r snapshots, where r187

is sufficiently large, and each snapshot corresponds to a finite-dimensional data vector q(ti) ∈ Rl,188

with l being the number of spatial grid points and with r > l. For all field snapshots, we first189

remove the snapshot average, q̄ = 1/r
∑r

i=1 q(ti), from each data vector to center the data. This190

results in defining a new vector, w(ti)(q), for each snapshot i:191

w(ti)
(q) = q(ti)− q̄ ∈ Rl, i = 1, 2, · · · , r. (5)

We then construct a matrix W (q):192

W (q) =
[
w(q)(t1) w

(q)(t2) · · · w(q)(tr)
]
∈ Rl×r, (6)

The optimal basis functions for Eq. (4) correspond to the eigenvectors of the covariance matrix193

WW T , ordered with respect to descending variance defined by the eigenvalue corresponding to194

a given eigenvector (Taira et al., 2017). These eigenvectors and eigenvalues are obtained through195

the singular value decomposition (SVD) of W (q):196

W (q) = Φ(q)Σ(q)Ψ(q)T , (7)

where Φ(q) ∈ Rl×l and Ψ(q) ∈ Rr×r are orthogonal matrices and Σ(q) ∈ Rl×r is a rectangular197

matrix with nonzero entries (σ(q)
j ) only on its leading diagonal. To reduce computational cost, we198

employ the reduced SVD, in which, due to the structure of Σ(q) (the last r − l columns being zero),199

only the first l columns of Ψ(q) are computed. The jth column of Φ(q) represents the eigenvector200
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corresponding to the jth eigenvalue λ(q)j , which is computed as:201

λ
(q)
j =

1

(r − 1)
σ
(q)
j

2
. (8)

The eigenvectors are orthogonal ⟨ϕq
j′ , ϕ

q
j⟩ = δj′j , where ⟨·, ·⟩ denotes the inner product in Rl,202

and δj′j is the Kronecker delta function. Given q(t) ∈ Rl, the temporal coefficients αq(j, t) can be203

computed using the orthogonality property of the basis functions ϕq
j as follows:204

αq(j, t) = ⟨q(t)− q̄, ϕq
j⟩, 1 ≤ j ≤ l. (9)

We retain the first nq eigenvectors, and approximate q(z, t) as:205

q(z, t)− q̄(z) ≈
nq∑

j=1

αq(j, t)ϕq
j(z). (10)

To determine nq, we choose it such that the ratio of the sum of the first nq eigenvalues to the sum206

of all eigenvalues exceeds a predefined threshold. Specifically, we select nq such that:207

∑nq

j=1 λ
q
j∑l

j=1 λ
q
j

> 0.9, (11)

This ensures that the chosen modes capture at least 90% of the total variance in the data. The208

dimension nq should also be chosen to be low enough to facilitate easy tuning of the machine209

learning model (described in the next section) while remaining sufficiently rich to capture impor-210

tant physical phenomena such as scaling laws. For simplicity of notation, we concatenate all the211

αq(j, t) coefficients (for 1 ≤ j ≤ nq) into a single vector αq(t) ∈ Rnq , defined as:212

αq(t) =




αq(1, t)

αq(2, t)

...

αq(nq, t)



. (12)

213

214

The introduced model reduction enables us to represent both log10 v and log10 θ in low-dimensional215

spaces, Rnv and Rnθ , respectively. Here, nv represents the number of components retained for the216

slip rate v, and nθ denotes the number of components retained for the state variable θ. We set217

nv = nθ, and denote the total number of components as n = nv + nθ. For convenience, we use αv
218
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and αθ to represent the temporal components of the logarithm of the slip rate and the logarithm of219

the state variable, respectively. In the following section, we employ machine learning to derive a220

time evolution law for αv and αθ, such that, starting from an initial condition, we can simulate a221

sequence of events without directly solving Eq. (3).222

2.3 Learning Slow/Fast Dynamics for Reduced-Order Models223

In reduced-order modeling using machine learning, we aim to identify an evolution law for α =224

(αv ∈ Rnv , αθ ∈ Rnθ) ∈ Rn, represented as:225

α̇ = g(α), t ∈ (0,∞), (13)

where nv and nθ are the numbers of retained POD modes for v and θ, respectively, and g : Rn 7→226

Rn with n = nv +nθ. The dynamical system in Eq. (13) is obtained through machine learning and227

can be integrated numerically at a much lower computational cost in comparison with integration228

of the full PDE model (Eq. (3)). Once the function g is learned, using an initial condition, one does229

not need to use Eq. (3) to simulate the sequence of earthquakes.230

However, learning the dynamics of Eq. (13) presents significant challenges due to the mul-231

tiscale (slow-fast) and chaotic nature of the underlying system. Typically, Eq. (3) is integrated232

using an adaptive time-stepping scheme, where time steps vary from a few seconds to several233

hours. This variability complicates the learning process for g, as its behavior reflects the system’s234

dynamics: g outputs small values during slow dynamics and large values during fast dynamics.235

To overcome these challenges, we propose a methodology tailored for learning chaotic slow-fast236

dynamical systems. Our approach involves a transformation of the time variable to eliminate the237

slow/fast behavior. Instead of using the physical time variable t, we introduce a transformed time238

variable s, in which the system evolves uniformly:239

dα

dt
=
dα

ds

ds

dt
(14)

While directly learning dα/dt is challenging, we decompose this task into learning two separate240

functions: g1 = dα/ds and 1/g2 = ds/dt. Using this decomposition, dα/dt can be reconstructed241

as g1/g2. In a discrete-time formulation, approximating α̇ using forward finite differences yields:242
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α̇(ti) ≈
∆α

∆t
≈ α(ti +∆ti)− α(ti)

∆ti
=
α(ti +∆ti)− α(ti)

1︸ ︷︷ ︸
g1

.
1

∆ti︸︷︷︸
1
g2

. (15)

Here, ti represents the ith time step, obtained using an adaptive time-stepping scheme with ∆ti as243

the adaptive physical time step increment, which varies across different time scales. The dataset is244

constructed from numerical solutions of the underlying PDE, producing snapshots of the field at245

nonuniform time intervals. Projecting these snapshots onto the POD basis generates a nonuniform246

time series for α(ti). Using the formulation in Eq. (15), we train separate neural networks to learn247

g1 and g2.248

To improve the accuracy of the machine-learned model and help the neural network g2 better249

capture the function’s variability, we explicitly include log10 ||v(ti)||∞ (logarithm of maximum slip250

rate at ti ) as an additional input. Note that ||v(ti)||∞ can be directly approximated using αv(ti). In251

addition, we empirically observe that information only from αv is enough to predict the time step.252

As a result, we exclude αθ as input for g2. This exclusion is advantageous because, as shown later253

in the data assimilation problem, components of αθ are estimated with lower accuracy compared254

to αv. As a result, the neural networks are defined as g1 : Rn 7→ Rn and g2 : Rnv+1 7→ R+. For255

more details on the structure of these neural networks, how we generate the training data, and how256

we impose dissipative behavior of g, see Appendix A and B.257

Due to the chaotic nature of the system, the machine-learned model (Eq. (13)) cannot be used258

for long-term trajectory prediction. Here, long-term trajectory prediction refers to integrating the259

model beyond the Lyapunov time, where small errors in initial conditions or model representa-260

tion grow exponentially and lead to divergence from the reference solution. This limitation arises261

from two factors: (1) projection of the initial condition and state space onto the first few modes262

introduces errors, and (2) inaccuracies in the machine-learned model are inevitable. These factors,263

combined with the chaotic dynamics, lead to divergence between the long-term trajectories of the264

original system and the ROM. Nevertheless, the machine-learned model captures the long-term265

statistical properties of the system, such as earthquake scaling laws—including the Gutenberg–266

Richter magnitude–frequency, moment–area, and moment–duration relationships—with behavior267
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similar to the original rate-and-state model. For short-term dynamics, the trajectories of the ROM268

are designed to remain close to those of the original PDE, making the ROM suitable for sequential269

data assimilation problems. This is achieved by training the neural network with a loss function270

that minimizes the mean squared error of one-step-ahead predictions. The low dimensionality271

and computational efficiency of the machine-learned model, combined with its ability to leverage272

large-scale patterns in data while remaining robust to small-scale smoothing, make it particularly273

advantageous in data assimilation settings, especially when observations are sparse and have lost274

fine-scale information. In the next section, we describe the data assimilation framework and the275

forward and observational models used in this paper.276

2.4 Data assimilation277

Data assimilation is a mathematical framework to combine observational data with numerical278

models to estimate the state of a dynamic system and improve predictions; typically, this is done279

sequentially in time, as data is acquired and this is the version of data assimilation we deploy280

in this paper. Our approach integrates a physics-based, machine-learned model as the backbone281

of the forecast, distinguishing it from purely data-driven methods developed for laboratory earth-282

quake prediction that rely on empirical relationships between statistical attributes of seismic or283

acoustic data and the fault state (Rouet-Leduc et al., 2017, 2019; Hulbert et al., 2019; Lubbers284

et al., 2023). In contrast, the present framework learns a reduced dynamical model constrained by285

rate-and-state friction laws and assimilates observations to correct for unrepresented effects such286

as transient phenomena, chaotic dynamics, and observational noise.287

We assume that observations occur at uniform time intervals, denoted by ∆tobs. Our goal is to288

estimate the state update (αk) at the kth observation time increment using noisy slip rate obser-289

vations on the fault, which are further corrupted by a low-pass filter. The low-pass filter mimics290

the limited resolution provided by surface geodetic measurements. This estimated state is then uti-291

lized to forecast large events effectively. For convenience, we use the subscript notation to indicate292

the observation time increment, i.e., αk = α(t = k∆tobs). In general, αk can represent boundary293



14 Hojjat Kaveh, Jean Philippe Avouac, Andrew Stuart

conditions or uncertain model parameters, but throughout this paper, αk ∈ Rn specifically denotes294

the temporal POD coefficients of the ROM at t = k∆tobs.295

To provide a comprehensive understanding of the data assimilation framework, it is essential296

first to define the forward model and the observation model used in our approach. The forward297

model represents the physical processes governing the earthquake cycle in the reduced space,298

while the observation model relates the states of the forward model to observable quantities. In299

the following sections, we explain these models in detail before outlining the data assimilation300

formulation.301

2.4.1 Forward and Observation model302

In data assimilation, the forward model represents the mathematical or physical system used to303

predict the evolution of the system’s state, while the observation model relates the system’s state304

to measurable quantities by simulating the process of obtaining observations. In Eq. (13), we305

derived an ODE describing the evolution of α. However, for the purpose of data assimilation,306

since observations are available at discrete time intervals of ∆tobs, it is sufficient to construct a307

solution operator ψ : Rn → Rn. This operator takes the state αk (the value of α at t = k∆tobs) as308

input, solves Eq. (13), and outputs αk+1, the state at t = (k + 1)∆tobs. We assume that the model309

contains errors arising from various sources, including inaccuracies in the neural network (Eq. 13)310

and truncation of the POD modes (Eq. (10)). In practice, inaccuracies in the physical model—for311

example, inaccuracies in Eq. (3)—when representing real data can be accounted for as part of the312

model noise. Additionally, we assume the initial condition is randomly distributed according to a313

Gaussian distribution with mean zero and covariance matrixC0. We obtain the following stochastic314

evolution for the states αk :315

αk+1 = ψ(αk) + ξk, k ∈ Z+, (16a)

α0 ∼ N (0, C0), (16b)

where, ξ = {ξk}k∈N is an independent and identically distributed (i.i.d.) sequence with ξk ∼316

N (0,Ξ), where Ξ is empirically estimated by comparing the solutions of Eq. (13) and Eq. (3) at317
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discrete time steps ∆tobs. We use Z+ to denote the set of non-negative integers, including zero.318

The covariance matrices from the SVD (Eq. (7)), specifically Σv and Σθ, are used to define C0.319

Eq. (16a) thus defines our forward model. Due to model inaccuracies and the chaotic nature of the320

system, Eq. (16a) loses information after a finite simulation time. Even in the deterministic case321

where α0 is known exactly and ξk = 0, predictive accuracy deteriorates after a few iterations. This322

is due to the amplification of numerical errors by the system’s sensitivity to initial conditions—an323

intrinsic feature of chaotic dynamics—although the long-term statistics remain stationary and in-324

formative of the original PDE (see section 2.3). This loss of predictive relevance is governed by325

the maximum Lyapunov exponent of the system, which measures the rate of divergence of nearby326

trajectories. These limitations can be mitigated using data assimilation, particularly through the se-327

quential updating of the system state estimates as new observational data becomes available (Law328

et al., 2015; Sanz-Alonso & Stuart, 2015; Sanz-Alonso et al., 2023).329

We now seek to formulate our observational operator that maps the state vector α ∈ Rn to an330

observable quantity y ∈ Rd. In realistic settings, observations are obtained at the surface through331

geodetic measurements, and the corresponding observation operator would involve elastic Green’s332

functions that relate fault slip to surface displacement (Hirahara & Nishikiori, 2019). For simplic-333

ity, in this study, we assume that the observational data correspond directly to the slip rate on the334

fault. To partially account for the lower resolution and spatial smoothing inherent in surface ob-335

servations, we apply a spatial blurring operator to the slip-rate field before assimilation, providing336

a more realistic observation scenario.337

Since the state variable θ and its POD coefficients are not directly measurable, y consists only338

of information about the POD coefficients of the slip rate αv, so we assume d = nv. We formulate339

the observation model as follows:340

yk+1 = h(αk+1) + ηk+1, k ∈ Z+, (17)

where h : Rn → Rnv . The noise sequence η = {ηk}k∈N is i.i.d., independent of α0 and ξ,341

and satisfies ηk ∼ N (0,Π) for k ∈ N, with Π being a positive definite diagonal matrix. The342

observation of the slip rate on the fault is primarily contaminated by a low-pass filter. This low-343
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pass filter eliminates high-frequency variations in the slip rate, resulting in a smoothed slip rate. We344

incorporate the effects of the low-pass filter into the observational operator h, while other sources345

of noise are represented by η. The observation model h is defined by modeling the low-pass filter346

using a Gaussian kernel applied to the slip rate measurements. The Gaussian kernel is given by:347

G(z) =
1

2πσ2
kernel

exp

(
− ∥z∥2

2σ2
kernel

)
, (18)

where σkernel is the standard deviation of the kernel, and z ∈ Γ. The low-pass filtered slip rate is348

obtained using the following transformation:349

v′k+1(z) =

∫

Γ

vk+1(z
′) ·G(z − z′) dz′, (19)

where vk+1 is the slip rate at the (k + 1)-th observation increment. The slip rate vk+1 can be350

expressed using the POD expansion as:351

log10(vk+1) ≈ log10(v) +
nv∑

j=1

αv(j, t = (k + 1)∆tobs)ϕ
v
j . (20)

Finally, the filtered slip rate v′k+1 is projected back onto the POD modes of the slip rate (ϕv
j ). The352

j-th element of h(αk+1) ∈ Rnv is computed as:353

hj(αk+1) = ⟨log10 v′k+1 − v̄, ϕv
j ⟩, j = 1, · · · , nv. (21)

The nonlinear observational operator defined by Eqs. (18) to (21) converges to a linear operator354

as σkernel → 0. In the limiting linear case, the observation operator becomes a matrix that maps the355

state space to the observation space, given by H̄ = [Inv , 0nθ
] ∈ Rnv×n, where Inv is an nv × nv356

identity matrix and 0nθ
is an nv × nθ zero matrix. We set the kernel width σkernel = 2 km in this357

work, consistent with the smoothing scale applied during synthetic observation generation. In real-358

world applications, the appropriate value of σkernel depends on factors such as the spatial density359

of surface observations, the level of regularization used in slip inversion, and the signal-to-noise360

ratio in the data. In future work, σkernel could be treated as a tunable parameter within the data361

assimilation framework—either by augmenting the state vector or through hierarchical Bayesian362

modeling. While we do not pursue this direction here, such approaches may lead to more adaptive363

and realistic observation models.364



Data Assimilation in ROM of Chaotic Earthquake Cycles 17

2.4.2 Ensemble Kalman filter365

In data assimilation, filtering consists of two main steps: the forecast step, where the system’s state366

is predicted at the next observation time using the forward model, and the analysis step, where this367

prediction is corrected using newly available observational data to refine the state estimate. Dur-368

ing the forecast step, the state and its associated uncertainty are predicted based on the system369

dynamics, resulting in the prior distribution, which represents the state estimate before incorporat-370

ing new observations. The analysis step updates this prior distribution with new measurements to371

produce the posterior distribution, reflecting the refined state estimate that incorporates the latest372

observation data.373

Kalman-based filters attempt to optimally combine these steps at each time step to achieve the374

best possible state estimation (Law et al., 2015). For a linear forward and observation model, the375

Kalman filter provides an exact formulation of the posterior distribution of the system state; the376

resulting model mean is also the minimum variance estimator of the state. For nonlinear dynamical377

systems or observation models, the assumptions of linearity and Gaussianity are not applicable,378

necessitating alternative approaches. EnKF addresses these challenges by approximating the non-379

linear state evolution and observation functions. EnKF employs an ensemble of state vectors to380

represent the system’s distribution and approximates covariance updates using sample statistics381

derived from the ensemble, rather than computing them exactly. In the forecast step, the ensemble382

members are propagated through the nonlinear model to generate the forecast ensemble, denoted383

by the superscript f . In the analysis step, the ensemble members are updated using observed data,384

with an approximation of the Kalman gain derived from the ensemble covariance, resulting in the385

updated ensemble, denoted by the superscript a.386

We begin the mathematical formulation of the EnKF with the forecast step. In this step, each387

ensemble member i is propagated forward in time using the forward model, which updates the state388

based on the analysis values from the previous time step. This process generates an approximate389

prior distribution for the state at the next time step. Mathematically, this step is expressed as:390

αf,i
k+1 = ψ(αa,i

k ) + ξik, i = 1, · · · ,m, (22)



18 Hojjat Kaveh, Jean Philippe Avouac, Andrew Stuart

where αf,i
k+1 represents the forecasted state of the i-th ensemble member at time increment k + 1,391

αa,i
k is the analysis state from the previous time step, ξik ∼ N (0,Ξ) are i.i.d. model errors associated392

with the i-th ensemble member, and m is the total number of ensemble members.393

Next, we move to the analysis step, which aims to refine the forecasted states by incorporating394

new observational data. This step updates each ensemble member to approximate the posterior395

distribution. The update process is expressed as:396

αa,i
k+1 = αf,i

k+1 +Kk+1

(
y∗ − h(αf,i

k+1)
)
, (23)

where αa,i
k+1 is the updated analysis state, y∗ represents the noisy observed data, h is the obser-397

vation model, Kk+1 ∈ Rn×nv is the Kalman gain matrix (to be discussed shortly). In summary, the398

forecast step uses the analysis values from the previous time step to predict the next state, while399

the analysis step refines these predictions using new observations, improving the state estimates.400

To simplify notation, we omit the time subscript (k) from the variables in the rest of this section,401

as the analysis step does not involve time evolution.402

The Kalman gain K plays a crucial role in balancing the influence of new observations against403

the forecasted state. It determines how much weight to assign to the measurements relative to the404

predictions, based on the reliability of the observations. Before detailing the computation of K405

for both linear and nonlinear observation models, we introduce some notations. For a set of m406

ensemble members (αi ∈ Rn, i = 1, · · · ,m), the forecast anomaly matrix A′f ∈ Rn×m is defined407

as:408

A′f =
1√
m− 1

[
αf,1 − ᾱf , αf,2 − ᾱf , · · · , αf,m − ᾱf

]
, (24)

where ᾱf = 1/m
∑m

i=1 α
f,i. We also define the innovation anomaly matrix Y ′f ∈ Rnv×m with its409

ith column:410

Y ′f,i =
h(αf,i)− ȳf − ηi + η̄√

m− 1
, i = 1, · · · ,m, (25)



Data Assimilation in ROM of Chaotic Earthquake Cycles 19

where ȳf = 1/m
∑m

i=1 h(α
f,i), and η̄ is the sample mean of ηi(i = 1, · · · ,m) which are drawn411

i.i.d from observation noise.412

For when the observation model is linear, the Kalman gain (K ∈ Rn×nv ) is identical to its form413

in the standard Kalman filter and is given by:414

K = P fH⊤ (
HP fH⊤ +Π

)−1
. (26)

The prior covariance matrix P f represents the uncertainty in the forecasted state. When the model415

f is nonlinear (as in our study), P f is approximated by the sample prior covariance matrix, given416

by P f ≈ A′fA′f⊤. For cases where the observation model is nonlinear (which also applies to417

our study), the tangent linear approximation of the observation operator is utilized (Le Provost &418

Eldredge, 2021; Evensen, 1994):419

H(αf,i − ᾱf ) ≈ h(αf,i)− ᾱf . (27)

Then, the Kalman gain is calculated by:420

K = A′fY ′f⊤(Y ′fY ′f⊤)−1. (28)

3 RESULTS421

3.1 Reduced-Order Model Components and Scaling Properties422

In this section, we present the components of the POD and the criteria for selecting the number of423

modes. We also evaluate the performance of the ROM by comparing its scaling properties—specif-424

ically the magnitude–frequency, moment–duration, and moment–area relationships— to those of425

the original PDE. The snapshot averages of the logarithm of the slip rate and state variable, denoted426

by log10(v) and log10(θ), are shown in Fig. 2(a, b). Fig. 2(c, e, g) display the first three eigenmodes427

for the slip rate, while Fig. 2(d, f, h) show the first three eigenmodes for the state variable. As the428

number of modes increases, the eigenmodes capture progressively finer spatial details.429

This observation highlights the importance of model reduction: the first few modes capture the430

dominant large-scale spatial features while filtering out high-frequency spatial variations. Since431

observational data typically lack high-frequency resolution, truncating higher-order modes ensures432
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that the ROM remains compatible with realistic observational data while maintaining robustness433

to inaccuracy in spatially high-frequency data.434

Fig. 2(i) illustrates the variance associated with each eigenmode for both the slip rate and state435

variable. Fig. 2(j) shows the cumulative ratio of the sum of the first nq eigenvalues to the total sum436

of all eigenvalues, as defined in Eq. (11). We select 20 modes for both v and θ, as this number437

of modes captures more than 90% of the total variance for each variable. As we will show here,438

this ROM configuration effectively reproduces the scaling behavior observed in the original PDE,439

providing a balance between accuracy and computational efficiency.440

An event is defined based on the maximum slip rate on the fault, ||v||∞, exceeding a specified441

threshold vthresh. An event is considered to have started when ||v||∞ > vthresh and is considered to442

have ended when ||v||∞ falls below vthresh. Events that occur in spatially distinct regions are treated443

as separate events, even if they overlap in time. Specifically, if two events are separated by more444

than lthresh along the strike direction, they are counted as distinct events. The seismic moment of445

an event is defined as:446

M =
2

3
log10

(
µ

∫ tend

tstart

∫

Aevent

v(z, t′) dz dt′
)
− 6,

where tstart and tend are the start and end times of the event, determined using ||v||∞ and vthresh,Aevent447

is the ruptured area of the event, defined as the region where the slip rate exceeds vthresh between448

tstart and tend, and µ is the shear modulus. If disjoint ruptures are separated by more than lthresh, they449

are treated as distinct events. For this study, we use a slip-rate threshold of vthresh = 5×10−8ms−1,450

approximately forty times the imposed plate loading rate (vpl = 40mmyr−1 ≈ 1.3× 10−9ms−1),451

and a spatial threshold of lthresh = 1km.452

Given the system’s chaotic behavior, even small inaccuracies in the ROM can result in signif-453

icant deviations in the time series compared to the ground truth. However, it is important that the454

ROM preserves the statistical features of the original system. The blue markers in Fig. 3 illustrate455

the magnitude-frequency distribution, the moment-duration, and the moment-area scaling rela-456

tionships for events generated by the long-term evolution of Eq. (13). These are compared with457

events obtained from simulations of the original PDE (Eq. (3)). The ROM demonstrates a strong458
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capability to replicate the overall statistical properties and scaling behaviors, albeit with slight bias459

and considerably more variance, when compared to the original PDE. These differences highlight460

the limitations of the ROM in fully capturing the underlying dynamics; the differences may be461

attributed to the reduced dimensionality or approximations inherent in the ROM construction.462

Recent studies have shown that the inferred scaling exponents for slow slip events (SSEs)463

can depend on the detection level used to define an event (Costantino et al., 2025). Because the464

moment–duration and moment–area scaling laws are generally more sensitive to noise than the465

magnitude–frequency distribution, this sensitivity may explain the relatively larger variability ob-466

served in Fig. 3(b, c).467

3.2 Computational cost and efficiency of the machine-learned ROM468

One of the main motivations for developing the machine-learned reduced-order model (ROM) is to469

reduce the computational cost of forward simulations and enable efficient data assimilation. Here,470

we quantify all major costs associated with (a) generating training data, (b) learning the ROM,471

and (c) performing forward simulations, and we compare them to the original physics-based PDE472

solver (QDYN).473

Full-order model cost. With the physical and geometric setup in Table 1 and Fig. 1, the474

computational domain is discretized into 32× 256 grid points along depth and strike, respec-475

tively. Simulating 1,000 years of fault evolution using QDYN requires approximately 5,073 sec-476

onds (≈ 1.41 hours) of wall-clock time on a single node with eight OpenMP threads. This corre-477

sponds to ≈ 11.3 CPU-hours per 1,000-year simulation, or 0.0113 CPU-hours per simulated year.478

479

Offline costs (one-time). To construct the ROM basis, we simulate a 600-year trajectory (dis-480

carding the first 100 years to remove transients), which costs 600× 0.0113 = 6.78 CPU-hours481

(≈ 0.85 hours of wall-clock time on eight threads). Computing the POD/SVD of the snapshot482

matrix requires about 0.07 CPU-hours. To generate training data, we perform 100 simulations of483

250 years each, totaling 25,000 years of synthetic data, which costs 25,000× 0.0113 = 282.5 CPU-484
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hours (≈ 35.3 hours of wall-clock time on eight threads). Training the ROM on a single GPU takes485

about 6.07 GPU-hours. All these offline costs are incurred only once.486

Online efficiency. After training, the ROM advances the fault state for 1,000 years in approx-487

imately 15 seconds when run on a single GPU, whereas the full-order QDYN model requires488

5,073 seconds (11.27 CPU-hours on eight threads) for the same duration. In terms of wall-clock489

time, the ROM is about 338 times faster, and when measured by total computational cost, this490

corresponds to an effective reduction of roughly 2,700 times compared with the CPU-based PDE491

solver.492

3.3 EnKF493

In this subsection, we present the results of estimating the temporal components of the reduced494

model using our data assimilation framework. This framework employs the ROM as the forward495

model (Eq. (16a)) and assumes observational data are available at time intervals of ∆tobs = 5 days.496

The observation model is described by Eqs. (18) to (21), which apply a smoothing kernel and497

additive noise to a true signal generated by the full PDE model (Eq. 3). The true observation data498

are generated by simulating the original PDE (Eq. (3)) from a random initial condition, discarding499

the first few years of data to remove transient behavior. The dataset used for data assimilation is500

not used in the training of the ROM. To generate the realistic synthetic data, the slip rate snapshots501

from the PDE simulation are interpolated to produce measurements at increments of ∆tobs days.502

Additionally, a Gaussian low-pass filter (Eq. (19)) with σkernel = 2 km is applied to the interpolated503

data to mimic the spatial blurring inherent in slip inversions.504

For the observation noise, we assume a diagonal covariance, with each diagonal entry equal505

to 5 × 10−4 of the variance of the POD modes for the corresponding component. The model506

error covariance matrix, Ξ, is empirically estimated by comparing long-term simulations of the507

full model with the ROM. The EnKF implementation employs 80 ensemble members, ensuring a508

robust statistical representation of the model’s uncertainty. This ensemble size was chosen based509

on empirical tests, which showed improved performance over smaller ensembles while remaining510
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computationally feasible. This configuration is used to assess the ROM’s ability to assimilate noisy,511

spatially-smoothed slip rate data and refine its predictions accordingly.512

Fig. 4 shows the time series of the temporal components of the POD in a ROM with n = 40.513

The ensemble members’ slip rates closely track the true slip rate, exhibiting small uncertainties.514

Despite challenges introduced by the low-pass filtering, the EnKF algorithm effectively recon-515

structs the true slip rate (magenta) from the observation data (green). However, the accuracy for516

components associated with the state variable θ is significantly lower, with higher uncertainty. This517

is an expected limitation, as the components of θ are not directly observed, constraining the filter’s518

ability to estimate this variable accurately. Inaccuracies in estimating the leading components of519

the state variable contribute to inaccuracies in event forecasts and uncertainty quantification, as we520

will see in the next section.521

3.4 Event Prediction522

The estimates of the coefficients αv and αθ can be used to forecast future values of the slip rate523

v and the state variable θ. Due to the inherent chaotic nature of the system, long-term predictions524

diverge from the true trajectory. However, short-term predictions remain viable and meaningful525

within specific horizons. For this study, we use the estimate of the states of the system test =526

0.1 year before the events and predict it up to tpred = 0.4 year.527

In Fig. 5, we plot the maximum slip rate along the depth of the fault as a function of time528

and along the strike distance. Each row in the figure corresponds to a distinct event, with the first529

column plotting the true signal. Time is shifted in this figure to be zero when an event starts in the530

true signal. At tpred before each big event (M > 6.9), we use the mean of the ensemble members531

as the estimate of αv and αθ values to reconstruct the initial conditions of the governing model532

(Eq. (3)). These reconstructed initial conditions serve as the initial conditions for forecasting the533

system’s evolution. The second column shows the prediction derived from the estimated initial534

condition using a model with n = 40.535

Each ensemble member provides a Monte Carlo approximation of the evolving distribution of536

the system states and can thus be used to quantify forecast uncertainty. The state estimate for each537
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ensemble member is expressed as:538

q(z, t)− q̄(z) =
∑

j≥1

αq(j, t)ϕq
j(z)

=

nq∑

j=1

αq(j, t)ϕq
j(z) +

∑

j≥nq+1

αq(j, t)ϕq
j(z), (29)

where q denotes either log10 v or log10 θ. For each ensemble member, we replace αq(j, t) for 1 ≤539

j ≤ nq with its corresponding estimate obtained from data assimilation. For the higher-frequency540

modes (j ≥ nq + 1), we sample αq(j, t) from a normal distribution with zero mean and variance541

defined in Eq. (8).542

To evaluate uncertainty, each ensemble member’s estimate is computed using Eq. (29) at time543

test, prior to the onset of the events. We then propagate the model forward up to tpred after the event544

started. The spatial and temporal predictions associated with each ensemble member are shown545

in the third and fourth columns of Fig. 5 in blue. In the third column, the vertical axis represents546

the distance along strike, while the horizontal axis shows
∫ tpred

−test

∫ D

0
v(x, y, t) dy dt, where D is the547

fault depth. The fourth column illustrates the temporal uncertainty in predicting events, with time548

on the horizontal axis and (
∫ D

0

∫ L

0
v(x, y, t) dx dy) on the vertical axis.549

We further quantify the performance of predictions in time and space using only the average550

of the ensemble members, but for more events in the data set. We test our method on 10 simu-551

lations, each starting from a random initial condition. After removing transient data from these552

simulations, we perform data assimilation on 55 years of data. The total dataset contains 24 events553

with magnitudes greater than 6.9. We use the average of the 80 ensemble members as the expected554

value of α. To evaluate the prediction performance in both time and space, we define four met-555

rics. True Positive Ratio (TPR) and False Positive Ratio (FPR) quantify temporal prediction556

accuracy, while True Positive Extent Ratio (TPER) and False Positive Extent Ratio (FPER)557

measure spatial accuracy.558

The TPR is defined as the ratio of correctly predicted events to the total number of events,559

where a correctly predicted event, for the purpose of calculating TPR, refers to a case in which560

the timing of an event is successfully forecast, regardless of its exact spatial location. The FPR561
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quantifies the probability of predicting an event within a time period that does not contain any562

actual events.563

To compute TPR, we estimate the system states at test = 0.1 years, a predefined time before an564

event occurs at tevent. The system is then simulated up to (tevent−test)+tpred, where tpred = 0.4 years.565

These values of tpred and test were chosen to maximize TPR while keeping FPR as low as possible,566

balancing prediction accuracy and reliability. In our dataset, 24 events exceed a magnitude of 6.9,567

and the algorithm successfully predicts 18 of them, yielding a TPR of 0.75. To further assess568

the accuracy of these predictions, we introduce the prediction lag, defined as the time difference569

between the predicted start time of an event and its actual start time in the dataset. The histogram570

of prediction lags, shown in Fig. 6(a), indicates that more than 75% of correctly predicted events571

have a time lag between −0.1 and 0.1 years, demonstrating the model’s ability to forecast events572

with temporal precision.573

To compute the FPR in our simulation, we randomly sample NFPR instances of t∗, ensuring574

that no event occurs in the interval [t∗, t∗ + tpred] within the dataset. We then use the estimate of575

the system states at t∗, simulate the model until t∗ + tpred, and check whether an event is falsely576

predicted within [t∗, t∗ + tpred]. The FPR is then defined as the ratio of the number of intervals in577

which at least one false event is predicted to the total number of sampled instances NFPR. Setting578

NFPR = 100, we obtain an FPR of 0.13.579

We compare the performance of our temporal prediction with that of a homogeneous Poisson580

process. The event rate λ of the Poisson process is empirically estimated as the inverse of the581

average interevent time over a long simulation. Based on approximately 2500 events, the average582

interevent time is 3.5 years, yielding an estimated rate of λ = 1/3.5 = 0.29 events per year. For583

a Poisson process, the TPR corresponds to the probability of predicting at least one event in the584

interval [tevent − test, tevent − test + tpred]. This probability is given by:585

P Poisson(k ≥ 1|∆t = tpred) = 1− P Poisson(k = 0|∆t = tpred), (30)

where P Poisson(k|∆t = tpred) denotes the probability of predicting exactly k events in the time586
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interval ∆t = tpred using a Poisson process with a rate of λ = 0.29 events per year. By the587

properties of a Poisson process, this probability is given by:588

P Poisson(k|∆t = tpred) =
(λtpred)

ke−λtpred

k!
. (31)

Thus, the TPR of a Poisson process simplifies to:589

TPRPoisson = 1− e−λtpred . (32)

Similarly, P Poisson(k ≥ 1|∆t = tpred) can be used to compute the FPR. Since FPR is defined590

as the probability of predicting an event within the interval [t∗, t∗ + tpred] when no event actually591

occurs in that period, it is also given by:592

FPRPoisson = 1− e−λtpred . (33)

For small values of tpred, the Poisson process yields an FPR close to zero, which is desirable.593

However, this comes at the cost of an extremely low TPR, meaning it rarely predicts events. Specif-594

ically, for tpred = 0.4 years and λ = 0.29 events per year, the Poisson process achieves both a TPR595

and FPR of 0.11. While the FPR is slightly lower than in our simulations, the TPR is significantly596

smaller, highlighting the improved predictive performance of our approach.597

The dataset exhibits complexity not only in time but also in space, as rupture patterns do not598

repeat periodically. Consequently, spatial prediction is also crucial. Here, we evaluate the spatial599

prediction performance of events that have been correctly predicted in time, assuming that ruptures600

fully extend through the depth of the fault. This assumption is valid given the elongated fault ge-601

ometry and the tendency of ruptures to saturate the depth. Our focus is on prediction performance602

along the strike direction of the fault. To quantify spatial accuracy, we define two key metrics: the603

True Positive Extent Ratio (TPER) and the False Positive Extent Ratio (FPER).604

The True Positive Extent Ratio (TPER) quantifies the proportion of the fault’s along-strike605
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extent that both ruptured in the true data and was correctly predicted to rupture. It is defined as606

TPER = P (Rupture in prediction | Rupture in true data) =
Length of correctly predicted rupture extent

Length of true rupture extent
,

or equivalently:607

TPER =
|Eoverlap|
|Etrue|

,

where Eoverlap = Etrue ∩ Epred is the extent of the fault that both ruptured in the true data and was608

predicted to rupture, Etrue represents the extent of the fault that ruptured in the true data, and Epred609

represents the extent of the fault predicted to rupture. Intuitively, the TPER quantifies the fraction610

of the true rupture extent that is successfully captured by the prediction. A TPER of 1 indicates611

perfect prediction, in a sense that all of the true ruptured area is inside the predicted rupture extent.612

Lower values of TPER suggest that parts of the true rupture were missed in the prediction.613

The False Positive Extent Ratio (FPER) evaluates the proportion of the predicted rupture614

extent that does not correspond to a true rupture. It is defined as615

FPER = P (Rupture in prediction | No rupture in true data) =
Length of falsely predicted rupture extent
Length of unruptured extent in true data

,

or equivalently:616

FPER =
|Epred \ Etrue|
|Efault \ Etrue|

,

where |Epred \ Etrue| is the extent of the fault predicted to rupture but not ruptured in the true617

data, and |Efault \ Etrue| represents the extent of the fault that did not rupture in the true data,618

with Efault denoting the total fault length. Intuitively, a lower FPER, ideally zero, indicates that619

the prediction avoids predicting ruptures in regions where they do not occur. Higher FPER values620

suggest overprediction and less reliable forecasts.621

When TPER equals 1, the model successfully predicts 100% of the rupture extent, and when622

FPER equals 0, the model perfectly avoids predicting ruptures in unruptured regions. Together,623

these metrics provide a comprehensive evaluation of the spatial prediction performance, balanc-624

ing the ability to capture true ruptures with minimizing false alarms. TPER focuses on sensitivity625

to true events, while FPER emphasizes specificity in avoiding false positives. Using both met-626
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rics ensures a nuanced assessment of spatial forecast performance, capturing both accuracy and627

reliability.628

Figs. 6(b, c) illustrate the spatial performance of event predictions. Fig. 6(b) presents the his-629

togram of TPER, showing that more than 77% of events have a TPER greater than 0.6. Fig. 6(c)630

displays the histogram of FPER, indicating that over 66% of predicted events have an FPER less631

than 0.2. These results demonstrate that the predictions are not only spatially accurate in capturing632

true ruptures but also effective in minimizing false predictions.633

Figs. 6(b, c) illustrate the spatial performance of event predictions. Fig. 6(b) presents the his-634

togram of TPER, showing that more than 77% of events have a TPER greater than 0.6, indicating635

that most predicted ruptures capture the majority of the true rupture area. Fig. 6(c) displays the636

histogram of FPER, showing that over 66% of predicted events have an FPER less than 0.2, sug-637

gesting limited overprediction of rupture extent. These results demonstrate that the predictions are638

spatially consistent with true rupture patterns and effectively minimize false spatial activations.639

4 DISCUSSION640

4.1 Validity of Assumptions and Methodological Limitations641

In this subsection, we examine the core assumptions underlying our framework and discuss their642

implications, along with some methodological limitations that affect its broader applicability to643

more realistic earthquake cycle problems. First, we employ a quasi-dynamic approximation for644

stress transfer on the fault, which neglects wave-mediated effects. This assumption is reasonable645

for our simulations, as they primarily focus on slow slip events where dynamic effects are minimal.646

However, for faster processes, such as dynamic ruptures, this approximation may no longer be647

valid, and a fully dynamic model would be necessary.648

Additionally, we assume that the model described by Eq. (3) represents the “true” system.649

While this assumption simplifies the analysis and provides a controlled framework for exploring650

estimation methods, it introduces limitations when applied to real-world scenarios. The physical651

processes governing the earthquake cycle are inherently complex and not fully captured by this652

simplified model. Future research could investigate the robustness of our methods under model653
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misspecification or in the presence of additional physical processes, such as fluid migration or654

inelastic deformation.655

Another key assumption is that the model parameters, such as those describing rate-and-state656

friction, are perfectly known. This is a significant simplification, as estimating these parameters657

from observational data remains a major challenge, particularly for earthquakes. Earthquake data658

is often sparse and noisy, unlike the comparatively richer datasets available for slow slip events.659

This assumption limits the immediate applicability of our method to real-world problems. One660

possible approach to address this limitation would be to integrate model parameters as inputs into661

the neural network framework. This adjustment could allow the model to account for parameter662

variations dynamically, albeit at a significant computational cost.663

Extending our reduced-order modeling framework to simulate fast earthquake ruptures presents664

additional challenges beyond those encountered with SSEs. Earthquakes exhibit stronger multi-665

scale dynamics in both space and time, with rupture processes unfolding over seconds to minutes.666

Capturing these dynamics in a machine-learned ROM requires substantially more training data.667

In our framework, the inputs to the machine learning algorithm are nonuniform-in-time series of668

the temporal coefficients associated with the POD modes. For earthquakes, resolving the rupture669

dynamics requires many more snapshots, due to the necessity of taking significantly smaller time670

steps during fast events. This leads to a major increase in the size of the training set required to671

faithfully learn the system’s evolution, posing some computational challenges.672

Another challenge in extending this framework to fast earthquake simulations lies in the temporal673

resolution of data assimilation. In the current approach, data assimilation is performed using a uni-674

form time step of five days, which is appropriate for capturing the evolution of slow events. This675

resolution allows for accurate tracking of SSE dynamics without excessive computational burden.676

However, earthquake ruptures occur on much shorter timescales and require finer temporal reso-677

lution to be accurately resolved and assimilated. Applying uniform fine time steps throughout the678

simulation would result in a substantial increase in computational cost. Furthermore, to efficiently679

and accurately capture the rapid dynamics of earthquakes, implementing data assimilation with680

adaptive time stepping may become necessary.681
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Moreover, while our ROM successfully reproduces key scaling relationships observed in the682

full PDE simulations, this outcome emerges without explicitly constraining the machine learning683

algorithm to preserve such statistical properties. Although we interpret the preservation of these684

scaling behaviors as a strength of the model, it is important to note that the ROM was not engi-685

neered to achieve this outcome. Matching the long-term statistical features of a high-dimensional686

chaotic attractor remains a challenge in the machine learning and dynamical systems communi-687

ties (Schneider et al., 2021; Li et al., 2022; Park et al., 2025). Thus, the success in reproducing688

these statistics, while encouraging, may not generalize across systems or parameter regimes with-689

out further theoretical understanding or architectural constraints. These considerations highlight690

important limitations of the current method and underscore the need for further methodological691

development before it can be applied to realistic earthquake problems.692

4.2 Observability693

In theory, it is not always necessary or even expected to recover the full state of a system, par-694

ticularly for unobservable components. This relates to the concept of observability in dynamical695

systems. A system is considered observable if the observed variables can be used to reconstruct696

all the states of the system. For chaotic dynamical systems, this concept extends to chaos synchro-697

nization, where synchronization occurs when partial observations of a chaotic system can be used698

to recover the unobserved states. If this is possible, the system is said to be synchronizable (Pecora699

& Carroll, 1990).700

Our findings suggest that the original full-scale model, although chaotic, might be synchroniz-701

able when only the slip rate (v) is observed. Specifically, if two simulators are governed by the702

same equations and model parameters but have different initial values of the state variable (θ), the703

second system can synchronize with the first by using the observed slip rate from the first sys-704

tem. Even starting from different initial conditions for θ, the state variable in both systems would705

eventually synchronize over time.706

This observation is physically reasonable because the state variable (θ) acts as a memory of the707

contact state in the system. When the slip rate is imposed, the state variable eventually converges708
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to the same value in both systems, as the system ”forgets” its initial condition and adjusts to follow709

the imposed slip rate.710

This observation has important implications beyond the reduced-order modeling framework.711

It suggests that observing only the slip rate may be sufficient to recover the state variable, from712

which one can infer stress on the fault. This finding is broadly consistent with results from ma-713

chine-learning forecasts of laboratory earthquakes, which identified slip rate as the dominant pre-714

dictor of imminent failure and the key quantity controlling radiated seismic energy (Rouet-Leduc715

et al., 2017; Hulbert et al., 2019; Bolton et al., 2020). If confirmed more generally, this relationship716

would have significant practical implications for data assimilation and time-dependent earthquake717

forecasting.718

Several open questions naturally arise from this observation. For instance, how much his-719

tory of slip rate data is required to recover the state variable accurately? In other words, what is720

the synchronization time needed for the system to converge when only the slip rate is observed?721

Understanding the required synchronization horizon is essential for designing data assimilation722

systems that rely on partial observations. These questions motivate future work on observability723

and chaos synchronization in complex fault models.724

4.3 Prediction of Small Events725

Real observational data typically undergoes smoothing, which suppresses high-frequency spatial726

information. To emulate this characteristic, our synthetic observed slip rate is also smoothed, re-727

sulting in similar limitations in spatial resolution. The ROM used in our approach is constructed728

to capture the dominant large-scale structures represented by the leading POD modes. Moreover,729

while the slip rate coefficients αv(i, t) for higher modes can often be recovered, the accuracy of730

the state variable coefficients αθ(i, t) generally degrades as the mode number i increases.731

Because of these limitations, accurately representing and forecasting smaller events in the732

true signal—for example, those with moment magnitude below 6.9—becomes particularly chal-733

lenging. The cutoff magnitude of 6.9 was chosen based on our observation that the forecast per-734

formance degrades noticeably for events smaller than this threshold. Fig. 7 illustrates one such735
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small event that the method fails to predict. While some degree of predictability exists for events736

below this threshold, this example highlights a specific failure to capture the underlying small-scale737

processes. This limitation aligns with recent studies showing that small earthquakes are inherently738

harder to forecast due to their sensitivity to small-scale stress heterogeneities (Venegas-Aravena &739

Zaccagnino, 2025).740

4.4 Effect of Instability Ratio on Reducibility741

The instability ratio, defined as the ratio of the fault size to the nucleation size, plays a critical742

role in determining fault behavior (Liu & Rice, 2007) . It is given by L/hra, where L is the length743

of the fault, and hra = 2µ′drsb
πσ(bVW−aVW)2

is the nucleation size (Rubin & Ampuero, 2005). µ′ is the744

shear modulus (µ) for antiplane shear and µ/(1 − ν) for plane strain, where ν is the Poisson745

ratio. Although the relationship between the instability ratio and event complexity is not strictly746

monotonic, higher instability ratios generally correlate with increased rupture complexity. When747

the instability ratio is small and close to one, events are more likely to exhibit lower maximum slip748

rates and primarily produce Slow Slip Events (SSEs)—a sequence of slip events characterized by749

smaller maximum slip rates compared to earthquakes. Our simulations with a 2D fault have thus750

operated within this regime. An important question that arises is how representative the leading751

POD modes remain of the system’s overall behavior as the instability ratio increases.752

In this part, we answer this question in the context of a 1D fault that generates fast earthquakes.753

To investigate, we systematically vary the nucleation size by modifying the characteristic slip754

distance (drs) and applying Singular Value Decomposition (SVD) to the resulting dataset. This755

analysis enables us to investigate how the eigenvalues of the modes evolve in response to changes756

in the instability ratio.757

We model a finite 1D fault embedded in an elastic medium, using the same model as in Eq. (3),758

while varying the characteristic slip distance (drs) to modify the instability ratio. The fault geome-759

try, incorporating heterogeneous material properties, is illustrated in Fig. 8. The physical parame-760

ters for this case study are similar to those in (Thomas et al., 2014), with drs varied to explore the761

effects of differing instability ratios. A summary of the physical properties is provided in Table. 2.762
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The coseismic slip above 5 (m) from the year 500 to 2000 for a simulation with drs = 12 (mm) is763

shown in Fig. 8.764

For each drs value, we run the forward model and record the same number of snapshots (70000)765

of the slip rate and state variable. Singular Value Decomposition (SVD) is then applied to the snap-766

shots of these fields. The components of POD are plotted in Fig. 9. Qualitatively, the eigenmodes767

exhibit distinct patterns corresponding to different stages of the earthquake cycle. For example,768

some modes capture ruptures localized within a single VW zone, while others represent ruptures769

that penetrate the central VS zone and produce large slips in both VW zones. Interestingly, as the770

mode number increases, the spatial frequency captured by the modes also increases. This trend771

aligns with the observations in Fig. 2 (for simulation of SSEs), highlighting that POD consistently772

identifies modes that first capture the dominant large-scale spatial structures before progressing to773

finer details.774

This result is significant because the observational data typically available for real faults have775

limited spatial resolution and lack information about small-scale spatial processes. The robustness776

of POD in prioritizing large-scale structures suggests that constructing a ROM based on the projec-777

tion of fields onto the POD modes is particularly advantageous. Such a ROM takes input primarily778

from the large-scale structures, making it compatible with the coarse, low-resolution data that are779

realistically accessible while still preserving the essential dynamics of the system.780

The variances of the eigenmodes for the slip rate (λv) and the state variable (λθ) are plotted781

in Fig. 10(a, b), corresponding to different values of drs (and thus, different instability ratios). As782

the instability ratio increases, there is a slight increase in the eigenvalues of the higher modes.783

However, this effect is relatively small and, to leading order, we do not see significant changes784

in the eigenvalues with an increase in the nucleation size. This is more apparent in Fig. 10(c,785

d). The bottom panels show the ratio of the cumulative variance of the first i modes to the total786

variance across all modes. This ratio remains nearly identical for all instability ratios studied here.787

These results demonstrate that, to first order, the leading eigenmodes retain their relative statistical788

importance even as the instability ratio increases.789

A key question arising from these results concerns the predictability of the nucleation phase.790
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Table 1. Parameters used in the model of Slow Slip Events (2D fault)

Category Property Value Units

Frictional Properties

drs 0.045 mm

aV S 0.019 -

bV S 0.014 -

aVW 0.004 -

bWV 0.014 -

Other Physical Properties

σ̄ 10 MPa

µ 30 GPa

cs 3.3 km/s

ν 0.25 -

Loading Quantity Vpl 40 mm/year

Geometric Quantities

LVW 300 km

DWV 25 km

L 320 km

D 50 km

dip angle 17.5 o

At first glance, Fig. 10(c, d) might suggest that increasing the instability ratio does not significantly791

affect the predictability of the nucleation phase. However, this interpretation should be made with792

caution. The analysis only shows that the relative variance contained in the leading modes remains793

similar; it does not rule out the possibility that low-variance modes, which are not prominent in794

PCA, could still play a critical role in the dynamics. In analogous situations in fluid dynamics,795

rare low-energy modes in the Proper Orthogonal Decomposition of Kolmogorov flow have been796

shown to underlie the occurrence of intermittent, burst-like events (Farazmand & Sapsis, 2017).797

A similar mechanism could, in principle, contribute to variability during the nucleation phase of798

fault slip.799
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Table 2. Parameters used in the model of earthquake (1D fault)

Category Property Value Units

Frictional Properties

drs 6, 9, 12, 15 mm

bV S1 -0.01 -

bVW 0.015 -

bV S2 0.008 -

a 0.01 -

Other Physical Properties

σ̄ 50 MPa

µ 30 GPa

cs 3.3 km/s

ν 0.25 -

Loading Quantity Vpl 50 mm/year

Geometric Quantities

LV S1 40 km

LVW 72.5 km

LV S2 15 km

5 CONCLUSION800

This study presents a machine-learned ROM developed to simulate chaotic multiscale sequences801

of slip events. By integrating POD with machine learning, the ROM efficiently captures the domi-802

nant dynamics of the earthquake cycle. The reduced dimensionality allows for significantly faster803

computations compared to full partial differential equation (PDE) models, while preserving es-804

sential scaling laws and statistical features. Our results demonstrate that the ROM replicates long-805

term statistical properties of the sequence—such as magnitude-frequency, moment-duration and806

moment-area scaling relations—consistently with full-scale PDE simulations. The ROM empha-807

sizes large-scale structures in the slip rate and state variable fields, consistent with the coarse808

resolution of realistic observational datasets. This makes it particularly suitable for earthquake809

forecasting applications, where small-scale features are typically unresolvable due to smoothing810

in inversion processes.811

The study also highlights the successful integration of the EnKF within the ROM framework812

to estimate the temporal components of POD from sparse and noisy observational data. While813
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some inaccuracy persists in the reconstruction of state variable components, ensemble-averaged814

forecasts reliably predict the timing and location of large events.815

Nevertheless, several limitations remain. The ROM is currently applied to synthetic slow slip816

events (SSEs), and extending the method to simulate realistic fast earthquake ruptures presents817

additional challenges. Earthquakes exhibit more pronounced multiscale behavior in both time and818

space, with rapid rupture dynamics occurring over seconds to minutes. Capturing such fast dy-819

namics may require modifications to the ROM architecture and data assimilation strategy. These820

issues underscore the need for future development before the method can be applied to dynamic821

earthquake modeling.822

Furthermore, the quasi-dynamic approximation used in this study, while suitable for SSEs,823

may not adequately represent the physics of rapid rupture, motivating a transition to fully dynamic824

models. The assumption of perfectly known model parameters also simplifies the analysis but825

limits real-world applicability. Incorporating parameter estimation into the ROM—potentially by826

extending the neural network to learn parameter dependencies—could improve realism, though827

at a higher computational cost. Finally, the ROM’s focus on dominant modes limits its ability to828

capture small-scale features.829

In summary, this work introduces a robust and efficient framework for modeling multiscale830

chaotic sequence of events, demonstrating the potential of combining physics-informed machine831

learning with data assimilation for advancing earthquake forecasting. While the current implemen-832

tation is validated in synthetic settings, its scalability, efficiency, and compatibility with realistic833

observational data offer a promising pathway toward practical applications in seismology.834
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Figure 1. Geometry of the fault and chaotic behavior of the dynamical model. (a) The geometry of the 2D

fault, with length L along the strike and D along the depth, showing the velocity-weakening (VW) patch

(dotted area) embedded within a velocity-strengthening (VS) region. The lengths of the VW patch along

the strike and depth are LVW and DVW, respectively. Physical properties are uniform everywhere except for

the parameters a and b, which differ between the VW and VS regions (see Table. 1). (b) Maximum slip rate

along the fault depth as a function of distance along the strike and time.
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Figure 2. POD analysis of the system’s fields (v and θ) and mode variance. (a-b) Snapshot averages of

slip rate (log10(v)) and state variable (log10(θ)). (c-h) The first three eigenmodes of the slip rate and state

variable. (i) Variance of each mode (j) in the singular value decomposition. (j) Ratio of the sum of the first

nq eigenvalues to the sum of all eigenvalues (defined in Eq. (11)).
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Figure 3. Comparison of scaling properties between the ROM and the original PDE. The left panel shows

the number of events exceeding a given magnitude as a function of magnitude. The middle and right panels

compare the moment–duration and moment–area scaling laws, respectively, for the original PDE (black)

and ROM with n = 40.
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Figure 4. Performance of estimating the temporal components of POD for slip rate (αv(i, t)) and state

variable (αθ(i, t)) using a ROM with n = 40 as the forward model. The magenta lines represent the true

components of the slip rate and state variable. Blue lines indicate the ensemble members, while green lines

show the observed components of the slip rate. Note that no green lines are present in the second column,

as the state variable is unobservable.
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Figure 5. Spatiotemporal evolution of events in true data and predictions for events with M > 6.9 with

uncertainty quantification. The first column (a1–e1) shows the true maximum slip rate along depth, plotted

as a function of position along the strike and time. The second column (a2–e2) presents predictions obtained

0.1 years before an event starts, based on the estimated slip rate and state variable using the EnKF with a

ROM with n = 40. The time is shifted to zero at the moment when an event starts in the true signal. The

third column shows spatial prediction uncertainty by plotting the slip rate integrated from −0.1 to 0.4 years

over the fault depth for each ensemble member (in blue). The fourth column shows temporal prediction

uncertainty by plotting the slip rate integrated over both the depth and strike of the fault.
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Figure 6. Quantifying the prediction performance in time and space. Histogram of prediction time lag (a),

True Positive Extent Ratio (TPER) (b), and False Positive Extent Ratio (FPER) (c).

Figure 7. The method fails to predict some small events. (a1) The true maximum slip rate along the depth

as a function of time and distance along the strike, showing a small partial rupture with magnitude 6.7.

(a2) The corresponding prediction signal, which does not include an event. The prediction is based on the

estimation of a model with n = 40, at 0.1 years before the event begins. The figure is aligned such that

time = 0 corresponds to the start of the event in the true data.
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Figure 8. Geometry of a 1D fault and chaotic earthquake sequences. (a) Fault geometry and spatial distri-

bution of a − b for a 2D model used to generate earthquake sequences. (b) Coseismic slip along the strike

direction over time, thresholded to display only slip greater than 5 meters. Vertical dashed lines indicate the

locations where a− b transitions from 0.02 to -0.005. This simulation is performed with drs = 12mm.
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Figure 9. POD analysis of the system’s fields (v and θ) in a model of a 1D fault that produces a chaotic

sequence of earthquakes. (a) Snapshot averages of the slip rate (log10(v)) and state variable (log10(θ)). (b)

The first four eigenmodes for the slip rate (ϕv
i ). (c) The first four eigenmodes for the state variable (ϕθ

i ). The

POD is applied on a model with drs = 12mm.
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Figure 10. Effect of instability ratio on the reducibility. (a, b) Variance of each mode (i) in the singular

value decomposition for the slip rate (a) and the state variable (b). (c, d) The ratio of the sum of the first

i eigenvalues to the total sum of all eigenvalues (as defined in Eq. (11)) for the slip rate (c) and the state

variable (d). All panels correspond to simulations with different instability ratios.
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APPENDIX A: DATA PREPARATION FOR TRAINING1018

Learning chaotic dynamical systems is inherently challenging and remains an active area of re-1019

search. Machine-learned chaotic systems inevitably diverge from the original system over time, as1020

small inaccuracies compound due to chaos. In our case, these challenges are heightened by learn-1021

ing the system in a reduced dimension, where simulations of Eqs. (3) and (13), despite starting1022

from the same initial conditions, eventually diverge.1023

Despite this divergence, it is crucial to ensure that the machine-learned model accurately cap-1024

tures the system’s dynamics to preserve its long-term statistical properties. The objective is for the1025

reduced-order model ( Eq. (13)) to replicate the statistical behavior of the original full-scale system1026

(Eq. (3)), even if the exact trajectories diverge during long-term simulations. However, since g is1027

tasked with learning a chaotic attractor that projects an infinite-dimensional system onto a finite-1028

dimensional space Rnv+nθ , some degree of deviation is unavoidable. This deviation stems from the1029

inherent limitations of approximating an infinite-dimensional attractor with a lower-dimensional1030

representation.1031

Since our goal is to learn an attractor that does not maintain a one-to-one relation with the1032

original attractor, we enrich the dataset by including not only points on the chaotic attractor but1033

also points away from it. This ensures that the machine-learning model is exposed to the attractor1034

as well as transient states, improving its ability to generalize.1035

Here, we explain how the machine-learning model is exposed to data off the chaotic attractor.1036

Intuitively, we achieve this by starting with initial conditions that are statistically more spread1037

than the attractor and using their transient evolution. To approximate the projection of the chaotic1038

attractor onto the POD modes (A⊥), we use the following formulation:1039

log10(A⊥) = (log10 v, log10 θ) ≈

{(
log10(v) +

nv∑

j=1

αv
jϕ

v
j , log10(θ) +

nθ∑

j=1

αθ
jϕ

θ
j

)∣∣∣∣∣α
v ∈ Rnv , αθ ∈ Rnθ ,

αv ∼ N (0,Λv), αθ ∼ N (0,Λθ)

}
.

(A.1)

where log10(v) and log10(θ) are the snapshot averages of the base-10 logarithm of the field, ϕv
1040
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and ϕθ are the spatial components obtained using POD and shown in Fig. 2, and αv and αθ are the1041

temporal components. Λv and Λθ are diagonal matrices derived from singular value decomposition,1042

and contain the variance of each component. Eq. (A.1) provides an approximation of the projection1043

of the attractor because it assumes a normal distribution for the temporal components.1044

To expose the ML model to points outside the attractor, we intentionally initialize the simulations1045

away from the attractor (Eq. (A.1)) to capture more transient dynamics. This approach ensures that1046

the machine-learned model is robust to inputs that do not lie on the attractor. The initial conditions1047

are sampled using the following equations:1048

αv ∼ N (0, 4Λv), (A.2a)

αθ ∼ N (0, 4Λθ). (A.2b)

In other words, the initial conditions for all simulations are imposed to have a distribution that is1049

more spread than the attractor itself. This generates a dataset that includes points away from the1050

attractor and makes our machine-learned model robust to inputs that are not on the attractor. We1051

use 100 simulations based on the model described in Eq. (3), using the QDYN simulator (Luo1052

et al., 2017), each simulated for 250 years.1053

These considerations are not sufficient for learning a chaotic attractor that can be simulated1054

for an arbitrarily long time. When evolving the ML model over an extended period, the trajectory1055

might reach regions where the ML model has not encountered any dataset. Since the ML model1056

has not seen such cases, the solution may diverge. This is a common challenge when learning1057

chaotic dynamical systems. To address this issue, we adopt one of the methods proposed in (Li1058

et al., 2023) for learning dissipative chaotic dynamical systems.1059

Li et al. (2023) proposed two methods for learning dissipative dynamical systems. In the first1060

method, they synthetically add dissipative data away from the chaotic attractor to ensure that the1061

dynamical system learned using machine learning remains dissipative everywhere, including re-1062

gions where the ML model has not seen any data. The second method ensures dissipativity by1063

setting a threshold for the norm of the system states. When the states exceed this threshold, the1064

ML algorithm is bypassed, and a simple linear dissipative system is used instead. In our approach,1065
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we have adopted the first method.1066

To generate the dissipative dataset, we first sample Ndissipation = 60000 points x ∈ Rnv+nθ from a1067

normal distribution with mean router and variance I:1068

x ∼ N (router, I).

Next, we discard any x with a norm smaller than router, removing approximately half of the sam-1069

pled points. The remaining points are evolved using a linear dissipative dynamic defined as:1070

ẋ = log

(
rinner
router

)
x.

Under this evolution, the points move closer to the center. For example, a point x(0) with ∥x(0)∥ =1071

router evolves to ∥x(1)∥ = rinner after one time step, with the norm of x decreasing over time. We1072

then scale x and their one-step evolution in time using the standard deviation derived from the1073

POD. The scaled data is included in the training set to enforce dissipation in regions away from1074

the chaotic attractor.1075

One should be careful with the values of router, rinner, and the number of dissipative data1076

points, Ndissipation. The values of router and rinner are chosen such that the dissipative dataset does1077

not interfere with the attractor. Additionally, the number of dissipative data points, Ndissipation,1078

is kept small compared to the total dataset size to maintain the focus on learning the chaotic1079

dynamics. In fact, it should be as small as possible to minimize the effect of these points on1080

the learning of the system dynamics. In our case, the number of additional synthetic data points1081

added to the dataset of PDE simulations constitutes only about 3% of the total dataset. The values1082

router = 20 and rinner = 19 are carefully adjusted to ensure that the dynamics in Eq. (13) do not1083

diverge and remain minimally affected by the inclusion of these data.1084

APPENDIX B: NEURAL NETWORK STRUCTURE1085

As described in section 2.3, we decompose the function g in Eq. (13), into two functions g1 and g2.1086

This is because the α̇ has a multiscale (slow/fast) behavior. In this section, we provide the structure1087

of the neural networks that are used in this paper to learn the functions g1 and g2.1088

The machine learning models used in this study are fully connected feedforward neural networks,1089
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g1 : Rn → Rn and g2 : Rnv+1 → R+, parameterized by ω1 and ω2 respectively, which include the1090

weights and biases of the network. The networks consist of an input layer, four hidden layers, and1091

an output layer. The models are trained to minimize the Mean Squared Error (MSE) loss function1092

and are optimized using the Adam optimizer. The mathematical structure for g1 and g2 is described1093

as follows.1094

B1 Structure of g11095

The input of the neural network g1 is a vector α ∈ Rn. In the first hidden layer, the input undergoes1096

a linear transformation followed by a nonlinear activation function:1097

h11 = tanh(W 1
1α + b11), W 1

1 ∈ R2n×n, b11 ∈ R2n.

The superscript specifies the neural network. The second hidden layer applies another linear trans-1098

formation and activation function to the output of the first layer:1099

h12 = tanh(W 1
2 h

1
1 + b12), W 1

2 ∈ R4n×2n, b12 ∈ R4n.

The third hidden layer maps its input to the same dimensionality as the previous layer:1100

h13 = tanh(W 1
3 h2 + b13), W 1

3 ∈ R4n×4n, b13 ∈ R4n.

The fourth hidden layer reduces the dimensionality of its input:1101

h14 = tanh(W 1
4 h

1
3 + b14), W 1

4 ∈ R2n×4n, b14 ∈ R2n.

Finally, the output layer applies a linear transformation to produce the output vector:1102

g1(α;ω) = W 1
5 h4 + b15, W 1

5 ∈ Rn×2n, b15 ∈ Rn.

The complete forward pass through the network can be expressed as:1103

g1(α;ω1) = W 1
5 · tanh(W 1

4 · tanh(W 1
3 · tanh(W 1

2 · tanh(W 1
1α + b11) + b12) + b13) + b14) + b15.

Here, ω1 = {W 1
1 , b

1
1,W

1
2 , b

1
2, . . . ,W

1
5 , b

1
5} represents the set of all trainable parameters of the1104

network g1.1105
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B2 Structure of g21106

The neural network g2 maps a vector (αv, ||v||∞) ∈ Rnv+1 to a positive scalar output ∆t ∈ R+.1107

The network is designed to learn the time step, with the output data preprocessed by taking the1108

base-10 logarithm of the time step to address the multi-scale nature of the problem. After training,1109

the network’s output is transformed back by applying the exponential function.1110

In the first hidden layer, the input undergoes a linear transformation followed by a nonlinear1111

activation function:1112

h
(2)
1 = tanh(W

(2)
1

(
αv, ||v||∞

)
+ b

(2)
1 ), W

(2)
1 ∈ R2nv×(nv+1), b

(2)
1 ∈ R2nv .

The second hidden layer applies another linear transformation and activation function to the output1113

of the first layer:1114

h
(2)
2 = tanh(W

(2)
2 h

(2)
1 + b

(2)
2 ), W

(2)
2 ∈ R4nv×2nv , b

(2)
2 ∈ R4nv .

Similarly, the third hidden layer maps its input to the same dimensionality as the previous layer:1115

h
(2)
3 = tanh(W

(2)
3 h

(2)
2 + b

(2)
3 ), W

(2)
3 ∈ R4nv×4nv , b

(2)
3 ∈ R4nv .

The fourth hidden layer reduces the dimensionality of its input:1116

h
(2)
4 = tanh(W

(2)
4 h

(2)
3 + b

(2)
4 ), W

(2)
4 ∈ R2nv×4nv , b

(2)
4 ∈ R2nv .

Finally, the output layer applies a linear transformation to produce the output vector:1117

log10(g2(α, ||v||∞;ω2)) = W
(2)
5 h

(2)
4 + b

(2)
5 , W

(2)
5 ∈ R1×2nv , b

(2)
5 ∈ R.

The complete forward pass through the network can be expressed as:1118

log10(g2(α, ||v||∞;ω2)) = W
(2)
5 ·tanh(W (2)

4 ·tanh(W (2)
3 ·tanh(W (2)

2 ·tanh(W (2)
1

(
α, ||v||∞

)
+b

(2)
1 )+b

(2)
2 )+b

(2)
3 )+b

(2)
4 )+b

(2)
5 .

Here, ω2 = {W (2)
1 , b

(2)
1 ,W

(2)
2 , b

(2)
2 , . . . ,W

(2)
5 , b

(2)
5 } represents the set of all trainable parameters1119

of the network g2.1120
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