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Abstract

We use density functional theory to investigate the fractionation of Mg iso-
topes between phases in the lower mantle. Our results support previous work
and show that coordination number plays an important role in controlling iso-
topic fractionation, with bridgmanite (perovskite-structured MgSiO3) pref-
erentially incorporating lighter Mg isotopes into its highly coordinated site
compared to periclase (MgO). A trade-off between pressure (which enhances
fractionation) and temperature (which reduces it) allows this preference to
be evident across all lower mantle conditions explored, even to the high tem-
peratures of the chondritic liquidus (e.g. A?/?*Mgpe;_pam is 0.04%o at 4200
K and 87 GPa). In additional numerical experiments we separate the effect of
coordination number from differences in bond length between different phases

and these allow us to build an ionic model which parameterises magnesium
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isotope fractionation as a function of bond length, coordination number, and
temperature. This model provides us with a preliminary means to describe
isotope partitioning between solid and liquid phases when making predic-
tions of Mg isotopic differences generated during terrestrial magma ocean
crystallisation. We find that Mg isotopic fractionation between bridgmanite
and melt, at lower mantle conditions, is sufficient to generate detectable dif-
ferences in the Mg isotopic compositions of a residual melt or solid cumulate
phase, relative to bulk Earth. More specifically, we show that isolation of
a reservoir of cumulate bridgmanite that is some 3-15 percent by mass of
the mantle could account for the super-chondritic 2Mg/?*Mg of accessible
terrestrial peridotite samples. Long-standing problems remain in physically
retaining such a reservoir at the core mantle boundary over Earth history,
but our results help quantify possible tests of such a scenario.

Keywords: Mg isotopes, density functional theory, ionic model,

coordination number, magma ocean

1. Introduction

Study of mass-dependent isotopic variations has traditionally been the
domain of low temperature geochemists, since the magnitudes of such frac-
tionations are inversely proportional to temperature squared (Urey, 1947)
and so most evident at the Earth’s surface. However, realisation of the op-
portunity afforded by MC-ICPMS to make isotopic measurements of a wide
range of elements to significantly better than 100 ppm makes this discipline
of increasing interest for the study of high-temperature processes (e.g. Young

et al., 2015; Soderman et al., 2022; Wang et al., 2023). Although small, iso-
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topic differences generated in the Earth’s interior are now typically amenable
to analysis.

A likely important factor in the magnitude of mass-dependent isotopic
fractionations in the deep Earth is the effect of pressure. Whilst the high
temperatures of the planet’s interior act against mass-dependent isotopic
variability, associated increases in pressure and the resulting changes in the
coordination number and bond length of common mineral sites can act to
promote isotopic fractionation. The work of Huang et al. (2013, 2014) and
Wu et al. (2015) examined the interplay of these counter-acting continuous
and discontinuous changes with depth for the major elements Mg and Si.
Here we take some further steps in this direction by making a first principles
exploration of the isotopic fractionation of magnesium between mantle phases
over a wide range of appropriate pressures and temperatures. In particular,
we wish to estimate fractionation factors for key phases, at a range of lower
mantle conditions to assess Mg isotopic fractionations that may be associated
with magma ocean crystallisation.

Magnesium is an attractive target because it is a high-abundance, stoi-
chiometric constituent of several major mantle phases, that occurs in only
one oxidation state. There is also a comparatively large (8%) relative mass
difference between its two major isotopes, which is an important contributing
factor in the generation of discernible isotopic fractionation.

Mg isotopic differences inferred to result from equilibrium partitioning
between co-existing, shallow mantle minerals have been reported for more
than a decade (e.g. Young et al., 2009). Such observations, supported by
theoretical analysis (Young et al., 2009; Schauble, 2011; Huang et al., 2013),
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have led to a useful rule of thumb that the isotopic composition of an element
in a more highly coordinated lattice site is lighter than in a site with lower
coordination. In this general context, it is significant that high pressure
phases hosting Mg show a range of coordination numbers from 6-fold in
periclase (Per: rock salt structured MgO) to 8-12 in bridgmanite (Bdm:
perovskite-structured MgSiOs; Yagi et al., 1978). The high coordination
state of Bdm, the most abundant silicate mineral in the Earth, relative to
co-existing phases is of particular interest. Wu et al. (2015) considered the
effect of coordination number increases associated with phase changes in
the transition zone including calculations on Bdm in the uppermost lower
mantle (to 24.5 GPa). However, ‘ionic’ models of isotope fractionation focus
on bond length variation rather than coordination number as an important
controlling parameter (Young et al., 2009, 2015; Sossi and O’Neill, 2017;
Blanchard et al., 2017). We thus supplement our study of mantle phases
with numerical experiments designed to separate the effect of coordination
number and bond length on isotope fractionation in a series of hypothetical
oxide structured materials.

Whilst it is of interest to understand mineral-mineral fractionations (Huang
et al., 2013; Wu et al., 2015), ultimately it is of broader geological signifi-
cance to constrain mineral-melt fractionations, which might drive larger scale
isotopic differences in the Earth. For example, if crystallization of a magma
ocean involves phases that fractionate Mg isotopes, global Mg isotopic het-
erogeneities may be generated by mineral-melt segregation. Despite progress
with models of aqueous solutions (Rustad and Bylaska, 2006; Kowalski and
Jahn, 2011; Kowalski et al., 2013; Gao et al., 2018; Wang et al., 2019), and
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more recent work on isotope fractionation in basaltic melts at low pressure
(Rabin et al., 2023) determinations of melt-mineral isotopic fractionations re-
mains challenging for first principles calculations (see Blanchard et al., 2017,
for a review of these methods). To circumvent this problem, previous stud-
ies invoked the apparent lack of Mg isotopic fractionation between olivine
and mafic melt at low pressure, inferred from the absence of systematic vari-
ability in the Mg isotopic compositions of a suite of magmas controlled by
addition and loss of olivine (Teng et al., 2007), to support the use of forsterite
(Mg,SiO,: Fo) as a proxy for melt in their numerical experiments (Wu et al.,
2015).

Our treatment of the melt phase in this contribution is different in two
respects. Firstly, as a low pressure datum we use a recent, high-precision, di-
rect determination of the isotopic fractionation factor for Mg between olivine
and melt (Liu et al., 2022), which is discernibly less than unity. Secondly,
we use our experiments with different hypothetical phases with fixed MgO
composition, but different Mg coordination environments and variable Mg-O
bond lengths to produce a parameterised model of Mg isotope fractionation.
We argue that this approach has predictive power for phases, such as melt,
where only the atomic structure is known. Pinned by the new determination
of the fractionation factor between forsterite and melt at low pressure, we
then use this model, in combination with knowledge of how melt structure
changes with pressure (Karki et al., 2006; de Koker, 2009) to calculate Mg
isotope fractionation between mantle minerals and coexisting melts in a crys-
tallising deep magma ocean. Although rudimentary, this is the first attempt

to quantify the influence of pressure on melt structure in modelling isotopic
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fractionations during the crystallisation of magma oceans.

2. Methods

In order to explore the effect of pressure, temperature and crystal chem-
istry on the fractionation of **Mg from *Mg we employed a first-principles
atomic-scale approach to calculate the reduced partition functions for the
two isotopes in Fo, Per, Bdm and five hypothetical MgO polymorphs. While
not directly addressing the fractionation with a high pressure melt phase,
we argue below that these calculations are sufficient to give the sense of
the fractionation behaviour when extrapolated from the known behaviour
at low pressure to extreme conditions not easily amenable to experiment.
Our approach to these calculations follows a number of previous studies (e.g.
Blanchard et al., 2009; Javoy et al., 2012; Li and Liu, 2011; Li et al., 2009;
Méheut et al., 2007, 2009; Rustad and Dixon, 2009) including examples of
the fractionation of Mg isotopes (Young et al., 2009; Schauble, 2011; Huang
et al., 2013; Wu et al., 2015; Wang et al., 2017; Duan et al., 2023; Wang
et al., 2023), which have established the predictive accuracy of first princi-
ples simulation to address isotopic fractionation. However, we believe our
calculations are the first to consider conditions relevant to the crystallisation
of a global magma ocean.

Key to the calculations is the definition of the reduced partition function,
B(X,Y,Y™), which is the equilibrium constant for the exchange reaction for
two isotopes of an element (Y and Y*) between the material of interest, X,
and an ideal gas (Bigeleisen and Mayer, 1947; Urey, 1947). The equilibrium

fractionation factor, a(X!, X2, Y,Y™), between two crystalline phases (X!
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and X?) is then given by the ratio of the reduced partition functions or,

more conveniently, as a difference in the expected measured isotopic content:

AV ye ~ 10001In (o X1, X2, Y, ™))

=10001n (B(X"',Y,Y™)) — 10001n (B(X>,Y,Y™*)), (1)

where inclusion of the factors of 1000 means that AYF, . is the %o difference
between the two phases. The important feature of this approach is that, for
crystals and in the harmonic approximation, 5(X,Y,Y™*) can be calculated
from knowledge of only the phonon density of states (Keiffer, 1982; Schauble,
2004):
No [3Nat [, % —hw! JKT) 1 _ —hwi,/kT)\ |
s T (2 i )| @

i=1 Lj=1 0] €

where w; ; and wy ; are the phonon frequencies at the i*h reciprocal lattice sam-
pling point for the 7' branch in crystal X containing the Y and Y* isotopes,
respectively, T" is the absolute temperature, k is the Boltzmann constant and
h is the Plank constant. For a simulation cell containing N, atoms, the prod-
ucts run over the 3N, modes for each of the N, points sampled in the first
Brillouin zone (the three acoustic modes at the I' point representing trans-
lations of the crystal are excluded from the product). The Brillouin zone is
sampled using the scheme due to Monkhorst and Pack (1976). Symmetry of
the reciprocal lattice is used to avoid the wasteful calculation of frequencies
for equivalent points with weighting factors, w;, being applied to properly
account for points on the edge of the sampled irreducible volume. The com-

putational task is thus to calculate w;; and w}; with sufficient accuracy to

J

lower mantle pressure.
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We calculate phonon frequencies using density functional perturbation
theory (DFPT: Baroni et al., 1987, 2001) as implemented in the CASTEP
code (Clark et al., 2005) using the plane-wave and pseudopotentials approach
(Payne et al., 1992). First, density functional theory (DFT: Hohenberg and
Kohn, 1964; Kohn and Sham, 1965) is used to determine the crystal structure
(atomic positions and cell parameters) of each crystal at target pressures in
10 GPa increments between —10 and 140 GPa. We adopt the generalised gra-
dient approximation (GGA) of Perdew et al. (1996) and make use of norm-
conserving pseudopotentials for nuclei and core electrons (only 3s and 3p,
2p, and 3s electrons are explicitly included for Si, O, and Mg atoms, respec-
tively). Explicit valence electrons are expanded on a plane wave basis with
a cut-off energy of 900 eV for all three phases and with the electronic band
structure sampled on 3x3x3, 4x2x4 and 4x4x4 Monkhorst-Pack grids for
Bdm, Fo and Per, respectively (these parameters were chosen by testing for
convergence of the phonon frequencies, but reproduce the crystal structures
as described below).

Once the equilibrium crystal structure is determined, the phonon fre-
quencies are given by the square root of the eigenvalues of the dynamical

matrix:
Dier(@)€jr.aq = W jEjraa (3)
which is, in turn, a function of the second derivatives of the energy of the

system with respect to atomic displacements:

D) = ——— > (o) ™, (1)

Ty ou,, ,0uy o

where E is the internal energy of the system, m, and u,, is the mass and
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displacement of atom x in direction «, q is the wave vector, and the summa-
tion runs over the distances, R,, between periodic replicas of the two atoms.
The eigenvectors, ¢, in Equation 3 describe how the atoms move for each
phonon frequency. These lattice dynamics calculations are performed using
variational DEPT (Gonze, 1997; Gonze and Lee, 1997) using the implemen-
tation described by Refson et al. (2006). An important point is that £ does
not depend on the masses of the atoms in the crystal. This property can be
used to minimise the number of DFPT calculations needed to evaluate the
reduced partition function by storing the matrix of second derivatives and
reusing this for both isotopic substitutions. The ‘phonons’ utility, distributed
with CASTEP, allows this optimisation alongside Fourier interpolation (Gi-
annozzi et al., 1991), which allows phonon frequencies to be estimated at
wave vectors between those included in the DFPT calculation. We note that
under all the conditions we consider the DFPT calculations yield real eigen-
values for all phases indicating that they are dynamically (but not necessarily
thermodynamically) stable.

Our calculations of isotope fractionation in hypothetical MgO polymorphs
are designed to allow us to explore the relative importance of local bond-
ing environment (bond length and coordination number) and chemistry on
the equilibrium fractionation of Mg isotopes. We thus performed DFT and
DFPT calculations on a range of prototypical ‘MX’ structures with fixed
MgO composition and with the Mg atom occupying different coordination
sites. In each case we first optimised the crystal structure while constraining
symmetry at 0 GPa before building a super-cell, calculating the dynamical

matrix, and evaluating the reduced partition coefficients following the ap-
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proach outlined above. For these calculations we considered five structures
in addition to periclase: the cubic and hexagonal ZnS structures, the NiAs
structure and its ‘inverse’, and the primitive cubic CsCl structure. Many of
these MgO polymorphs have small unit cells. When calculating the change in
vibration behaviour due to the substitution of 26Mg for 2*Mg, we attempt to
keep the distance between substituted sites the same. To do this we use the
conventional cubic unit cell for the rock salt structure, a 2x2x2 supercell for
the CsCI structure and 2x2x1 supercells for the NiAs and ZnS structures.
In order to probe the relationship between bond length and Mg isotope frac-
tionation we also scaled the lattice vectors after optimisation, increasing or
decreasing their length as needed to set the bond length before calculation of
the dynamical matrix. While this results in structures with negative or very
high fictive pressures, it means that the bond lengths for different structures
and coordination numbers overlapped enabling us to decouple the effect of

bond length from that of coordination number.

3. Results

The primary aim of our DFPT calculations is to establish the phonon
frequencies across the irreducible wedge of the Brillouin zone for the three
phases at pressures between —10 and 140 GPa in order to allow the cal-
culation of the reduced partition functions. Our strategy for choosing the
electronic parameters of the calculations that need to be converged (k-point
sampling and plane wave cut-off) was to increase these until the frequency

1

of the I' point optic modes changed by less than 0.5 cm™". This also gives

suitably converged lattice parameters (Table 1) and atomic positions. As

10
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expected given the use of a GGA functional, these values are larger than
the experimentally determined cell parameters. This makes little difference
to the calculated reduced partition functions. Comparison with results from
the local-density approximation, which underestimates the cell parameters,
shows that the calculated reduced partition functions are not strongly modi-
fied by choice of functional. Convergence of the numerical parameters in the

calculation is a more important effect.

Table 1: Calculated lattice parameters of forsterite, periclase and bridgmanite as a func-
tion of pressure from static lattice minimisation. A parametrisation of the volume with
temperature and pressure derived from lattice dynamics and DFPT can be found in the

SI.

Phase and lattice parameter 0 GPa 25 GPa 50 GPa 120 GPa

Per, a (A) 4.25 4.08 3.97 3.77
Fo, a (A) 4.80 4.64 4.55 4.41
Fo, b (A) 10.32 9.67 9.27 8.48
Fo, ¢ (A) 6.05 5.73 5.55 5.27
Bdm, a (A) 4.83 4.68 4.56 4.33
Bdm, b (A) 4.98 4.85 4.76 4.60
Bdm, ¢ (A) 6.97 6.75 6.60 6.31

The number of reciprocal space sampling points in Equation 2, the ‘q-
point sampling’, must also be sufficiently large to allow the calculated reduced
partition functions to converge. For periclase we find that sampling only the
I' point results in an underestimate of 1000 In (B(Per, Mg, 26Mg)) relative
to the fully converged case by almost 2 %o at 300 K even if Fourier interpo-

lation is used to add a dense grid of additional points. Sampling on a 3x3x3

11
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Monkhorst-Pack grid gives convergence better than 0.1%o and interpolating
onto a 7x7x7 grid better than 0.01 %o convergence at 300 K. This behaviour
mirrors that reported by Schauble (2011) and we perform a similar conver-
gence analysis to calculate reduced partition functions for the three phases
such that, at the temperatures of interest, results are fully converged.

A further adjustable parameter which appears to have received less atten-
tion is the separation of adjacent substituted isotopes in the periodic models.
As pointed out by Méheut et al. (2007), Equation 2 is derived under the as-
sumption that isotopic substitutions are in the dilute limit where the free
energy change associated with a substitution on a particular site does not
depend on the separation between the site and its periodic images. We in-
vestigated the convergence of the reduced partition function with increasing
separation in periclase as shown in Table 2. We find that convergence for this
material is rather slow and, for the range of simulation cell sizes probed, that
there may still be an error of ~0.1 %o at 300K. Unfortunately, the compu-
tational cost of the DFPT calculations grows very quickly as the separation
between isotope images grows and this prevents a more detailed analysis of
this source of error for any of the phases considered here. However, given the
simulation cells used in our calculations (a 2x2x2 primitive super cell for
periclase with a 4x4x4 g-point sampling and the conventional orthorhombic
cells for forsterite and bridgmanite with 3x1x3 and 3x3x3 g-point sampling,
respectively) we believe that all our calculations are converged to much better
than 0.01 %o at temperatures above 1000 K.

We express the temperature dependence of the reduced partition func-

tions by fitting the computed values to a convenient polynomial equation

12
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Table 2: Convergence in calculated reduced partition function,
1000 In (ﬁ(MgO,24Mg, 26Mg))7 at 300 K in periclase with increasing separation

between adjacent isotopically substituted magnesium atoms.

Mg* — Mg* Reduced partition  Simulation cell Fraction of Mg
separation (A)  function (%o) atoms substituted
3.01 25.76 primitive 100%

4.25 27.67 conventional 25 %

6.02 26.13 2 X 2 x 2 primitive 12.5 %

8.51 26.38 2 X 2 X 2 conventional  3.125 %

also used by Schauble (2011) and Huang et al. (2013):
10001n (B(T)) = AT %+ BT + CT?, (5)

where A, B and C are fitted constants given for the three phases at each
pressure in Table 3. We compare our results with those of Schauble (2011),
Huang et al. (2013) and Wu et al. (2015) in Figure 1 and, overall, find good
agreement with previous work. In particular, all results for forsterite are con-
sistent and this is despite the differences in the choice of exchange-correlation
functional (we use a GGA while most previous work makes use of the local-
density approximation). The very non-linear behaviour of the results from
Huang et al. (2013) below 400 K is because these workers only parametrise
their model using results at higher temperatures. Similarly, the more linear
behaviour of the results of Wu et al. (2015) is because these authors fit to a
lower order polynomial than that used here. Given the excellent agreement
for forsterite, explaining the somewhat larger difference between the results

of recent studies of Per and Bdm is not trivial. For Per some of the difference
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can be attributed to the separation of periodic images of the isotopic substi-
tution. This convergence is not smooth (see Table 2) but the 1.3 %o difference
at 300 K for changing the separation from 4.25 A to 8.51 A would explain a
large portion of the discrepancy. A more general source of the difference can
be attributed to the different choice of exchange-correlation functional. This
would imply that this has a more important role for Bdm than Per or Fo,
but the reason why this would be the case is not obvious. Nevertheless, given
the differences in the details of the methodology, the agreement between the
different studies is remarkable, and at least indicates that geochemical pre-
dictions derived from these calculations have value where experiments have
not been carried out. Figure 1 also shows the effect of pressure on the re-
duced partition functions. In all cases, and in common with the results of
Wu et al. (2015), pressure acts to increase the calculated reduced partition
function and thus counteract the effect of temperature. We show how these
changes with temperature and pressure interact to give variations in the ex-
pected equilibrium isotopic fractionation in Figure 2 where the variations
in 1000 In («(Per, Fo, **Mg, **Mg)) and 1000 In (e(Bdm, Fo, **Mg, **Mg)) are

shown.
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Table

3:

Fitted

constants for

Equation

5 giving

a parameterisation

of

10001n (B(X, Mg, 26Mg)) as a function of temperature in the harmonic approxi-

mation for crystal cell parameters optimised at different applied pressures.

A (K8)

B (K%)

C (K2)

Per, 0 GPa

Per, 25 GPa
Per, 50 GPa
Per, 120 GPa

1.3325 x 1014
2.8276 x 1014
5.3100 x 1014
2.0417 x 101°

—1.4605 x 1010
—2.7247 x 1010
—4.3427 x 1010
—1.1163 x 101!

2.4985 x 108
3.6338 x 106
4.6299 x 106
7.0470 x 106

Fo, 0 GPa

Fo, 25 GPa
Fo, 50 GPa
Fo, 120 GPa

1.8414 x 1014
4.9086 x 1014
9.6399 x 104
3.0675 x 1015

—1.6279 x 1010
—3.6942 x 1010
—6.2194 x 1010
—1.5004 x 101!

2.4312 x 108
3.7982 x 106
4.9505 x 106
7.7714 x 106

Bdm, 0 GPa

Bdm, 25 GPa
Bdm, 50 GPa
Bdm, 120 GPa

2.0352 x 1014
3.8318 x 104
6.4226 x 1014
1.7920 x 101®

—1.6193 x 1010
—2.7832 x 1010
—4.2223 x 1010
—9.4452 x 1010

2.2502 x 106
3.1142 x 106
3.9157 x 106
5.9946 x 106
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Figure 1: Calculated reduced partition functions for (a) periclase, (b) forsterite and (c)
bridgmanite as a function of temperature at pressures of 0 (black), 25 (blue), 50 (green)
and 120 (red) GPa. In all cases this increases with increasing pressure and decreasing
temperature. Previously published results are also shown using the same colour scale for
comparison. Schauble (2011): dot-dashed lines; Huang et al. (2013): dotted line; Wu et al.
(2015): dashed lines (showing results at 0 and 23.8 GPa).
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simulation cells corresponding to static lattice optimisation (i.e. at 0 K, and neglecting

the zero-point energy) at 0 (black), 25 (blue), 50 (green) and 120 (red) GPa.
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3.1. Structural controls on isotope fractionation

The equilibrium fractionation factor between Fo (or Per) and Bdm in-
dicates that Bdm will always tend to preferentially incorporate isotopically
lighter Mg when in equilibrium with the phases with six coordinate Mg. At 0
GPa and 1000 K this effect, if fully expressed, should result in a measurable
relative difference of 26Mg/?*Mg between Fo and Bdm (A2/?*Mgp, _pam) of
nearly 0.2 %o. Increasing temperature rapidly reduces the fractionation but
increasing pressure counteracts this effect: at 50 GPa A2%/*Mgp, gy, i
greater than 0.2 %o to about 2500 K. The predicted fractionation between
Per and Fo is considerably smaller. At 0 GPa the lighter Mg isotopes are
predicted to be preferentially incorporated into Per but pressure reverses this
trend with the heavier isotopes preferred by Fo at 25 and 50 GPa. At all
pressures the expected fractionation between the two six coordinate phases
is smaller than that between the six coordinated phases and the more highly
coordinated Bdm. This strong effect of Mg coordination number is reminis-
cent of the results of Huang et al. (2013), who found that phases with six
coordinate Mg (forsterite, diopside and enstatite) only weakly differentiate
between **Mg and Mg, but that these phases become enriched in the heav-
ier Mg isotopes compared to pyrope and majorite garnet, both with eight
coordinate Mg. In common with our results, Huang et al. (2013) and Wu
et al. (2015) also found that increasing pressure acts to increase this frac-
tionation between phases with different Mg coordination number, an effect
that can be explained by the different compressibility of sites with different
coordination. This is in contrast to the case of silicon in which there is little

influence of pressure in isotopic fractionation between mantle phases (Huang
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et al., 2014). However, these changes in coordination number are accompa-
nied by changes in bond length, which are expected to alter the vibrational
frequencies and thus isotope fractionation. It is unclear from our results on
mantle phases whether coordination number or bond length is the dominant
structural control on Mg isotope fractionation and we performed numerical
experiments using hypothetical MgO polymorphs designed to resolve this.

We consider Mg in six different structural environments. In the cubic and
hexagonal ZnS structures Mg is tetrahedrally coordinated with an Mg — O
bond length of about 2.0 A. The difference between these structures is in the
stacking of layers of tetrahedra which means the structures have different
second coordination shells around the isotopically substituted Mg. In the
rock salt (Per) and NiAs structures Mg sits within six coordinated sites with
Mg — O bond lengths of about 2.1 A. The octahedra in Per share corners while
octahedra in the NiAs structure share faces and edges. The NiAs structure
has a second site where Mg is in trigonal prismatic coordination. In this
structure all edges are shared. Finally, in the primitive cubic CsCl structure
Mg is eight coordinated with with Mg — O bond lengths of about 2.3 A and
with all faces shared between adjacent polyhedra. Key structural parameters
at 0 GPa and the calculated reduced partition functions for these structures
are given in Table 4.

We parameterise the effect of temperature on the reduced partition func-
tions of the six MX structures in the same way as we treated the results
for mantle phases presented above. Parameters of these fits are shown in
Table 5 with the reduced partition functions shown in Figure 3. It appears

from inspection of Table 4 and Figure 3 that the structure of the first coor-

19



Table 4: Summary parameters of hypothetical MgO crystal structures showing controls

on 10001n (B(X, *'Mg, **Mg)) at 300 K

Mg Mg - O Mg* — Mg* 300 K reduced
coordination  bond separation partition
number lengths (A)  (A) function (%o)
hexagonal ZnS [4] 1.995 5.134 30.14
structure
cubic ZnS [4] 2.000 5.641 30.05
structure
NaCl structure [6] 2.127 6.017 26.13
(periclase)
NiAs structure [6] 2.140 5.158 26.06
(octahedral)
NiAs structure [6] 2.153 5.233 23.18
(trigonal prismatic)
CsCl structure 8] 2.302 5.317 18.12
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dination shell explains almost all of the variability in partitioning between
these simple hypothetical structures with identical chemistry. At least for
these systems, the nature of the second coordination shell, and the shar-
ing of corners, edges and faces between coordination polyhedra is relatively
unimportant. However, this analysis does not account for the variability in
bond lengths between structures with different coordination number at the

Salle pressure.

Table 5: Fitted constants for Equation 5 giving a parameterisation of
1000 1n (B(X, ZMg, 26Mg)) as a function of temperature in the harmonic approxi-
mation for hypothetical MgO crystal structures optimised at 0 GPa.

A (K®) B (K*) C (K?)
hexagonal ZnS structure 2.2580 x 10'*  —2.1812 x 10'0  2.9271 x 10°
cubic ZnS structure 2.2551 x 1014 —2.1729 x 1010 2.9183 x 10°
NaCl structure (periclase) 1.3325 x 10**  —1.4605 x 1010  2.4985 x 106
NiAs structure (octahedral) 1.5567 x 10 —1.6076 x 1010  2.5052 x 106
NiAs structure (trigonal prismatic)  9.9342 x 103 —1.1700 x 10'©  2.2039 x 106
CsCl structure 9.3173 x 1013 —1.0320 x 1010 1.7341 x 106

To distinguish between true coordination effects and the effect of different
bond lengths we vary these independently by scaling the lattice vectors of five
of the hypothetical MgO polymorphs (omitting the hexagonal ZnS structure
as it is so similar to the cubic ZnS structure). This allows us to calculate the
reduced partition function for different bond lengths in otherwise identical
structures as shown in Figure 4. In this analysis structures with low coordi-
nation number and large bond lengths correspond to situations with negative

pressure while small bond lengths for structures with high coordination num-
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Figure 3: Calculated reduced partition functions for various MX structures with fixed
MgO composition (see text for discussion). In common with the silicates, structures with
low Mg coordination number (e.g. the ZnS structures with four coordinate Mg shown in
overlapping red colours) consistently show a larger value of 5 than structures with high Mg
coordination number (e.g. the eight coordinate CsCl structure, shown in purple). Values

of B for structures with Mg in octahedral coordination (greens) or other six coordinate

Mg environments (blue) fall between these upper and lower values.
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bers correspond to situations with positive pressure (e.g. the largest bond
length for cubic ZnS in Figure 4 corresponds to a pressure of —20.6 GPa and
the smallest bond length for the CsCl structure corresponds to a pressure of
86.7 GPa).

Results of these calculations show a clearly separated effect of both bond
length and coordination number on the reduced partition function. A reduc-
tion in bond length for a given coordination number increases the reduced
partition function. In contrast, reducing the coordination number for a given
bond length decreases the reduced partition function. For a given pressure
increasing the coordination number increases the bond length and this effect
can be significant. For example, the highlighted data points corresponding to
the 0 GPa bond lengths show a decrease in reduced partition function with
increasing coordination number. This effectively reverses the direct effect of
bond length. In contrast to the clear effect of bond length and coordina-
tion number, we see little evidence of mineral chemistry playing a significant
role for Mg isotope fractionation: our results for bridgmanite and forsterite
closely follow the trends established by the MgO polymorphs with the same
coordination numbers. We note that the trend shown in Figure 4 shows a
similar general trend to that found for Ca by Xiao et al. (2022) but that
our results for Mg show none of the mixing between structures with different
coordination numbers and less scatter than Xiao et al.’s results for Ca. This
is likely to be due to the different coordinating anions (O, F, S and P) and

wider range structures, including solid solutions, in Xiao et al.’s dataset.
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Figure 4: Large symbols: reduced partition functions at 300 K for a range of MX structured
material with composition MgO. Number of sides or points on each symbol indicates
the coordination number and the large circles mark the bond length at 0 GPa. Grey
symbols: forsterite (-10 to 50 GPa) and bridgmanite (0 to 120 GPa). Dotted lines show
the predictions of the fitted model. Small filled and unfilled circles show the models

illustrated in Figure 8
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3.2. The effect of thermal expansion on isotope fractionation

For all the results described so far we have neglected the effect of thermal
expansion on phonon frequencies and thus on isotopic fractionation. To inves-
tigate the importance of this we must go beyond the harmonic approximation
and consider the differential thermal expansion of the phases. This effect is
most naturally captured using the statically constrained quasi-harmonic ap-
proximation (e.g. Wentzcovitch et al., 2010), because this can make use of
the same DFPT calculations performed to evaluate the isotopic fractiona-
tion. Similarly to Wang et al. (2023), for each cell volume, V', (found by
performing variable cell geometry optimisation with an applied pressure but
neglecting the effect of temperature) we calculate the phonon frequencies and
use these to evaluate the Helmholtz free energy. As described in the SI, the
resulting volume — energy data is used to fit isothermal third-order Birch—
Murnaghan equations of state (EOS) with the temperature dependence of
the EOS parameters defined by fifth order polynomials. Because pressure
is the derivative of the Helmholtz free energy with respect to volume, we
can use these equations of state to evaluate the cell volume as a function of
temperature and pressure (Figure 5).

We also evaluated 8 as a function of temperature at each cell volume and
fit this data to a polynomial in volume and temperature (polynomial coeffi-
cients are tabulated in the SI). In order to evaluate the equilibrium fraction-
ation factor as a function of pressure and temperature (for example, along
a geotherm) we first evaluate the cell volume for each phase, then evaluate
[ at that volume and temperature for each of the phases. In common with

previous results (e.g. Wang et al., 2023) the inclusion of thermal expansion
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Figure 5: Isothermal third-order Birch—-Murnaghan equations of state (dashed lines) fitted
to lattice dynamics calculations of energy as a function of cell volume (circles) for Fo (a),
MgO (b), and Bdm (c) at eight temperatures. These are used to give the cell volume as
a function of pressure and temperature (d — f) and incorporate thermal expansivity into

our models.
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always reduces our estimate of 5. However, conditions in a global magma
ocean involve large compression and high temperatures such that fraction-
ation between phases will depend on the balance of relative compressibility
and thermal expansion. This is shown in Figure 6 where we compare results
from the evaluation of Equation 1 using the quasi-harmonic approach with
the results derived by neglecting thermal expansion at different depths in
the Earth. We have used the chondritic liquidus of Andrault et al. (2011) as
our geotherm. This choice, while not representing the likely conditions with
depth in the Earth at any point in time, gives a maximum temperature for
equilibration, and thus a lower bound on the fractionation factor between
the three phases. Even at the relatively high temperatures considered here
the difference between Bdm and the six coordinate phases is still significant.
The correction due to differential thermal expansion is rather small but is
potentially important (up to ~0.02 %o) with, for this choice of geotherm,
a maximum in the fractionation factor between Fo and Bdm > 0.1 %o at

depths corresponding to the upper part of the lower mantle.
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Figure 6: Calculated equilibrium partitioning (top axis) between forsterite and bridgman-
ite (red lines) or periclase (blue lines) as a function of depth (right axis) along a chondritic
liquidus. Dashed lines neglect thermal expansion. The green doted line relates depth to

pressure (left axis) and temperature (bottom axis) for the chondritic liquidus.
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4. Discussion

Our calculations have shown that equilibration between solid Bdm and
either Per or Fo leads to a mass-dependent fractionation of **Mg from *Mg
and that this effect is significant to temperatures extending well into the
lower mantle. This equilibrium fractionation is caused by differences in coor-
dination altering the equilibrium bond lengths in the phases and this coupled
effect outweighs the direct variation in fractionation caused by the change
in coordination alone. Overall this results in 8-12 coordinated Mg in Bdm
becoming relatively enriched in the lighter Mg isotopes compared to 6 coor-
dinated Mg in Per or Fo. The coupled effect of coordination and bond length
on fractionation leads to the possibility of fractionation of Mg isotopes be-
tween Bdm and a coexisting melt phase during crystallisation of a global
magma ocean if Mg in the melt has a different coordination and/or bond
length than Mg in Bdm.

The structure and properties of silicate liquids have been the subject of
study using density functional theory combined with molecular dynamics
(e.g. Stixrude and Karki, 2005). These simulations allow the bond length
and coordination of Mg in silicate melts under the temperature, pressure
and chemical conditions relevant to a global magma ocean to be determined.
In pure liquid MgQO, the average Mg coordination number is found to be 4.5-
5 at low pressure. This increases with increasing pressure reaching about
6 at 60 GPa and 7 above 150 GPa (Karki et al., 2006). In liquid silicates,
Mg coordination number depends on composition and is between 4 and 6 at
low pressure and increases with increasing pressure. For example, in liquid

MgSiO, at 4000 K the coordination number is around 5 with a bond length

29



456

457

458

459

461

462

463

464

465

466

467

468

469

470

471

472

473

474

475

476

477

478

479

of around 1.96 A at 0 GPa and this changes to a coordination number of
6.5 with a bond length of around 1.92 A at 60 GPa (de Koker et al., 2009).
In CaMgSi,O4 the coordination number is higher, around 6 at 0 GPa in-
creasing to ~7.5 by 60 GPa (Sun et al., 2011). In general the coordination
number tends to decrease slightly with decreasing temperature or with the
addition of hydrogen, but both effects become less important at pressures
above about 20 GPa (Mookherjee et al., 2008). Overall, at depths > 700 km
we expect Mg silicate liquids in a crystallising magma ocean to have lower
coordination number and shorter bond lengths than that in the coexisting
liquidus phase, which is Bdm. In order to make semi-quantitative predictions
of this fractionation we parameterise the mean Mg-O bond lengths and Mg
coordination numbers for liquid Mg,SiO, reported in de Koker et al. (2009)
and shown in Figure 7. We then use these as input for an ‘ionic model’ and

predict the reduced partition function for Mg in the melt as described below.

4.1. An ionic model of fractionation in silicate melts

Even with average structural information of the melt in hand, quantify-
ing the isotopic fractionation between crystals and liquid in a cooling magma
ocean is not trivial because of the lack of both appropriate empirical data
and DFT simulations investigating isotope fractionation in liquids. How-
ever, as we detail below, we can estimate the crystal-liquid fractionation
using empirical data for olivine-liquid fractionation of Mg isotopes at atmo-
spheric pressure and a first order model of the pressure effect on the force
constant of Mg-O bonds in ultramafic silicate liquid. Liu et al. (2022) have re-
cently shown empirically that **Mg/?*Mg ratios in olivine (Fogy) are 0.071%o
lower than in the glass of the basaltic lavas they crystallised from at 1438
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Figure 7: Predicted fractionation between liquid Mg,SiO, and Fo as a function of pres-
sure (black, left axis) from an ionic model based on melt structure data from de Koker
et al. (2009) pinned to the observed fractionation between forsterite and melt at ambient
pressure (black dot). Bond lengths are parameterised by a polynomial (brown, inner right

axis) and coordination numbers by piecewise cubic splines (mauve, outer right axis).
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K, as qualitatively expected from the higher coordination number of Mg in
olivine compared to low pressure silicate melt. There is currently no empiri-
cal evidence that variation in (ultra-)mafic silicate liquid composition affects
isotopic fractionation but given the increasing coordination number of Mg
in silicate liquid, we cannot assume that *Mg/?*Mg ratios in (ultra-)mafic
silicate liquid remain constant to lower mantle pressures. Instead, we build
an ‘ionic’ model following the approach of Young et al. (2015) but making
modifications to fit the DFT results presented above. This class of mod-
els assume the vibrational behaviour of Mg atoms can be described by an

effective Born—Mayer type interatomic potential:

B =22 ()4 & (6)

T 47reg T

which gives the bonding energy, F, as a function of the mean distance be-
tween Mg and O ions, r. The first term in Equation 6 represents Coulomb
interactions and the second represents repulsion due to the overlap of elec-
tron clouds. Balancing these terms gives an equilibrium bond length, rg,
which minimises F. The parameters z; and z; represent the charges on the
ions, e is the charge of an electron, and €y is the vacuum permittivity. The
parameters b and n define the strength and shape of the repulsion term.

In the ionic model, the vibrational properties and thus isotopic fractiona-
tion are determined from the effective force constant K, which is the second
derivative of Equation 6 evaluated at rg:

d’E _ zm1me*(1—n)

K= dr2 | _

7
o dregrd U

with n treated as an adjustable parameter (commonly set to 12), formal

charges assumed, and where b is written in terms of the equilibrium bond
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length (b = — (¢*/areo) 21#2/nrp~1) and eliminated. This allows calculation of

the reduced partition function:

1/ h\N'K; (1 1
e () B2 2
b MY </<:BT) 472 <m m’) ’ ®)

We find that no single value of n or choice of ionicity, ¢, to scale the charges
(i.e. z1 = (x2.0and 25 = ( x —2.0), gives a good fit to the results presented
in Figure 4, even for a single coordination number. We therefore choose
to extend the model by making ( a function of equilibrium bond length and
coordination number, n., allowing a model with three adjustable parameters:
¢ = (o + ro¢ + neC.. We fit these parameters to the calculated reduced
fractionation factors for all hypothetical MgO polymorphs at 300 K fixing n
at 12. The resulting model is shown by the dotted lines in Figure 4. As well
as fitting the DFT calculations, this prescription gives reasonable effective
potentials and effective charges (Figure 8).

This ionic model allows us to use the combination of empirical low pres-
sure measurement fractionation between olivine and coexisting melt at low
pressure together with the pressure evolution of the average structure of sil-
icate melts to calculate the reduced partition function for Mg in the melt
phase. To do this, we use the data of de Koker et al. (2009), shown in
Figure 7, to find the bond length and coordination number in the melt at
the pressure of interest, evaluate the effective force constant using the model
shown in Figure 4, and then use Equation 8 to compute the reduced partition
function for the melt at the temperature of interest. In order to ensure con-
sistency with the empirical result for fractionation between melt and olivine
we apply a constant offset (of 7.8 GPa) to the the pressure scale in Figure

7. The resulting predicted fractionation along a chondritic liquidus is shown
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Figure 8: Energy and force from effective interatomic potentials for equilibrium bond

lengths of 1.9875 and 2.3125 A and coordination numbers of 4.0 and 8.0. All models have

n = 12. These models are represented by the small filled and unfilled circles in Figure 4.

¢ for these extreme models varies between 0.95 (n, = 8 and o = 1.9875) and 0.40 (n, = 4

and 7o = 2.3125).
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in Figure 9 taking the melt as the reference phase. The rapid increase in
the mean Mg coordination number in the melt as pressure increases from 0
to 25 GPa results in a rapid decrease in A26/2*Mg between the liquid and
coexisting solids. This trend then reverses as the coordination number of the
melt stops increasing and the bond compressibility in the melt dominates
the modelled fractionation. Because the bond lengths in the melt decrease in
length more slowly than the bond lengths in the solids (as added flexibility
means the melt can decrease volume without a reduction in bond length)
A?/24Mg between the liquid and coexisting solids begins to increase but re-
mains more extreme than the ambient pressure value. This trend continues
throughout the mantle pressure range. In principle these patterns should

impart an isotopic signature on the crystallising mantle that could persist to

today.
Depth Pressure Temperature 1000 In(3)
(km)  (GPa) (K) Fo Bdm MgO melt
1000 39 3136 0.388 0.278 0.332 0.653
1500 62 3691 0.353 0.247 0.297 0.553
2000 87 4204 0.314 0.222 0.261 0.488
2500 113 4692 0.250 0.189 0.203 0.442

Table 6: Summary fractionation factors along a chondritic liquidus. Solids from DFPT
with thermal expansion, liquid from an ionic model pinned to the empirical measurement

at ambient pressure
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Figure 9: Calculated equilibrium partitioning (top axis) between forsterite (black lines),
bridgmanite (red lines) or periclase (blue lines) and melt as a function of depth along a
chondritic liquidus. The black dot shows the observed fractionation between forsterite and
melt to which the model curves are pinned. The green doted line relates depth to pressure

(left axis) and temperature (bottom axis) for the chondritic liquidus.
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4.2. Implications for global magma oceans

In the aftermath of a giant, moon-forming impact the Earth’s mantle was
largely molten (Benz and Cameron, 1990; Tonks and Melosh, 1993). From
either bottom-up (e.g. Solomatov and Stevenson, 1993) or middle-out crys-
tallisation scenarios (Labrosse et al., 2007), bridgmanite would be expected
to be the dominant crystallising phase (e.g. Ito et al., 2004). If any bridg-
manite cumulate reservoirs were preserved, they would have a significant
impact on trace and even major element abundances of the accessible man-
tle (e.g. Kato et al., 1988). However, vigorous convection in both magma
ocean and the subsequently crystallised mantle acts against such a reser-
voir persisting through Earth history (e.g. Solomatov and Stevenson, 1993).
Nonetheless, numerous studies still invoke the chemical consequences of a pri-
mordial planetary magma ocean in shaping modern mantle compositions (see
discussion in Walter and Trgnnes, 2004). The significant Mg isotopic frac-
tionation between bridgmanite and melt that we have quantified for lower
mantle pressures provides a useful means to test some of these scenarios.

As a moderately refractory element, the Mg isotopic compositions of chon-
dritic meteorites give a valuable estimate of bulk Earth and in turn bulk sili-
cate Earth, given Mg is highly lithophile and minimally incorporated into the
core. Recent, critical mixture double spiking analyses have helped refine the
composition of chondrites (Hin et al., 2017) and the accessible upper mantle
(Liu et al., 2023). These new data show that the Earth’s accessible mantle
is slightly isotopically heavier than the likely dominant chondritic starting
materials by some 12-38 ppm in A?6/24Mg, assuming enstatite chondrite type

protolith based on its isotopic similarity to Earth (Dauphas, 2017). Although
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the difference in A?/24Mg between (enstatite) chondrite and Earth was pre-
viously explained by evaporative loss during accretion (Hin et al., 2017), the
sense of fractionation is also compatible with loss of bridgmanite from the
accessible mantle composition, a concept which has been the focus of some
renewed attention (see review in Murakami et al., 2024). Here we explore this
latter possibility more quantitatively using our new fractionation factors.

We consider a simple batch model of magma ocean crystallisation, as it
has been argued that the vigour of convective mixing in the magma ocean
makes fractional removal of solid phases unlikely until at least 50% crys-
tallisation (Solomatov and Stevenson, 1993). The consequences of increasing
amounts of solid bridgmanite removal from a global magma ocean are illus-
trated on Figure 10. Loss of isotopically light bridgmanite from the magma
ocean increases the *Mg/?**Mg of the residual melt (red lines, Figure 10)
relative to its initial, chondritic composition. If some proportion of the crys-
tallised bridgmanite remains isolated through Earth history, due it its higher
viscosity for example (Ballmer et al., 2017), then the convectively stirred, ac-
cessible mantle will acquire the Mg isotopic composition of the (subsequently
crystallised) evolved liquid shown in Figure 10.

We use fractionation factors for **Mg/**Mg between bridgmanite and
melt at two different depths: at 2500 km appropriate for crystallisation at
the base of a magma ocean and at 1000 km to represent mid-mantle crys-
tallisation (Caracas et al., 2019). These two values should span the range of
crystallisation scenarios and the outcomes are shown as solid and dashed lines
respectively in Figure 10. We assume pure bridgmanite fractionation, which

is likely the case for up to 50% crystallisation of the magma ocean, although
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Figure 10: Difference in 2°Mg/?*Mg relative to an initial (chondritic) composition
(A26/24Mg, expressed in %o) of evolving melt (red lines) and solid (blue lines) during
magma ocean crystallisation. We consider the first 50% crystallisation (i.e. melt fraction,
by mass, decreases from 1 to 0.5) in which interval crystallisation is likely a batch pro-
cess (Solomatov and Stevenson, 1993) and bridgmanite the dominant crystallising phase
(Ito et al., 2004). The effect of also including 10 wt.% ferropericlase fractionation with
the bridgmanite has a minor effect (shown as grey dashed line compared to red dashed
line). Scenarios using two different fractionation factors from Table 6 are shown: the solid
lines for deep mantle crystallisation (2500 km) and dashed lines for mid mantle crystalli-
sation (1000 km). The green box indicates the range of composition of the samples from
the Earth’s mantle (Liu et al., 2023) relative to an enstatite chondrite starting composi-
tion (Hin et al., 2017). Depending on the fractionation scenario, 3-15 wt.% bridgmanite
fractionation (and subsequent isolation, indicated by the vertical black dotted lines) is

sufficient to explain the super-chondritic 2°Mg/?*Mg of the Earth’s mantle.
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the additional contribution of ferropericlase to the crystallisation assemblage,
which is also isotopically light relative to melt in the lower mantle (Table 6),
does not significantly change the calculations (Figure 10).

The differences in Mg isotope compositions between terrestrial mantle
samples and enstatite chondrites (isotopically the most similar chondrite
group to Earth) are shown as a green box on Figure 10. In order to re-
produce these A?%/2*Mg requires a minimum of 3 wt.% and maximum of
15 wt.% bridgmanite crystallisation and its subsequent convective isolation.
This range of bridgmanite fractionation is similar to that suggested by Walter
and Trgnnes (2004) as being compatible with a range of refractory element
ratios in silicate Earth. We note that the latter estimates also require minor
davemaoite crystallisation to counter-act some the more extreme trace ele-
ment fractionations of bridgmanite on key trace element ratios, whereas our
estimate is not sensitive to this additional consideration. The amount of con-
vectively isolated bridgmanite required to satisfy the Mg isotope constraints
is also consistent with the geodynamical simulations of Giilcher et al. (2020).

While these calculations might suggest a hidden, cumulate bridgmanite
reservoir is a plausible solution to the accessible Earth having superchondritic
mantle *°Mg/?*Mg, the longevity of stiff, bridgmanite domains in the mantle
still needs to be fully explored in 3-dimensional simulations. Moreover there
are additional considerations from mass dependent Si isotope measurements.
The Moon and accessible terrestrial mantle are indistinguishable in their
A3/28G;i (Fitoussi and Bourdon, 2012; Zambardi et al., 2013; Armytage et al.,
2011). Fitoussi and Bourdon (2012) argued that this left little scope for a

hidden bridgmanite reservoir on Earth, given bridgmanite is also anticipated
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to fractionate Si as well as Mg isotopes at magma ocean conditions (Huang
et al., 2014). Given our progress in providing melt-bridgmanite fractionation
factors, extending this approach to Si, to couple with new critically mixed
double spike measurements (Liu et al., 2024), would be valuable to address

this issue in new detail.

5. Conclusions

We have made ab initio calculations of Mg isotope fractionation between
the major Mg-bearing phases of the lower mantle from the transition zone (25
GPa) to core mantle boundary (120 GPa). For temperatures on a chondritic
liquidus (3200-4700 K), and including the effects of thermal expansion, frac-
tionations of Mg /?*Mg between a fictive Fo reference and Per and Bdm vary
from 0.056-0.047%0 and 0.11-0.061%o, respectively. Thus, we reconfirm that
diminished isotopic fractionation resulting from higher temperatures deeper
in the Earth are sufficiently compensated by the effects of pressure to permit
discernible Mg isotopic fractionations under lower mantle conditions.

We have also made an initial estimate of the isotopic fractionation be-
tween the solid lower mantle phases and co-existing melt. We first calculated
the 1000In $ for a set of MgO-structured minerals with different Mg coordina-
tion number and Mg-O bond length, to allow us to parameterise the effects of
these two controls on isotopic fractionation. We then used data from ab ini-
tio models of melt structure to characterise Mg coordination and Mg-O bond
length in silicate melts with changing pressure. The model was then pinned
to an empirical determination of **Mg/?**Mg fractionation between forsterite

and melt at 0 GPa. Using this approach, we predict A%/?*Mgyeit—Bam 0.38-
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0.23%0 from the transition zone to core mantle boundary for temperatures
on a chondritic liquidus. Using this quantification of the influence of melt
structure on Mg isotopic fractionation we show that the highly coordinated
Mg site in Bdm leads to discernible Mg isotopic fractionation during its crys-
tallisation from a magma ocean.

Using these fractionation factors in combination with **Mg/?*Mg mea-
surements made to a precision of <20 ppm can provide useful constraints
on scenarios of magma ocean crystallisation. This approach rules out hid-
den, primordial cumulate reservoirs greater than 20 wt.% of the mantle but
suggests that the slightly super-chondritic *Mg/?*Mg of the Earth could be
explained by removal of 3-15% Bdm during magma ocean crystallisation, if
primordial cumulate bridgmnaite can be retained, unmixed with the rest of
the mantle over Earth history, as hypothesised in the BEAMS concept of
Ballmer et al. (2017). The strength of this explanation relative to a previous
proposal of evaporative loss (Hin et al., 2017) could usefully be tested with

a similar quantification of deep mantle Si isotope fractionation.
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Data Availability

Density functional theory calculations were performed using the CASTEP
code with code available via https://www.castep.org/. Input and output files
for these calculations are available through Zenodo at https://doi.org/10.5281/zenodo.16760721.
Software used to calculate and fit reduced partition functions, and create all

figures presented in this manuscript, is also available through Zenodo at

https://doi.org/10.5281/zenodo.16744738.

Appendix A. Supplementary Material

The supplementary file describes our parametrisation of reduced partition
functions for crystals and melt with pressure, temperature and depth. It also
includes tables of the fitted coefficients used for this alongside an expanded

version of Table 6.
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1 Parametrisation of magnesium fractionation in crystals
as a function of depth

In Figure 6 in the main text we present results of the fractionation of magnesium isotopes
between forsterite and MgO, and forsterite and bridgmanite as a function of depth along
a geotherm for two cases. In the first (shown with dashed lines) we neglect the thermal
expansion of the three phases. The parametrisation for this case is fairly compact and
given by Equation 5 and Table 3 in the main text. The second cases (shown as a solid line
in Figure 6) includes the differential thermal expansion of the phases as calculated using
lattice dynamics in the quasi-harmonic approximation. While probably more accurate,
the parametrisation for this case demands many more terms. Here we outline the steps
we use to generate the data in Figure 6, and list the full set of parameters to allow our
results to be reused.

It is first worth noting that we are interested in calculating the isotopic fractionation
along the chondritic melting curve of Andrault et al. (2011) which, for any depth, defines
the temperature, T, and pressure, P, where we will evaluate the fractionation. However,
the reduced partition functions are calculated as a function of unit cell volume, V', and



T. The first stage is thus to find V for the relevant P and 7. To do this, we first
calculate the Helmholtz free energy, F', as a function of T for unit cells of fixed structure
and hence fixed V. The structures are found by static minimisation of the enthalpy for
16 applied pressures between —10 and 140 GPa in 10 GPa increments. Results for each
T are fit to isothermal third-order Birch-Murnaghan equations of state:

i ] i ] Vo3
0)? / 0)? 0?2
— ) —1| K — ] -1 6—4—
() ) e [ () ] oe(®)
In order to find the volume at any temperature and pressure, we fit the four parameters,
X, of these equations (the zero pressure Helmholtz free energy, Fpy, the zero pressure

volume, V), the zero pressure bulk modulus, Ky, and its pressure derivative K{)) to fifth
order polynomials in T

IVo Ko
16

F(V) = Fo+ (1)

X(T) = X5T° + XuT* + X3T% + XoT? + X1 T + X, (2)

and this allows us to easily find the parameters for any temperature, which allows us to
evaluate the pressure as a function of volume at that temperature from the derivative of

Equation 1:
(2 () ORI

Coefficients of Equation 2 are given in Table 1. The results are also shown in Figure 5 of
the main text. Equation 3 is not invertible, so to find volume as a function of pressure
we resort to a numerical approach and perform a bisection search (using SciPy; Virtanen
et al., 2020) to find the volume for which Equation 3 returns the desired pressure (for
parameters which depend on temperature using Equation 2).

The reduced partition functions are similarly calculated as a function of unit cell
volume and temperature for the same set of cell volumes. To allow interpolation to
other temperatures or cell volumes these results are fit to the function:

3K

{1+ Z(K{] —4)

1000In (B(V,T)) = (A1 + AV )10
+ (Bi+ BoV T 4 ByV ) T (4)
+ (C1 + VT4 CBV72) T2

with values of the eight coefficients given in Table 2.



X Fo Per Bdm

Fy  Xo (eV) —7.87x 10>  —1.99 x 103 —5.88 x 10?
X1 (eV/K) 1.09 x 1073 4.00 x 10~* 9.78 x 1074
X5 (eV/K?)  —1.04x107° -3.17x107% —-7.17x107¢
X3 (eV/K3) 3.38 x 107 1.06 x 107° 2.27 x 107
X4 (eV/K%)  —6.92x 10713 221 x 1071  —4.55 x 10713
X5 (eV/K?) 580 x 10717 1.88x 10717 3.78 x 10717

Vo Xo (A3 3.03 x 102 77.9 1.70 x 102
X; (A3/K) 3.03x 1073 6.86 x 1074 8.78 x 1074
X, (A3/K?) 1.07 x 107° 3.29 x 10°6 5.94 x 1076
X3 (A3/K3)  —487x107° —155x107Y —2.86x 107
X, (A3/K%) 1.23x 10712 399 x 10713 736 x 10713
X5 (A3/K%)  —1.01x10716 346 x 10717 —6.77 x 10717

Ko Xo (GPa) 1.19 x 102 1.48 x 102 2.27 x 10?
X1 (GPa/K) —1.02x1072 —1.08x 1072 —1.26 x 1072
X, (GPa/K?) —123x107° —1.84x107° —2.48 x 107
X3 (GPa/K?)  6.81 x 107° 1.03 x 1078 1.39 x 1078
X, (GPa/K%) —1.78 x 10712 —2.68 x 1072 —3.62 x 10712
X5 (GPa/K®)  1.74x 10716 2,61 x 1071  3.52 x 10716

Kl X 4.07 4.20 3.96
X (K71 1.32 x 1074 1.15 x 107* 1.23 x 1074
X, (K72) —6.59 x 107 2.00 x 1078 —3.98 x 107°
X3 (K3) 110 x 10711 —586 x 10712 1.96 x 10~
Xy (K™% —2.73x 107 153 x 1071  812x 10716
X5 (K™°) 3.79x 10719 —484x 10720 —1.01 x 1071

Table 1: Polynomial coefficients used to parametrise the temperature dependence of the

isothermal third-order Birch-Murnaghan equation of state for each phase.

Bdm

Fo Per
A (K®) —8.3811 x 10%  —6.3595 x 10%°
Ay (KOA3) 24239 x 1018 4.7423 x 107
By (K% —2.3070 x 101 —2.8718 x 10
By (K*A3)  1.6240 x 10 4.8439 x 10"
Bs (K*A6)  —2.9121 x 1016 —2.1005 x 10
C1 (K?) 1.5128 x 109 2.8116 x 106
Cy (K2A3)  —7.1553 x 108 —6.0676 x 108
C3 (K2A®)  4.4884 x 10" 4.4657 x 100

—6.9939 x 105

1.1706 x 108

—3.4351 x 1011

1.2732 x 1014

—1.2127 x 1016

4.2687 x 109

—1.9792 x 10

2.7596 x 10!

Table 2: Coeflicients of Equation 4, used to find the reduced partition functions at chosen

temperatures and cell volumes.



2 Parametrisation of magnesium fractionation in silicate
liquid as a function of depth

As described in the main text, we parametrise the reduced partition function in the
melt by fitting an ionic model to a range of results from hypothetical oxides in terms
of bond length and coordination number as shown in Figure 4. In this approach, the
reduced partition function is given by Equation 8 in the main text with the effective
force constant given by Equation 7. We fix the parameter n at 12, set zo0 = —z1, and we
find the best fit when:

z1 = (2.32716768 — 0.93910997r¢ + 0.06109785n.) x 2.0, (5)

where the coordination number, n., and bond length ry, vary with hypothetical oxide
and applied pressure. We assume the same parametrisation can be applied to the melt
structure of de Koker et al. (2009) and presented in their Figure 7. We note that tem-
perature has limited impact on coordination number and bond length and we neglect the
effect of temperature on these aspects of the melt structure. We describe the evolution
of bond length (in A) with pressure (in GPa) according to the polynomial:

ro = 1.9613P — 0.00165P? + 0.0000019P3 (6)

and describe the evolution of coordination number with pressure using interpolating
splines given the data points in Table 3. This parametrisation allows us to estimate the
reduced partition function for melt as a function of pressure and temperature (which
is included via Equation 8 of the main text). The effect of pressure on coordination
number, bond length and reduced partition function of the melt is illustrated in Figure
7 of the main text.

P e P Ne
(GPa) (GPa)

0.1 493 | 343 7.25
2.5 0.40 | 721  7.62
7.2 6.00 | 159.4 7.85
16.3  6.70

Table 3: Mg coordination number in melt at selected pressures from de Koker et al.
(2009).

The approaches outlined above allow the calculation of 8 at any chosen pressure and
temperature for Per, Bdm, Fo and melt and from this we can calculate the expected
isotopic fractionation using Equation 1 in the main text. This approach is used to
construct Figures 6 and 9, and Table 6 in the main text. We provide an expanded
version of Table 6 below (Table 4) and make the code used to perform these calculations
available (see Walker, 2025).



Depth Pressure Temperature 1000 1In(B)

(km) (GPa) (K) Fo Bdm Per melt
14.1 0.3 1953.3 0.486 0.459 0.489 0.587
98.5 2.9 2052.8 0.477 0431 0.466 0.689
182.9 5.7 2154.3 0.467 0.406 0.446 0.756
267.3 8.6 2254.5 0.458 0.385 0.429 0.789
351.8 11.6 2354.3 0.449 0.366 0.413 0.797
436.2 14.7 2454.9 0.440 0.350 0.399 0.788
520.6 17.9 2557.1 0.431 0.336 0.386 0.773
605.0 21.3 2658.4 0.423 0.323 0.375 0.756
689.4 24.8 2761.0 0.415 0.311 0.364 0.736
773.9 28.6 2865.6 0.407 0.301 0.354 0.713
858.3 32.3 2968.1 0.399 0.292 0.345 0.690
942.7 36.1 3068.7 0.392 0.283 0.337 0.668
1027.1 40.0 3167.4 0.385 0.276 0.330 0.646
1111.6 43.9 3264.4 0.379 0.270 0.323 0.626
1196.0 47.8 3359.7 0.373 0.264 0.317 0.607
1280.4 51.8 3453.5 0.367 0.259 0.311 0.591
1364.8 55.8 3545.8 0.362 0.254 0.305 0.575
1449.2 59.8 3636.8 0.356 0.249 0.300 0.561
1533.7 63.9 3726.6 0.350 0.245 0.295 0.547
1618.1 68.0 3815.2 0.345 0.241 0.289 0.535
1702.5 72.1 3902.7 0.339 0.237 0.284 0.523
1786.9 76.3 3989.2 0.333 0.233 0.278 0.512
1871.4 80.5 4074.9 0.326 0.228 0.272 0.502
1955.8 84.8 4159.7 0.319 0.224 0.265 0.493
2040.2 89.0 4243.7 0.310 0.220 0.258 0.483
2124.6 93.4 4327.1 0.302 0.215 0.249 0.475
2209.0 97.8 4409.9 0.292 0.210 0.240 0.467
2293.5 102.2 4492.2 0.281 0.204 0.230 0.459
2377.9 106.7 4574.2 0.269 0.198 0.220 0.452
2462.3 111.2 4655.8 0.256 0.192 0.208 0.445
2546.7 115.8 4737.2 0.242 0.185 0.196 0.438
2631.2 120.5 4818.5 0.228 0.178 0.184 0.432
2715.6 125.2 4899.9 0.213 0.171 0.171 0.426

Table 4: Additional fractionation factors along a chondritic liquidus. Solids from DFPT
with thermal expansion, liquid from an ionic model pinned to the empirical measurement
at ambient pressure. See Table 4 of the main text.
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